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1. Introduction

Let p be a fixed prime number. Throughout this paper, the symbols Z, Z,, Q,, and C, denote
the ring of rational integers, the ring of p-adic integers, the field of p-adic rational numbers,
and the completion of algebraic closure of Q,, respectively. Let N be the set of natural numbers
and Z, = NU{0}. Let v, be the normalized exponential valuation of C, with |p| p =P P =pL.

Let UD(Z,) be the space of uniformly differentiable function on Z,. For f € UD(Zy,),
the p-adic invariant integral on Z, is defined as

pN-1
I(f) = JZ f(x)dx = Nhinwpl—N Z(; f(x) (1.1)

(see [1]). From (1.1), we note that

I(f1) =I(f) + f(0), (1.2)
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where f'(0) = df (x)/dx|x=0 and fi(x) = f(x+1). Forn € N, let f,(x) = f(x +n). Then we can
derive the following equation from (1.2):

1(f) = 1(f) + Zf’(i)

(1.3)
(see [1-7]).
Let d be a fixed positive integer. For n € N, let
X =Xy =limgZ/dpNZ, Xi=1Z,,
X* = U (a+dp Zy),
O<a<dp (14)
(”fP):l
a+dpNz, = {xeX |x=a <modde>},
where a € Z lies in 0 < a < dp™. It is easy to see that
I f(x)dx =f f(x)dx, for feUD(Z,). (1.5)
X z,
The ordinary Bernoulli polynomials B, (x) are defined as
t ext _ iB (x)ﬁ 1.6
el-1 &7 (16)
and the Bernoulli numbers B,, are defined as B, = B,,(0) (see [1-19]).
For n € N, let T}, be the p-adic locally constant space defined by
T, = UCP" = ,}ij{}o‘cp”f (1.7)
n>1

where Cp» = {w | w?" = 1} is the cyclic group of order p". It is well known that the twisted
Bernoulli polynomials are defined as

t [*e]

m
éet__lexi‘ = ZOB”,‘;(X)E, g S Tp, (18)
n=

and the twisted Bernoulli numbers B,,; are defined as B,,; = B,,;(0) (see [15-18]).

Let x be Dirichlet’s character with conductor d € N. Then the generalized twisted
Bernoulli polynomials By, ,;(x) attached to x are defined as follows:

d-1 a ,at 3
x(@ée™t £
— ¥ = E B — €T,.
a=0 édedt -1 ¢ n=0 o (x) n g .

K4

(1.9)
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The generalized twisted Bernoulli numbers attached to y, B, ., are defined as B,,; =
B,,:(0) (see [16]).

Recently, many authors have studied the symmetric properties of the p-adic invariant
integrals on Z,, which gave some interesting identities for the Bernoulli and the Euler
polynomials (cf. [3, 6, 7, 13, 14, 20-27]). The authors of this paper have established various
identities by the symmetric properties of the p-adic invariant integrals and investigated
interesting relationships between the power sums and the Bernoulli polynomials (see
[2,3,6,7,13]).

The twisted Bernoulli polynomials and numbers and the twisted Euler polynomials
and numbers are very important in several fields of mathematics and physics(cf. [15-18]).
The second author has been interested in the twisted Euler numbers and polynomials and
the twisted Bernoulli polynomials and studied the symmetry of power sum and twisted
Bernoulli polynomials (see [11-13]).

The purpose of this paper is to study the symmetry for the generalized twisted
Bernoulli polynomials and numbers attached to y. In Section 2, we give interesting identities
for the power sums and the generalized twisted Bernoulli polynomials using the symmetric
properties for the p-adic invariant integral.

2. Symmetry for the Generalized Twisted Bernoulli Polynomials

Let y be Dirichlet’s character with conductor d € N. For ¢ € T,, we have

d-1 i ol oo
t 3o X(1)§ t Z nx§ @2.1)

[ xogetax = 12l

n=0

where B,, .: are the nth generalized twisted Bernoulli numbers attached to y. We also see that
the generalized twisted Bernoulli polynomials attached to y are given by

1 zt
[ gy < ELXOE o S, ot @2)
By (2.1) and (2.2), we see that
fxx(x)gxx"dx =Bz fxx(y)gy (x+y)"dy = By (x). (2.3)

From (2.3), we derive that

" o/n
Byyz(x) = Z( Z>B,,X,§x"". (2.4)

1=0
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By (1.5) and (2.3), we see that

J‘ x(x)(jxe’“dx — lgx(a)eatéaj‘ édxedxtdx — lgx(a)gu dt e(a/d)dt
X d oy Zp d = édedt _ 1 .
From (2.2) and (2.5), we obtain that
; (o) _1d—1 a tn
fxx(x)g e¥tdx = %{d azzox(a)g Bn,gd(a)}a.

Thus we have the following theorem from (2.1) and (2.6).

Theorem 2.1. For § € T, one has

d-1

Buge = d" (@B (5)-
a=0
By (1.3) and (1.5), we have that forn € N,
n-1
J‘ fx+n)dx = f f(x)dx+ > f(i),
X X i=0
where f'(i) = df (x)/dx|=. Taking f(x) = y(x)¢*e™ in (2.8), it follows that

% <fxx(x)§nd+xe(nd+x)tdx _ jxx(x) gxe’“dx>

nd[, x(x) gFedtdx  grdendt _ 1 /41 .
= J‘Xéndxendxtdx - gdedt — ;X(l)ge .

Thus, we have

o /nd-1 X
(o | o) 5o

k=0 \ I=0

For k € Z,, let us define the p-adic functional K(y, ¢, k : n) as follows:
K(x & k:n)=> xDE".
1=0
By (2.10) and (2.11), we see that for k,n,d € N,

f Y ()" (nd + x)¥dx - J y(x)&xFdx = kK (x, & k—-1:nd-1).
X X

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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From (2.3) and (2.12), we have the following result.

Theorem 2.2. For ¢ € T, and k,n,d € N, one has
E"Byye(nd) — Bye = kK(x, & k—1:nd - 1). (2.13)

Let wq, w,,d € N. Then we have that

df [ x(x1)x (o) grrrwmglmswl gy, dx,

J’Xédwlwzxedwlwzxtdx
2.14
t(gdwlwz edwlwzt _ 1) d-1 , d-1 ) . ( )
= wia ,wa b wWob wy .
(gwldedwlt _ 1) (ngdedwzt _ 1) <§)X(a)§ e > <%X( )é e >
By (2.9), (2.10), and (2.11), we see that

widfy x(x)&eMdx & ' tk
[ ttmmgtomigy ~ 2K W&k dwn=1)5. (2.15)

Now let us define the p-adic functional Y, ¢ (w1, w») as follows:

d w1 X1 WX (w1x1+w2x2+w1w2x)td d

Yxlg(w], wz) — J‘XJ‘XX(xl)X(xz)é e X1 xz' (216)

_[ngwl wWHX3 edw1 wZX3tdx3

Then it follows from (2.14) that

t(gdwlwzedwlwzt _ 1)ew1w2xt

d-1 d-1
_ wia jw at wob jwobt
Yt (@01,202) = (ot 7y (oot —1) <§x(a>§ g > < Sete >
(2.17)
By (2.15) and (2.16), we obtain that
1 dwn [ x(x2) W2 26222t dxy
= ( — w1 X1 w1 (X1+wrx)t X
YX’§ (w1/ wZ) (wl J‘Xx(xl)é e dxl) < fxédwlwzxedwleXtdx
(2.18)

tl

oo 1 1 ) )
= Z <Z <> Bj o (wrx)K(x, 62,1 —i : dwy - 1)w’1‘1w12‘l> I
. l .
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On the other hand, the symmetric property of Y, ¢ (w1, w2) shows that

dws [ x (1) &0 e 1 dxy

jxédwlwzxedwlwzxtdx

1
Yy (w1, wr) = (;2IXX(xz)éwzxzewz(xz+w1x)tdx2> <
(2.19)

[>e]

I
Z<Z<> ngwz(wlx)K(x,gwl I-i: de_l)wz wl >;u

Comparing the coefficients on the both sides of (2.18) and (2.19), we have the following
theorem.

Theorem 2.3. Let ¢ € T, and d, w1, w, € N. Then one has

1 1 |
2 <1> Bj v (wrx)K (x, &%, 1 =i : dwi - 1)wj 'w)
i=0

(2.20)

L /1
=Z<> 1xng(W1x)K(X,§“” 1—i: dwz—l)w2 w1 .
i

i=0

We also derive some identities for the generalized twisted Bernoulli numbers. Taking
x = 0in Theorem 2.3, we have the following corollary.

Corollary 2.4. Let ¢ € T, and d, w1, w; € N. Then one has

1

1
Z<> Bi g Ky, &, 1=i : dwn 1) wy " w) =

i=0

l
()B,ngzK(x,gwl 1-i:dw,-1)wi wl

i
2.21)

i=0

Now we will derive another identities for the generalized twisted Bernoulli
polynomials using the symmetric property of Y, (w1, w,). From (1.2), (2.15) and (2.17), we
see that

pwiwaxt ot onx dwl (xz)éwzxzewzxzthQ
Yye(wi,wr) = < o~ f X(x1)g e 1td?ﬁ)( Jxk
X

jxgdun wzxedun waxt J x

dw1

- Z X(l)éwzlJ‘ X(xl)gwlxl ewl(x1+w2x+(w2/w1)i)tdx1 (2'22)

o dw;-1 ) - tk
= Z< Z X(z)nglkagwl <w2x + —1>w1* >F

k=0 \ i=0 w1
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From the symmetric property of Y, : (w1, w,), we also see that

ew1wzxt dw (x )§w1x1 ewlxltdx
Yyi(wr,ws) = < f x(xz)éwmew”ﬂdxz)( 2fxX(x1 1
X

w> J'ngwlwzxedwlwzxtdx
1 dwz—l . X
— ;2 Z X(i)‘;w]lJ‘ X(X2)§wzx2€w2(x2+wlx+(wl/w2>1)tdx2 (2.23)
i=0 X

o dw,-1 ) wy 1 tk
5B w0 s (o ot )

i=0

Comparing the coefficients on the both sides of (2.22) and (2.23), we obtain the following
theorem.

Theorem 2.5. Let { € T, and d, w1, w, € N. Then one has

dwl—l X w2 dwz—l . wl
Z X (@& B, y g1 <w2x + az) wi"l = Z X (@& By, y g2 <w1x + 1721) w’z“l. (2.24)
i=0 i=0

If we take x = 0 in Theorem 2.5, we also derive the interesting identity for the
generalized twisted Bernoulli numbers as follows: for d,w;, w; € N,

dwl—l . w2 1 dwz—l . w1 1
Z X(i)éwﬂBk’X,éwl <—i>w1’ = Z X(i)gw”Bk,x,ng (—i>w27 . (225)
w1 i=0 w2

i=0
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