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1. Introduction and Main Results

Since the space LP®) and W'#®) were thoroughly studied by Kovécik and Rakosnik [1],
variable exponent Sobolev spaces have been used in the last decades to model various
phenomena. In [2], Rtizi¢ka presented the mathematical theory for the application of variable
exponent spaces in electro-rheological fluids.

In recent years, the differential equations and variational problems with p(x)-growth
conditions have been studied extensively; see for example [3-6]. In [7], De Figueiredo and
Ding discussed the multiple solutions for a kind of elliptic systems on a smooth bounded
domain. Motivated by their work, we will consider the following sort of p(x)-Laplacian
systems with “concave and convex nonlinearity”:

—div<|Vu|p(x)72Vu> + [ufPY2u = H,(x,u,v), x€Q,

—diV<|V’U|p(x)_2V’U> + oP2p = —H,(x,u,v), x€Q, (1.1)

u(x) =v(x) =0, xe€o0Q,

where Q ¢ RN is a bounded domain, p is continuous on Q and satisfies 1 < p_ < p(x) < p; <
N,and H : Q xR? — Risa C! function. In this paper, we are mainly interested in the class



2 Journal of Inequalities and Applications
of Hamiltonians H such that

[u|*® o)
+

Hxuwo) = 2w * 5w

+ F(x,u,v), (1.2)

where 1 < a_ < a(x) < p(x), p(x) < p(x) < p*(x). Here we denote

p+ =supp(x),  p-= Jicggfzp(x» (1.3)

xeQ

and denote by p(x) < f(x) the fact that infyeq(B(x) — p(x)) > 0. Throughout this paper,
F(x,u,v) satisfies the following conditions:

(H1) F € C'(Q x R%, R). Writing z = (u,v), F(x,0) =0, F.(x,0) =0;

(H2) there exist p(x) < g1(x) < p*(x), 1 < go- < g2(x) < p(x) such that

|Fu(xx,1,0)|, | Fo(x,u,0)| < ag(1 +uln ™)1 4 |p|e()-1), (1.4)

where ay is positive constant;
(H3) there exist p(x),v(x) € C1(Q) with p(x) < pu(x) < p*(x), 1 <v_ < v(x) < p(x),
and Ry > 0 such that

1 1
——F, (x,u,v)u+ ——F,(x,u,v)v > F(x,u,v) >0, (1.5)

H(x) V()

when |(u,v)| > Ry.
As [8, Lemma 1.1], from assumption (H3), there exist by, by > 0 such that

F(x,u,0) > by ([ul™ + [0]"™) - by, (1.6)
for any (x,u,v) € Q x R2. We can also get that there exists b, > 0 such that

1 1
F,(x,u,v)u+ ——F,(x,u,v)v + by > F(x,u,v), (1.7)

H(x) v(x)

for any (x,u,v) € Q x R2. In this paper, we will prove the following result.

Theorem 1.1. Assume that hypotheses (H1)—(H3) are fulfilled. If F(x, z) is even in z, then problem
(1.1) has a sequence of solutions {z,} such that

1) - | Pl ool 9ol ™ )a (1.8)
Zn) = - - X,Zn X — 00, .
Q p(x) p(x)

asmn — co.
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2. Preliminaries

First we recall some basic properties of variable exponent spaces LP*)(Q) and variable
exponent Sobolev spaces W?™)(Q), where Q ¢ RY is a domain. For a deeper treatment
on these spaces, we refer to [1, 9-11].

Let P(Q) be the set of all Lebesgue measurable functions p : Q — [1, 00) and

p(x)

) = inf{)t >0 f “
ol X

dx < 1}. (2.1)

The variable exponent space LP*) (Q) is the class of all functions u such that fQ|u(x)|P @ dx <
oo. Under the assumption that p, < oo, LP®(Q) is a Banach space equipped with the norm
(2.1).

The variable exponent Sobolev space W?*)(Q) is the class of all functions u €
LP®(Q) such that |Vu| € LP®)(Q) and it can be equipped with the norm

l2ll1 px) = [tlp) + [Vidlpx)- (2.2)

For u € W™ (Q), if we define

p(x) p(x)
llulll =infd A >0 [ VAP L g L (2.3)
o AP(x)

then |||u[|| and [|ul|, ,(») are equivalent norms on WP (Q).
By W(}’P(x)(Q) we denote the subspace of W?®)(Q) which is the closure of Cy(L2)

with respect to the norm (2.2) and denote the dual space of Wol’p (x)(Q) by W7 )(Q). We
know that if Q ¢ RY is a bounded domain, [[u]l1 () and [Vuly(x) are equivalent norms on

WP ().
Under the condition 1 < p_ < p; < oo, Wg’p(x) (Q) is a separable and reflexive Banach
space, then there exist {e,}% ¢ W,7™(Q) and {f,u}®, ¢ W) (Q) such that

1 ifn=m,

fn(en) = {0 if n#m,

W, (@) =spanfe; i=1,...,n,...}, o

WP Q) = span{fj:j=1,....,m,... }.
In the following, we will denote that E = E! & E?, where

E'= {0} xW)" (@),  E*=w "™ (@) x{0}. (2.5)
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For any z € E, define the norm ||z|| = ||(u,v)|| = |||[ull]| + |||7]l|. For any n € N, set 331 _
(0,en), €2 = (e,,0) and

X, =span{ej,..., ey} ® E%, X" = E' @spanfe;, ..., ea}, (2.6)
denote the complement of X" in E by (X")" = span{e? ,,€2,,,...}.

3. The Proof of Theorem 1.1
Definition 3.1. We say that zy = (19, v9) € E is a weak solution of problem (1.1), that is,
J <|Vu0|p(x)_2Vu0Vu + |u0|p(x)_2uou - |Vvo|p(x)_2V00Vv
Q

(3.1)
- |U0|p(x)—2000 - Hy(x,up,v0)u — Hy(x, uo,vo)v>dx =0, Vz€E.

In this section, we denote that V,, = span{e; : i = 1,...,m]}, for any m € N, and ¢; is
positive constant, for any i =0,1,2....

Lemma 3.2. Any (PS) sequence {z,} C E, that is, |I(z,)| < cand I'(z,) — 0,asn — oo, is
bounded.

Proof. Let s > 0 be sufficiently small such that I; = infyeq(1/p(x) — (1 +5s)/u(x)) >0, b =
infreq((1+5)/v(x)-1/p(x)) >0, I3 =sup, o((1/a(x) = (1+5))/u(x)) >0, Iy = sup,, (1 +

5)/v(x) - 1/ B(x)) > 0.
Let {z,} C E be such that |[I(z,)| < cand I'(z,) — 0,asn — oo. We get

1) = (G (™))

=I ((L — ﬁ)(lvunlp(x) " |un|P(x)> n 1 +s)un |V |p(x) ZVu,,Vy
Q

p(x)  p(x) p(x)
1+s 1 p(x) P\ _ (1 + S)Un p(x)-2
+<W‘W><|VW| o) R v 2o, vy
1 (+ j Fu(x, tt, 0p) Uy + 1&; Fy (%, tp, 0n) vy — F(, Uy, vy)

1+s 1 a(x) < 1+s 1 ) ﬁ(x))
+ - u + - v dx
<y(x) a(x) )l d v(x)  p(x) o]
> j <11|Vun|p(x) + 12|an|p(x) + SF(x, p, vn) — l3|un|“(x) + l4|vn|ﬂ(x)
Q

1 _ 1
" (1+s)uy, |Vun|p(x) ZVunVy (1+s)v,

|Vo |p<x) Vo, Vv - (1 +s)b2>dx.
p(x)? v(x)? ’

(3.2)
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As p(x),v(x) € C! Q), by the Young inequality, we can get that for any €1, &, € (0,1),

1+ s)uy

o [P, T < ol Tt o
u(x

p(x) p(x)

u, |P(X)>,

On |P(X)>‘

1-p(x)
<CO<€1(P(9€) -1) V[P + g’ |un|”(x)>
(3.3)

< ¢ (51 | Vi, |p(x) + 517’”

1+ s)v,

Vo, |P¥ v, vy
v(x)2 | nl !

<q <52|an|p<x) + e;’m

Let €1, &, be sufficiently small such that

1 2
co€1 < — c162 <

I l
2 7 ?/ (34)

then

I(z2) - <I'(zn), (%u })(ijv»

> (Tl s 290 s (bl + o - 1)
Q

vn|”<">) 1+ s)b2>dx.
(3.5)

- <13|un|“(x) + COE}_P*

un|P(x)> n <l4|vn|ﬂ(x) _ Clgé—ru

Note that a(x) < p(x) < p(x), p(x) < p(x), by the Young inequality, for any €3, €4, €5 € (0,1),
we get

(x)
|un|a(x) < g3 (x) |un | p(x) - a(x) L80)/ (@(0)-u()
- p(x) plx) 3
< 53|un|#(x) +g;u+/(#—a),’

[ < e4p(x) i) + p(x) ~p(x) £/ (3 (2)
p(x) p(x) (3.6)

< 54|un |/4(x) n E;P*/(#’P)_

7

p) o EPX) | e PO () p/ (p-po)
|U”| = ﬂ(x) |v"| + ﬁ(x) &5

< 55|vn|l5(x) " e;P+/ (ﬂ—P),‘
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.. 1-p, 1-p,
Let €3, €4, €5 be sufficiently small such that lze3 + coe, Prey < sby and clg, P+es < 1y, then we
get

, 1+s 1+s I px) b p(x) )
— J—— JR—— > —_— —_ —
I(zy) <I (zn), < ) Un, ) Un>> > IQ< 5 | Vi, |7 + > | Vo, | ¢ )dx. (3.7)

Note that

e Gz )

1+Sv
v(x) "

gl ety
elirell- (7o), [ Gae)

<eil [P @)l (198l + [ Voul ).

<[Ir'@ll- (H'%u

p(X)>

(3.8)
and for n € N being large enough, we have
) (L1
cx||I'(zn) || < min 1l (3.9)
It is easy to know that if |Vu,|) > 1 and [Vo,lpe > 1,
|Vu"|p(X) < JQ|Vun|p(x)dx, |VU"|p(X) < J‘Q|an|p(x)dx, (3.10)
thus we get
1(z,) > f <% | Vit [P + %WWV’("’ - c2>dx, (3.11)
Q

then [Vu,|y(x), |V0ulpx) are bounded. Similarly, if [V, |y < 1 or [Vou|y < 1, we can also
get that [V, |p(x), [VOulp(x) are bounded. It is immediate to get that {z,} is bounded in E. [

Lemma 3.3. Any (PS) sequence contains a convergent subsequence.

Proof. Let {z,} C E be a (PS) sequence. By Lemma 3.2, we obtain that {z,} is bounded in E.
As E is reflexive, passing to a subsequence, still denoted by {z,}, we may assume that there
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exists z € E such that z, — z weakly in E. Then we can get u, — u weakly in Wé’p ) (Q).
Note that

(I'(zn) = I'(2), (4n —u,0)) = f <<|Vun|p(x>72Vun - |Vu|p(x)72Vu>V(un - u)
Q

" (lunlp(x)ﬂun B |u|p(x)—2u> (un _ u)

(3.12)
_ (lun|a(x)*2un _ |u|u(x)—2u> (un _ u)
— (Fu(x,tty, vy) = Fu(x,u,0)) (1, — u))dx.
It is easy to get that
(I'(zn) = I'(2), (n —u,0)) — 0,
(3.13)
f Fu(x,u,v)(u, —u)dx — 0,
Q
and u, — uin LP™(Q), u, — uin L*®(Q), as n — oo. Then
f <|un|P(x)—2un _ |u|p(x)—2u> (un _ u)dx —0,
“ (3.14)
J‘ <|un|a(X)—2un _ |ulﬂt(X)—2u> (un _ u)dx N 0/
Q
asn — oo. By condition (H2), we obtain
f | Fuu (2, tn, 0p) (thy — 1) |dx
Q
< f ao (1+ [14a] ™7+ [0] P 14 - u]dx (3.15)
Q

< a1<|un —ul, + '|un|ql(x)_1| |qz<x)_1|

. | — u|ql<x) + “vn . |1 — u|qz(x)>.

It is immediate to get that |u, — uli — 0, ||ua|" ™™g (), [|04|2® 7y ) are bounded and
[y — ulgx) = 0, [y — tlgy) — 0, then we get

f Fy(x,up, vp) (y —u)dx — 0,
Q
(3.16)
J <|Vun|p(x)_2Vun - |Vu|p(x)_2Vu>V(un —u)dx — 0,
Q

asn — oo. Similar to [3, 4, Theorem 3.1], we divide Q into two parts:

Q={xeQ:px) <2}, Q) ={xeQ:px)>2}. (3.17)



8 Journal of Inequalities and Applications

On Q, we have

J | Vi, - Vu|P(x)dx
Q

/
sﬁf(Gv%ﬁw*wm—quWRMXVw—v@Ym2
Q
s (17 4 |7 @) T (3.18)
p(x)-2 _ p(x)-2 a p(x) /2
< C6| <<|Vun| Vu, — |Vu| Vu> (Vuy Vu)) |2/p(x),£21

“ |<|Vun|p(x) N |Vu|p(x)>(2—l7(x))/2' ’
2/(2-p(x))

then [, [Vu, — VulP®dx — 0.O0n Q,, we have

f Vi, - VulPDdx <c7 | (|VuP©2Vu, — [VuP®O2Vu) (Vu, - Vu)dx — 0. (3.19)
Q Q

Thus we get [|Vu, - Vulf®dx — 0. Then u, — wuin WS’P(X)(Q), as n — oo. Similarly,
U, — vin Wg’p(x)(Q). O
Lemma 3.4. There exists R,, > 0 such that I(z) <0 for all z € X™ with ||z|| > Ry,.

Proof. For any z = (u,v) € X", u € V,,, we have

|Vu|p(x) + [ulp™ |Vv|p(x) + o™
I(z) < f -
Q p(x) p(x)

- F(x,u, v)>dx
(3.20)

- J‘ |Vu|p(x) + |ulp® |Vv|p(x) + |o|p®
“Ja p- P+

—%WW”+h>dx

In the following, we will consider [, ((|Vul[P™ + [u[P™) /p_ — bo|u[**))dx.
(i) If |[|u]|] < 1. We have

\vi p(x) p(x)
f < | u| p+ |u] _ b0|u|”(x>>dx < pi (3.21)
Q

(ii) If ||lu]]| > 1. Note that p,p € cQ), p(x) <« p(x). For any x € Q, there exists Q(x)
which is an open subset of Q such that

px = sup p(y) < ux = inf u(y), (3.22)
yeQ(x) yeQ(x)
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then {Q(x)}, 5 is an open covering of Q. As Qis compact, we can pick a finite subcovering
{Q(x)}L, for Q. Thus there exists a sequence of open set {Q;}_; such that Q = [J,; and

pir = supp(x) < pi- = inf p(x), (3.23)

x€Q;

fori=1,...,n Denote that r; = |||u|||g,, then we have

VulP® 4 ufp)
f [Vul P bolu|F™ ) dx
Q p-

n V P(X) p(x)
-3 <| T —bo|u|"‘x)>dx
i=17 Qi P

Vu @) + |ulp®
Zj < Vel ™ bolul™ ) dx (3.24)
ri>17 Qi p-

VulP® 4 jup®
+Zf < | | [ —b0|u|”(x) dx
ri<1/ Qi p-

el W\ n
<y bkl ) + -

ri>1 P-

where k,,, = infuevmmi,||\u|||Qi=1fQi|H|”(x)dx- As Vg, is a finite dimensional space, we have
km,>0,fori=1,...,n.

We denote by s; the maximum of polynomial '+ /p_ — boky,t*~ on [0,00), for i =
1,...,n. Then there exists ty > 1 such that

tpi+

- bokmit‘ui’ +cg < O, (325)

fort>tpandi=1,...,n, where cs = >, s; + n/p- + by meas Q.

Let R,, = max{2,2(p.(cs + 1/p,))1/”*, 2nto}. If ||z|]| > Ry, we get [||u]|] > R, /2 or
ol > Ry /2.

(1) If [|[u]]] 2 Ry /2, |||u]]| > nty > 1. It is easy to verify that there exists at least iy such
that |||u|||Ql_0 > to > 1, thus

el "
S = ok ) + €5 <0. (3.26)

I(z)
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(i) I ([0l > R/2, [l[olll > (ps(cs +1/p-))"/F". We obtain

P-
I(z)Sc8+L—M <0. (3.27)
P- P+
Now we get the result. O
1

Lemma 3.5. There exist 1, > 0 and a,, — oo (m — o) such that 1(z) > a, for any z € (X™1)
with ||z|| = 1-

Proof. For z = (u,v) € (X’”’l)l, v = 0. By condition (H2), there exists ¢y > 0 such that

|F(x,1,0)| < colu|™™ + co. (3.28)

Let ||z]| > 1, we get

I(z):J - — F(x,u,0) |dx
Q

p(x) a(x)
\v4 p(x)+ p(x) a(x)

Zf <| ul - Pt luclx —c9|u|‘71(x)—C9>dx (3.29)
Q + -

|Vu|p(x) + |u|p™)
> I —c1olu| ™™ ) dx - c1.
Q p+

Denote that
O = sup | |ul"@dx, (3.30)
uevy 7/ Q
[[falf]<1
thus
e[~ e
I(z) > ——— = c10Omllul|™ - cn1. (3.31)
P+
Let

2 Uqis=p-) /2 1/p-
Tm =max{1, (p—) ’<M> } (332)
Cc10P+q1+0m qi+ — p-



Journal of Inequalities and Applications 11

By [5, Lemma 3.3], we get that 8,, — 0,as m — oo, then

I(z) > 1}y —(Q1+ _p-) —cn
P+q1+ (3.33)
A
= am,
when m is sufficiently large and ||z|| = .. It is easy to get that a,, — oo, as m — oo. O

Lemma 3.6. I is bounded from above on any bounded set of X™.

Proof. For z = (u,v) € X™. We get

|Vu|p(x) + |ufp®
I(z) < — F(x,u,v) |dx. (3.34)
Q

p(x)

By conditions (H2) and (H3), we know that if |(u,v)| > Ro, F(x,u,v) > 0 and if |(4,v)| <
Ry, [F(x,u,v)| < co. Then

|Vu|p(x) + |ulp™)
I(z) < +c12 )dx, (3.35)
Q

p(x)

and it is easy to get the result. O

Proof of Theorem 1.1. By Lemmas 3.2-3.6 above, and [7, Proposition 2.1 and Remark 2.1], we
know that the functional I has a sequence of critical values ¢y — oo, as k — oo. Now we
complete the proof. O
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