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1. Introduction

The purpose of this paper is to establish the Lipschitz norm and BMO norm inequalities
for the composition of the homotopy operator T and the projection operator H applied
to differential forms in R"”, n > 2. The harmonic projection operator H, one of the key
operators in the harmonic analysis, plays an important role in the Hodge decomposition
theory of differential forms. In the meanwhile, the homotopy operator T is also widely used
in the decomposition and the LP-theory of differential forms. In many situations, we need to
estimate the various norms of the operators and their compositions.

We always assume that M is a bounded, convex domain and B is a ball in R?, n > 2,
throughout this paper. Let 0B be the ball with the same center as B and with diam(cB) =
odiam(B), o > 0. We do not distinguish the balls from cubes in this paper. For any subset
E C R", we use |E| to denote the Lebesgue measure of E. We call w a weight if w € L}OC(R”)
and w > 0 a.e. Differential forms are extensions of functions in R". For example, the function
u(xi, xp,...,x,) is called a 0-form. Moreover, if u(xy, xp,...,x,) is differentiable, then it is
called a differential 0-form. A differential k-form u(x) is generated by {dx;, Adxi, A---Adx;, },
k=1,2,...,n thatis, u(x) = > wi(x)dx; = > wiiyi, (X)dxi, Adxi, A--- Adx;,, where I =
(i1,d2,...,0k), 1 < iy <ip < --- < ik < n, and wjj,.; (x) are differentiable functions. Let Al =
A(R™) be the set of all I-forms in R", D'(M, A') be the space of all differential I-forms on M
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and L? (M, A) be the I-forms w(x) = 3w (x)dx; on M satisfying [ plwilP < oo for all ordered
I-tuples I,1=1,2,...,n. We denote the exterior derivative by d : D'(M, A') — D'(M, A\*!) for
1=0,1,...,n - 1. The Hodge codifferential operator d* : D'(M,A*!) — D'(M, A!) is given
by d* = (-1)""" x dx on D'(M,A*Y), 1 = 0,1,...,n — 1. We write |[ul|sx = (fM|u|s)1/s and
|5, M0 = (jM|u|sw(x)dx)1/S, where w(x) is a weight. Let A’M be the Ith exterior power of
the cotangent bundle and C*(A!M) be the space of smooth I-forms on M. We set J(A'M) =
{u e L _(AN'M) : uhas generalized gradient}. The harmonic I-fields are defined by #(A\'M) =
{u € WNM) :du=du=0, ueLP for some 1< p < oo}. The orthogonal complement of H#
in L! is defined by #* = {u € L' : (4, h) = 0 for all h € #}. The harmonic projection operator
H : C*(A'M) — H is the operator involved in the Poisson’s equation AG(w) = w — H(w),
where G is the Green'’s operator. See [1-4] for more propeties of the projection operator and
Green’s operator.

The differential equation d*A(x,dw) = 0 is called the A-harmonic equation and the
nonlinear elliptic partial differential equation

d*A(x,dw) = B(x, dw) (1.1)

is called the nonhomogeneous A-harmonic equation for differential forms, where A : M x
A(R™) — AI(R™) and B : M x Al(R") — AI"1(R") satisfy the conditions:

|A(x, @)l < algP™,  Ax,¢)-¢>P,  |B(x,¢)| <biEf™ (1.2)

for almost every x € M and all ¢ € A/(R"). Here a,b > 0 are constants and 1 < p < oo
is a fixed exponent associated with (1.1). A solution to (1.1) is an element of the Sobolev
space Wllo’f(M, A1) such that [, A(x, dw)-dg + B(x, dw)-¢ = 0 for all ¢ € Wllo’f(M, A1) with
compact support. Let A : M x Al(R") — Al(R") be defined by A(x,¢) = ¢|¢[P~> with p > 1.
Then A satisfies required conditions and d*A(x, dw) = 0 becomes the p-harmonic equation
d*(duldulP=2) = 0 for differential forms. If u is a function (a 0-form), the above equation
reduces to the usual p-harmonic equation

div(Vu|Vulf?) =0 (1.3)

for functions. Some results have been obtained in recent years about different versons of the
A-harmonic equation, see [2-9].
Letw e Ll (M,A),1=0,1,...,n. We write w € locLip, (M, ), 0 < k <1, if

—(n+k
”w”locLipk,M = sup |Q| (n+ )/n”w_wQ”LQ < (14)
ocQcM

for some o > 1. The factor ¢ here is for convenience and in fact the norm ||w||iocLip, M 18
independent of this expansion factor, see [8]. Further, we write Lip, (M, A) for those forms
whose coefficients are in the usual Lipschitz space with exponent k and write [|w/|Lip,,m for
this norm. Similarly, for w € L} (M, Al),1=0,1,...,n, we write w € BMO(M, Al) if

loc

leollont = sup QI [lew — wol|, , < o0 (15)
ocQcM
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for some o > 1. Again, the factor ¢ here is for convenience and the norm ||w|l,am is
independent of the expansion factor o, see [8]. When w is a 0-form, (1.5) reduces to the
classical definition of BMO(M).

The following operator K, with the case y = 0 was first introduced by Cartan in [10].
Then, it was extended to the following version in [6]. For each point y € M, there is a linear

operator K, : C*(M,Al) — C*(M, ") defined by (K,w)(x;é1,...,&-1) = fétl‘lw(tx +y -
ty; x —y,&1,...,&-1)dt and the decomposition w = d(K,w) + K, (dw). A homotopy operator
T : C*(M,A) — C®(M,A") is defined by Tw = [,,¢(y)K,wdy, averaging K, over all
points y in M, where ¢ € C{? (M) is normalized by [, ¢(y)dy = 1 and the decomposition

w=d(Tw) + T(dw) (1.6)
holds for any differential form w. The I-form wp € D' (M, Al is defined by

W = |M|‘1f wy)dy, 1=0, wpy=4dTw), 1=1,2,...,n (1.7)
M

for all w € LP(M,A), 1 < p < oo. From [6], we know that for any differential form u €

LfOC(B,/\l), 1=1,2,...,n,1<s < oo, we have
|V(Tw)]|, 5 < CIBlllulls,z5, (1.8)
[ Tulls,p < C|B|diam(B)||us5- (1.9)

2. Lipschitz Norm Estimates
The following Holder inequality will be used in the proofs of main theorems.

Lemma2l. Let0<a<oo,0<f<ooand st =al+p L If fand g are measurable functions on
R, then ||fglls,e < Ifllak - Illp,E for any E CR™.

Lemma 2.2 (see [1]). Let u € C*(AN'M) and [ =1,2,...,n,1 < s < oo. Then, there exists a positive
constant C, independent of u, such that

[dd"G@) || p + |4"dG @[ oy + 4G pr + |G [l g + 1G@ [ pp < Clltllsna-
(2.1)

We first prove the following Poincaré-type inequality for the composition of the homotopy operator and
the projection operator.

Theorem 2.3. Let u € Llsoc(M, A, 1=1,2,...,n,1 < s < oo, be a smooth differential form in a
bounded, convex domain M, H be the projection operator and T : C* (M, Al) — C®(M, A1) be the
homotopy operator. Then, there exists a constant C, independent of u, such that

IT(Hw) - (T(Hw)))gll, 5 < CIBldiam(B)|lulls 5 (2.2)

for all balls B with B C M.
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Proof. Let H be the projection operator and T be the homotopy operator. For any differential
form u, we know that

llusl,p < Culll, p- (2.3)
Replacing u by H(u) in (2.3) yields
[(H@))gll, 5 < CLllH@)|, p- (24)
Since H(u) = u— AG(u) and A = d*d + dd*, by Lemma 2.2, we have

IH@y5 = [l = AG@|, 5
< lulls,p + [|AGW) |, 25)
< leells g + Callulls s

< Galfulls -
Using (1.9), (2.4), and (2.5), we find that

IT(H@w) - (TH@)5 5 = |TATHE@))|, 5

< CylB|diam(B)[|d(T(H (w))) || 5
= Cy|Bldiam(B) || (H ()], 5 (2.6)
< Cs|B|diam(B)||H (u) |, 5

< Ce|B|diam(B)||u]|s 5.

The proof of Theorem 2.3 has been completed. O

Using Theorem 2.3, we estimate the following Lipschitz norm of the composite
operator T o H.

Theorem 2.4. Let u € LS(M,A), 1 = 1,2,...,n,1 < s < oo, be a smooth differential form in a
bounded, convex domain M, H be the projection operator and T : C* (M, A) — C=(M, A"1) be the
homotopy operator. Then, there exists a constant C, independent of u, such that

T (H @) 1octip, a1 < Cllells v, (2.7)

where k is a constant with 0 < k < 1.

Proof. From Theorem 2.3, we have

IT(H (w)) = (T(H w)))5]| 5 < C1|Bldiam(B)[ulls,5 (2.8)
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for all balls B with B ¢ M. Using the Holder inequality with1=1/s+ (s —1)/s, we find that
IT(H () = (T(Hw)))g||, 5 = IBIT(H(u)) — (T(H(u)))p|dx

< (IB|T(H(u)) - (T(H(u)))3|sdx>1/s <f318/(s—1)dx> (sSh/e

= [BI*™V*|IT(H () = (T(Hw))g||, 5
= |BI'"*||T(H (u)) - (T(Hw)))g||, 5
< |B['"/*(C1|B|diam(B) |ulls,5)

< GBS ull g,

(2.9)

where we have used diam(B) = C|B|"/". Now, from the definition of Lipschitz norm, (2.9)
and2-1/s+1/n-1-k/n=1-1/s+1/n—-k/n >0, we obtain

1T @) ioersp, pa = sup 1B | THw@) = (TH )5l 5

sup |B|™"||T(H (w) - (T(H(w)))5
oBcM

sup |B|_1_k/nC2|B|2_1/s+1/n||u||5,3
oBcM

sup Co|B|' 1/ /m=k/m | (2.10)
oBcM

sup C2|M|1‘1/S+1/"‘k/"||u||s,3
oBcM

5

IN

IN

< Cs sup [ulls,s
oBcM

< Csllulls,m-
The proof of Theorem 2.4 has been completed. O

In order to prove Theorem 2.6, we extend [11, Lemma 8.2.2] into the following version
for differential forms.

Lemma 2.5. Let ¢ be a strictly increasing convex function on [0,00) with ¢(0) = 0, and D be a
bounded domain in R™. Assume that u is a smooth differential form in D such that @ (k(|u| +|upl)) €
LY(D; ) for any real number k > 0 and u({x € D : |u — up| > 0}) > 0, where p is a Radon measure
defined by du = w(x)dx for a weight w(x). Then, for any positive constant a, we have

I ¢(alul)du < C’[ ¢(2alu-up|)du, (2.11)
D D

where C is a positive constant.
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Proof. Let C; = jD(p(2a|uD|)d‘u. Note that y({x € D : 2alu —up| > 0}) = u({x € D : lu —up| >
0}) > 0. Then, there exists a constant C, such that C; < szD(p(Zalu —up|)dy, that is

f (p(2a|uD|)d‘u§sz ¢(2alu - up|)dp. (212)
D D
Since ¢ is an increasing convex function, we obtain

f;p(alul)dy < JD¢<%(2a|u —up|) + %(2a|uD|)>d‘u

1 1
SEI w(Zalu—uDl)dwzf ¢(2alup|)dp
D D

(2.13)
1 G
<5 | ¢Qalu-up)dp+==| ¢(2alu-up|)du
D D
< Csf ¢(2alu —up|)du.
D
The proof of Lemma 2.5 is completed. O

Theorem 2.6. Let u € L7 (M,A'), 1 < s < oo, be a smooth differential form satisfying the
nonhomogeneous A-harmonic equation in a bounded, convex domain M and the Lebesgue |{x €
B : |u—ug| > 0} > 0 for any ball B C M. Assume that H is the projection operator and
T : C*(M,A) — C®(M,A") is the homotopy operator. Then, there exists a constant C,
independent of u, such that

”T(H(u))”locLipk,M < C”“”*,M/ (2~14)

where k is a constant with 0 < k < 1.

Proof. Using Lemma 2.5 with ¢(t) = t° and the weight w(x) = 1 over the ball B, we have
l[ulls,p < Cil|lu—us|, - (2.15)

From Theorem 2.3 and (2.15), we obtain

|T(H (u)) - (T(H(u)))BHS,B < C,|Bldiam(B)||ul|s,5 016
< Cs|B|diam(B) ||u - us]|, . '
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From the definition of the Lipschitz norm, the Holder inequality with1 =1/s+ (s —1)/s and
(2.16), for any ball B with B ¢ M, we find that

IT(H w) = (T(Hw)sl, 5 = J‘B|T(H(”)) = (T(H(w)))p|dx

(s=1)/s

1/s
_ s s/(s-1)
s(meH(u)) <T(H(u>>>3|dx) (fBl dx)
= BV T(H @) - (TH@))s]l,
= |BI" V4| T(H (w)) = (T(H(w)))g]|,

< CUBP Y g
(2.17)

Next, from the weak reverse Holder inequality for solutions of the nonhomogeneous A-
harmonic equation, we have

llu—usll, 5 < CsIBI"™"* |u - up]|, 1, (218)
for some constant o; > 1. Combination of (2.17) and (2.18) gives

IT(H () = (T(H @)l 5 < CalBE" ||t = |,

(2.19)
< ColBI" " lu—usl, o -
Hence, we obtain
|BI O/ T(H (u) = (T(H w)))g]|, 5 < CelBIY" ™|t - us||, ;. 5
_ C6|B|1+1/n—k/n|B|—1 ”u _ uB”l,olB
< Cy|B"Y "% 6y B |u - us|, (2.20)

< C7|]\/I|1+1/n_k/n|O'1B|71 ||~ up ”1,013

-1
< Csl|oiB| " ||u~ ”3“1,013'

Thus, taking the supremum on both sides of (2.20) over all balls 0oB ¢ M with 0, > 01 and
using the definitions of the Lipschitz and BMO norms, we find that

1T (H (1)) l1ocLip, M = S;I%IBI_("”‘)/"IIT(H(M)) —(T(Hw)))p|l, 5

< Cr sup [onB| sl . )
o, BCcM

< Crllull,m,
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that is,
”T(H(u))”locLipk,M < C”u”*,M- (2.22)

The proof of Theorem 2.6 has been completed. O

Note that inequality (2.14) implies that the norm ||T(H ()) ||iocLip,,m of T (H (%)) can be
controlled by the norm |[u|[, 1 when u is a 1-form.

Theorem 2.7. Let u € L} (M, A, 1=1,2,...,n,1 < s < oo, be a smooth differential form in a
bounded, convex domain M, H be the projection operator and T : C* (M, A) — C=(M, A"1) be the
homotopy operator. Then, there exists a constant C, independent of u, such that

IT(H @))lle.m < CIT (H (1)) ll1ocLip,, M- (2.23)
Proof. From the definitions of the Lipschitz and BMO norms, we obtain

IT(H (), m = SBu};AIBI‘lllT(H(u)) = (T(Hw))pll, 5

= sBqui/IIBlk/"|B|_("+k)/n||T(H(u)) - (T(H(u)))B”LB

IN

sup |M[*/*|BI""0/*|| T (H (w)) - (T(H(w)))g]|, 5
oBcM (224)
< [Mm[F/m sup |BI"O/ | T(H (w) = (T(H w)))g |, 5

<C sup B~/ T(H (w)) = (T(H )))]|,

<G ”T(H(u))lllocLipk,M'
that is

IT(H ()l m < ColIT (H (1)) lhocLip,, M, (2.25)

where C; and k are constants with 0 < k < 1. We have completed the proof of Theorem 2.7.
O

3. BMO Norm Estimates

We have developed some estimates for the Lipschitz norm ||-||iocLip,,p in last section. Now,
we estimates the BMO norm ||-||,,p. We first prove the following inequality between the BMO
norm and the Lipschitz norm for the composite operator.
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Theorem 3.1. Let u € LS(M,A), 1 = 1,2,...,n,1 < s < oo, be a smooth differential form in a
bounded, convex domain M, H be the projection operator and T : C* (M, Al) — C=(M, A1) be the
homotopy operator. Then, there exists a constant C, independent of u, such that

IT(H () ll,m < Cllulls,pm- (3.1)

Proof. From Theorems 2.4 and 2.7, we have

IT(H (1)) liocLip, M < Cillulls,m, (3.2)
IT(H (w))ll«,m < Col|T(H (1)) |liocLip,, M, (3.3)

respectively. Combination of (3.2) and (3.3) yields

IT(H () llm < Csllulls,m- (3.4)

The proof of Theorem 3.1 has been completed. O

Based on the above results, we discuss the weighted Lipschitz and BMO norms. For

weLl (M,AL,w),1=0,1,...,n, we write w € locLip, (M, ALw®),0<k<1,if

loc

—(n+k
”w”locLipk,M,wa = sup (IJ(Q)) e )/n”w - wQ”l,Q,w" <o (35)
ocQcM

for some o > 1, where M is a bounded domain, the Radon measure y is defined by du =
w(x)%dx, w is a weight and « is a real number. For convenience, we will write the following
simple notation locLip, (M, Al for locLip, (M, AL, w®). Similarly, for w € L}OC(M, AL w®), 1 =
0,1,...,n, we will write w € BMO(M, A, w®) if

ol M = sup (4(Q) ™ |w = wql|y g e < 0 (3.6)
ocQcM

for some o > 1, where the Radon measure p is defined by dy = w(x)"dx, w is a weight and a is
a real number. Again, the factor o in the definitions of the norms ||w/||iocLip,, M,w and || ||+, 3,20
is for convenience and in fact these norms are independent of this expansion factor. We also
write BMO(M, A!) to replace BMO(M, AL, w®) when it is clear that the integral is weighted.

Definition 3.2. We say a pair of weights (w1 (x), w»(x)) satisfies the A, ) (E)-condition in a set
E C R", write (w1 (x), wy(x)) € A; ) (E), forsome A >Tland 1 <r <cowith1/r+1/r =1if

1/Ar

1 1 1/Ar 1 ,
sup<—J‘ (wr) dx) <—j w, " ”dx) < oo. (3.7)
sce \Bl) 5 1Bl 5
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Lemma 3.3 (see [8]). Let u be a smooth differential form satisfying the nonhomogeneous A-harmonic
equation in M, 0 > 1and 0 < s,t < co. Then there exists a constant C, independent of u, such that

lulls,5 < CIBI“* [l o5 (3.8)

for all balls or cubes B with cB C M.

Using the reverse Holder inequality (Lemma 3.3) and Theorem 2.3, one obtains the following
weighted version:

| T(H (u) = (T(H @))p[ 5,00 < CIBldiam(B)l[ulls,o5,5 (39)
for all balls B with cB ¢ M, where (w1 (x), wy(x)) € Ax(M), and r, s, a, A and o are constants

withl<r<o,s>1,0<a<1l,A>1lando > 1.

Theorem 3.4. Let u € LS(M,AL,v),1=1,2,...,n,1< s < oo, be a solution of the nonhomogeneous
A-harmonic equation in a bounded, convex domain M, H be the projection operator and T :
C®(M,A) — C®(M, A1) be the homotopy operator, where the measure p and v are defined by
dp = widx, dv = widx and (w(x), wa(x)) € Arr(M) for some A > 1and 1 < r < oo with
wi(x) > € > 0 for any x € M. Then, there exists a constant C, independent of u, such that

IT(H () llhocLip, Mt < Cllulls, Mz, (3.10)

where k and a are constants with0 <k <land0<a < 1.

Proof. Since pu(B) = [pwidx > [pedx = C1|B|, we have

1
w(B)

@

2

< (3.11)

=

for any ball B. Using (3.9) and the Holder inequality with 1 =1/s + (s — 1) /s, we find that
IT(H @) = (TH@) g1 50 = fBIT(H(u)) —(T(H(w)))p|dp

1/s (s-1)/s
B s s/(s-1)
< ([ 1o - awysFar) ([ 176 ap)
= (u(B) I T(H W) = (TH@))p |, g s
= (B)'IT(H W) = (T(H @))p| s

< (u(B))'™/*(Cs|B|diam(B) [|ulls,0,w: )

< Ca(u(B))™* B[V |ull o 0
(3.12)
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Notice that -1/s—k/n+1+1/n>0and |M| < oo, from (3.5), (3.11), and (3.12), we have

IT(H @) lhoci, vt = sup (u(B) " | T(H () = (TH @) 0
= sBu}X/I(‘u(B))_l_k/"||T(H(u)) - (T(H(u)))B”l,B,wl“

-1/s-k
< Cs sup (u(B)) > "BV ™ ||ul| o 08
oBcM

< Ce sup |B|_1/S_k/n+1+1/n”u”s,oB,wg (3_13)
oBcM

< Ce sup |M|71/57k/n+1+1/n”u”s,cB,wg
oBcM

< Co| M|/ K/mtsl/n gyp llulls,oB,ws
oBCcM

< Crllulls, myeos-

We have completed the proof of Theorem 3.4. O
We now estimate the |||« p,¢ norm in terms of the L* norm.

Theorem 3.5. Let u € L(M,Al,v),1=1,2,...,n,1< s < oo, be a solution of the nonhomogeneous
A-harmonic equation in a bounded domain M H be the projection operator and T : C*(M,N) —
C* (M, A7) be the homotopy operator, where the measure p and v are defined by dy = widx, dv =
wydx and (w1 (x), wy(x)) € A (M) for some X > 1and 1 < r < oo with wi(x) > € > 0 for any
x € M. Then, there exists a constant C, independent of u, such that

IT(H () [l Moy < Cliaells, vz, (3.14)

where a is a constant with 0 < a < 1.

Proof. From the definitions of the weighted Lipschitz and the weighted BMO norms, we have

[l muer = sup (u(B)) ™|

|u—up ||1,B,w;'
oBcM

sup ((B)"" (u(B) "™ |u = up||, s
oBcM

sup (kM) (u(B) " | = u]|,

oBcM (3.15)

< (M) sup (u(B)) " |u - up]|, 5 e
oBcM

IN

1
< Cysup (u(B)™ "™ |u ~up|, 5 e
oBcM

< CillulhocLip,, Mwe
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where C is a positive constant. Replacing u by T'(H (1)) in (3.15), we obtain
IT(H () ll« M0z < CLlIT(H (1)) lhocLip,, Mt (3.16)
where k is a constant with 0 < k < 1. Now, from Theorem 3.4, we find that
IT(H (1)) lhocLip, Meor < Colltalls,mzoz- (3.17)
Substituting (3.17) into (3.16), we obtain

IT(H (1))l M0z < Callulls, vz (3.18)

The proof of Theorem 3.5 has been completed. O

Theorem 3.6. Let u € D'(M, A) and du € L¥(M, A1), 1=0,1,...,n—1,1 < s < oo, be a smooth
differential form in a bounded and convex domain M. Then, there exists a constant C, independent of
u, such that

[l = |, s < CIMIY ™ ldutl]s pa- (3.19)

Proof. From the decomposition (1.6), we have

|t~ us|, p = ITdulls,5 < C1|Bldiam(B) |dulls,5 < Ca|B||BI""|ldulls 5. (3.20)

Using (1.5), (3.20) and the Holder inequality, it follows that

o= ey = sp 1BI” [ o= = (= ne)
oBcM B

sup |B|’1J‘ |t — upr — up + upg|dx
oBCcM B

sup |B|‘1f |t — up|dx
oBcM B

) 1/s J6-1) (s-1)/s
sup |B|~ <J‘ U-—1ug de) <f 15/~ dx)
oBent B| | 5 (3.21)

1/s
sup |B|7Y/* (f |u - u3|sdx)
oBcM B

sup |B|™"/*C,|B||B|"/"||dul|s 5
oBCcM

sup Ca|B"/"||dulls 5
oBcM

< Co MY ldulls pr-

IN

IN

IN

IN

This ends the proof of Theorem 3.6. O
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