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convolution with a given fixed meromorphic function. Subjecting each convoluted-derived
function in the class to be subordinated to a given normalized convex function with positive real
part, these subclasses extend the classical subclasses of meromorphic starlikeness, convexity, close-
to-convexity, and quasi-convexity. Class relations, as well as inclusion and convolution properties
of these subclasses, are investigated.
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1. Introduction

Let # be the set of all analytic functions defined in the unit disk U = {z : |z| < 1}. We denote
by & the class of normalized analytic functions f(z) = z + 3,2, a,z" defined in U. For two
functions f and g analytic in U, the function f is subordinate to g, written as

f(z) <g(2), (1.1)

if there exists a Schwarz function w, analytic in U with w(0) = 0 and |w(z)| < 1 such that
f(z) = g(w(z)). In particular, if the function g is univalent in U, then f(z) < g(z) is equivalent
to f(0) = g(0) and f(U) c g(U).

A function f € o is starlike if zf'(z)/ f (z) is subordinate to (1+z)/(1-z) and convex if
1+zf"(z)/ f'(z) is subordinate to (1+z)/(1-z). Ma and Minda [1] gave a unified presentation
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of these classes and introduced the classes
zf'(z)
S*hz{ €e4|—<h(2},
(W= f | iy <h2)

C(h):{fed‘ 1+%<h(z)},

(1.2)

where h is an analytic function with positive real part, h(0) = 1, and h maps the unit disk U
onto a region starlike with respect to 1.

The convolution or the Hadamard product of two analytic functions f(z) = z +
Sy anz" and g(z) = z + >0, byz" is given by

(f *8)(2) = D anbuz". (1.3)
n=1

In term of convolution, a function f is starlike if f * (z/(1 — z)) is starlike, and convex if
f*(z/(1- z)?) is starlike. These ideas led to the study of the class of all functions f such that
f * g is starlike for some fixed function g in &4. In this direction, Shanmugam [2] introduced
and investigated various subclasses of analytic functions by using the convex hull method [3-
5] and the method of differential subordination. Ravichandran [6] introduced certain classes
of analytic functions with respect to n-ply symmetric points, conjugate points, and symmetric
conjugate points, and also discussed their convolution properties. Some other related studies
were also made in [7-9], and more recently by Shamani et al. [10].
Let M denote the class of meromorphic functions f of the form

1 (o)
=— nz", 1.4
f(=) = +nZ=Oa z (1.4)
which are analytic and univalent in the punctured unit disk U* = {z : 0 < |z| < 1}.

For 0 < a < 1, we recall that the classes of meromorphic starlike, meromorphic convex,
meromorphic close-to-convex, meromorphic y-convex (Mocanu sense), and meromorphic
quasi-convex functions of order a, denoted by _#*, MK, me, Mk, and ma, respectively, are
defined by

. o212

M =1feMm mf(z) >a},
K - zf"(z)

M=1feMm 9%<1+—f,(z)>>a},

M=1fenm —ng(,(j) >cx,g€ﬂs}, (15)
k_ _ _ m zf"(z)

My =S e m[“ N f ) eyt e >]>“}’

M =4 fem —%[Zg%))]>a,geﬂk}.
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The convolution of two meromorphic functions f and g, where f is given by (1.4) and g(z) =
1/z+ 3520 baz", is given by

(f*8)(z) = % + D anb,z". (1.6)
n=0

Motivated by the investigation of Shanmugam [2], Ravichandran [6], and Ali et al.
[7, 11], several subclasses of meromorphic functions defined by means of convolution with
a given fixed meromorphic function are introduced in Section 2. These new subclasses
extend the classical classes of meromorphic starlike, convex, close-to-convex, y-convex,
and quasi-convex functions given in (1.5). Section 3 is devoted to the investigation of the
class relations as well as inclusion and convolution properties of these newly defined
classes.

We will need the following definition and results to prove our main results.

Let S*(a) denote the class of starlike functions of order a. The class R, of prestarlike
functions of order a is defined by

Ra:{fedl‘f*ﬁes*(a)} (1.7)
fora <1, and
Rlz{fee4|m@>%}. (1.8)

Theorem 1.1 (see [12, Theorem 2.4]). Let « < 1, f € Ry, and g € 5*(a). Then, for any analytic
function H € H(U),

RS w e, (19)

where co(H (U)) denotes the closed convex hull of H(U).

Theorem 1.2 (see [13]). Let h be convex in U and B, y € C with R(Ph(z) +y) > 0. If p is analytic
in U with p(0) = h(0), then

ZPI(? <h(z) implies p(z) < h(2). (1.10)

PO @y

2. Definitions

In this section, various subclasses of M are defined by means of convolution and
subordination. Let g be a fixed function in #, and let h be a convex univalent function with
positive real part in U and h(0) = 1.
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Definition 2.1. The class Mg (h) consists of functions f € M satisfying (g * f)(z) #0in U and
the subordination

_z(g* f)'(2)

T HE) < h(z). (2.1)

Remark 2.2. 1f g(z) =1/z +1/(1 - z), then M (h) coincides with /°(h), where

M (h) = {f e/n| - Zf/(j)

< h(z) } (2.2)

Definition 2.3. The class ,/Ilg(h) consists of functions f € M satisfying (g * f)'(z) #0 in U* and
the subordination

[ z2g* )@
{1 * on P } < h(z). (2.3)

Definition 2.4. The class /ilfg(h) consists of functions f € M such that (g * ¢)(z) #0 in U* for
some ¢ € M (h) and satisfying the subordination

23+

(g*¢)(2) h(z). @4

Definition 2.5. For y real, the class ﬂ;r(h) consists of functions f € M satistying (g* f)(z) #0,
(g * f)'(z) #0 in U* and the subordination

_{Y<1+%) +(1_Y)<Z((§:—m>} < h(=z). (2.5)

Definition 2.6. The class _/Ilg(h) consists of functions f € M such that (g * ¢)'(z) #0 in U* for
some ¢ € ,/fl";(h) and satisfying the subordination

[-z(s+f) @]

, < h(z). (2.6)
(g*¢) (2)

3. Main Results

This section is devoted to the investigation of class relations as well as inclusion and
convolution properties of the new subclasses given in Section 2.

Theorem 3.1. Let h be a convex univalent function satisfying Rh(z) <2-a, 0<a <1,and g€ M
with z>g € Ry. If f € M5 (h), then f € Mg (h). Equivalently, if f € M°(h), then g = f € M°(h).
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Proof. Define the function F by

2f(2)

F(z) = ) (3.1)
For f € _m*(h), it follows that
zf'(2)
—,‘R{ 6 } <2-a, (3.2)
and therefore,
2(2f) (2)
D‘i{ 21(2) } > a. (3.3)
Hence z?f € S*(a). A computation shows that
23+ )2 _(g*-2f)@) _ (g*fF)E) _ (g% 22fF)(2) .
(& *f)(2) (g% f)(2) (8* Nz (Pg*22f)(2) '
Theorem 1.1 yields
z2(gxf)(2) _ (FPg*ZfF)(2) _
NG~ (@EgranE <o) )
and because F(z) < h(z), it follows that
z(g*f)(2)
g+ @ M oo
Theorem 3.2. The function f € ,/Itg(h) ifand only if —zf" € M3 (h).
Proof. The results follow from the equivalence relations
—<1 N —Z(g*f), (Z)> <h(z) = ——(Z<g*f), @) ) e Z8*72N@ 4y
(8% f) (=) (8*f) () (8 -2f)(2)
(3.7)
O

Theorem 3.3. Let h be a convex univalent function satisfying Rh(z) <2-a,0<a<1,and p € M
with 2°¢ € Ry If f € M5(h), then ¢ x f € M (h).
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Proof. Since f € Mg (h), it follows that

e
P <2 G9
and thus
z(22(g* ) (2)
| owne )
Let
_ z2gx )
P(z) = —(g TE (3.10)
A similar computation as in the proof of Theorem 3.1 yields
_z(gb*g*f)'(z) _ 22¢(z) * 22(g * f)(z)P(z) (3.11)
(pxgxf)z) 22¢(z) x 22(g* f)(2) '
Inequality (3.9) shows that z2(g * f) € S*(a). Therefore Theorem 1.1 yields
_ Z((¢¢—: ;‘:’ - ]{)) (g) <h(z), (3.12)
hence ¢ x f € M3 (h). =
Corollary 3.4. ,/Il;.(h) C /ﬂ;*g(h) under the conditions of Theorem 3.3.
Proof. The proof follows from (3.12). O

In particular, when g(z) =1/z +1/(1 - z), the following corollary is obtained.

Corollary 3.5. Let h and ¢ satisfy the conditions of Theorem 3.3. If f € M°(h), then f € ,/Il;)(h).

Theorem 3.6. Let h and ¢ satisfy the conditions of Theorem 3.3. If f € ,/Ilg(h), then ¢ * f € _/Il’é(h).
Equivalently M (h) C _/fl’(;*g(h).

Proof. If f € ,/Ilg(h), it follows from Theorem 3.2 that —zf" € M (h). Theorem 3.3 shows that
Gx(—zf)=-z(p*f) € _/flfg(h). Hence ¢ x f € ,/flg(h). O
Theorem 3.7. Under the conditions of Theorem 3.3, if f € MG (h) with respect to ¢ € M5(h), then
¢ = f € MG (h) with respect to ¢ * ¢ € M (h).

Proof. Theorem 3.3 shows that ¢ x ¢ € ﬂ;(h). Since ¢ € ,/ilz,(h), (3.9) yields z*(g * ¢) € S*(a).
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Let the function G be defined by

_z(g*f)'(2)

&=

A similar computation as in the proof of Theorem 3.1 yields

_z(pxg* f)(2) _ ZP(z) x 22 (g * ) (2)G(2)
(P xg*¢)(2) 22P(z) * 22 (g * ¢)(2)

Since 2>} € R, and z*(g * ¢) € S*(a), it follows from Theorem 1.1 that

z(p*g* f)'(2)

“rgrp) &

Thus ¢ * f € M (h) with respect to ¢ * ¢.
Corollary 3.8. _/llg(h) C /It;*g(h) under the assumptions of Theorem 3.3.

Proof. The subordination (3.15) shows that f € _/Il;*g(h).

Theorem 3.9. Let R(yh(z)) < 0. Then

(i) S (h) € M (h),

(ii) 5, (h) C ,/Iiglﬂ(h)for y<p<o.
Proof. Define the function P by

z(g* f)(2)

PE = he

and the function J¢(y; f) by

Jo(v;: f)(z) = —{Y<1 + Z(g*—f)”(z)> +(1- Y)<Z(g*—m> }

(g% f)(2) (g* f)(z)

For f € ,/Il’g.,y(h), it follows that J¢(y; f)(z) < h(z). Note also that

P/
J(r: f)(z) = P(z) - YZTZ()Z) '
(i) Since R(yh(z)) < 0 and
P(z) - rzPz) h(z).

P(z)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Theorem 1.2 yields P(z) < h(z). Hence f € ,/il;(h).
(ii) Observe that

@ -{p(1+ ELE o -p (LD

p

ﬁ (3.20)
= (1 - ¥>P(z) + ?]g(y;f)(z)-

Furthermore J,(y; f)(z) < h(z) and P(z) < h(z) from (i). Since 0 < /y < 1 and h(U) is
convex, we deduce that J,(f; f)(z) € h(U). Therefore, J(f; f)(z) < h(z). O

Corollary 3.10. The class ﬂg(h) is a subset of the class _/Ilg(h).

Proof. The proof follows from the definition of the classes by taking f = ¢. O
Theorem 3.11. The function f € _/Ilg(h) ifand only if —zf" € M3 (h).

Proof. If f € _/Ilg(h), then there exists ¢ € ,/Il(’;.(h) such that

[-2(8* /)]

h(z). 3.21
(g*9)(2) <) (521

Also,

—z(g * —zf')l(z) _ [—Z(g*f)l(z)]l < h(z). (3.22)

(8*-z¢)(2) (g*9)(2)

Since ¢ € ,/It’s‘,(h), by Theorem 3.2, —z¢' € Mg (h). Hence —zf" € MG (h).
Conversely, if —zf’ € M (h), then

g =)@

h 3.23
(35 9)(2) (2) (3.23)

for some ¢; € M (h). Letp € /Il;(h) be such that —z¢' = g1 € M (h). The proof is completed
by observing that

[—z(g*{)'(Z)]' _ 2@x=2f)() ne). (3.24)
(g*p)(2) (g§*-z¢')(2) O

Corollary 3.12. Let h and ¢ satisfy the conditions of Theorem 3.3.If f € ,/llg(h), then ¢ f € ,/Ilg(h).

Proof. If f € M3 (h), Theorem 3.11 gives —zf' € M (h). Theorem 3.7 next gives ¢ * (—zf') =
~z(¢ * f)' € MG(h). Thus, Theorem 3.11 yields ¢ * f € M (h). O



Journal of Inequalities and Applications 9
Corollary 3.13. ,/Ilz,(h) C ,/Itg*g(h) under the conditions of Theorem 3.3.

Proof. If f € ,/ilg(h), it follows from Corollary 3.12 that ¢ * f € ,/llg(h). The subordination

[-z(p*g* /) =)]

h 3.25
G 39 <h(z) (3.25)
gives f € ,/Itq*g(h). Therefore ,/Ilz(h) C ,/Il;*g(h). O

Open Problem

An analytic convex function in the unit disk is necessarily starlike. For the meromorphic case,
is it true that /g (h) C M5 (h)?
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