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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, symbols Z, Z,, Q,, and C, will
denote the ring of rational integers, the ring of p-adic integers, the field of p-adic rational
numbers, and the completion of algebraic closure of Q,, respectively. Let N be the set of
natural numbers and Z, = N U {0}. Let v, be the normalized exponential valuation of C,
with |p|, = p™»® = 1/p. When one talks of g-extension, g is variously considered as an
indeterminate, a complex number g € C, or a p-adic number g € C,,. If g € C, one normally
assumes |g| < 1. If g € C,, then one normally assumes |1 - g|, < 1. We use the following
notations:

1- (-g)"
=

, (1.1)

for all x € Z, (see [1-6]).
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Let d a fixed positive odd integer with (p,d) = 1. For N € N, we set

Kox lim<7Z ”
- d= dPNZ 7 1 124
X* = U (a + dp ZP)I (12)
O<a<dp
(arp)zl

a+dpNz, = {xeXIan <modde>},

where a € Z lies in 0 < a < dp™. The fermionic p-adic g-measures on Z, are defined as

Uy <u + deZp> = [d;N] , (1.3)

(see [5]).

We say that f is a uniformly differentiable function at a point a € Z, and write f €
UD(Zy), if the difference quotients Fr(x,y) = (f(x) — f(v))/(x — y) have a limit f'(a) as
(x,y) — (a,a).For f € UD(Zy), let us begin with expression

1

S ) = X FDrea(i+rNz,), (14)

[pN] —-q 0<j<pN 0<j<pN

which represents a g-analogue of Riemann sums for f in the fermionic sense (see [4, 5]). The
integral of f on Z, is defined by the limit of these sums (as n — o) if this limit exists. The
fermionic invariant p-adic g-integral of function f € UD(Z,) is defined as

2],

1 +qi”N

pN-1
Lo(f) = [ F@dg() = Jim =S 7)) 1.5

Note thatif f, — fin UD(Z,), then
[ iy — [ sedug@, [ f@dpge = [ f@dem. ae
Z, Z, X Zy

The Barnes’ type Euler polynomials are considered as follows:

k 0
1 t"
2 1| (—)e’“ - EolEflk)(x w1, 00—, (1.7)
j= n=

ewit +1

where w1, wy, ..., wg € Z (cf. [7]).
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From (1.5), we can derive the fermionic invariant integral on Z, as follows:

limly(f) = 14(f) = fzpﬂx)du_l(x).
Forn e N, let f,(x) = f(x + n), one has
n-1
Li(fa) = (D" (f) + 225 (D" ().
1=0

By (1.9), we see that

k
extf . J‘ e(w1x1+~-+wkxk)td‘u_1 (xl) . d‘u_1 (xk) — 2kH<;> .
z Y/ =1

wit
, ) et +1
N e’

k-times

From (1.10), we note that

J’ J (x + wixy +---+wkxk)"dy_1(x1)---d/i_1(xk) = Ei,k)(x | ws, ..., wk).
z, z,

k-times

(1.8)

(1.9)

(1.10)

(1.11)

In the view point of (1.11), we try to study the g-extension of Barnes’ type Euler polynomials

by using the g-extension of fermionic p-adic invariant integral on Z,.

The purpose of this paper is to construct the g-Euler numbers and polynomials of
higher order, which are related to Barnes’ type multiple Euler numbers and polynomials.
Also, we give many properties and formulae for our g-Euler polynomials of higher order.

Finally, we give the generating function for these g-Euler polynomials of higher order.

2. Barnes’ Type Multiple g-Euler Polynomials

Let ay, az,...,ax,b1,by,..., by € Z. For w € Z, and q € C, with |1 - g|, < 1, we define the

Barnes’ type multiple g-Euler polynomials as follows:

j=1

k n
ES(w | ay,...,akby,... by =I quﬁl(b]’*l)"f [w + Zajxj] dp_q(x),
ZF
q

(2.1)
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where

J‘ f(xl,...,xk)dy,q(x):f J fxy, . xi)dpg(x1) -+ - dp_g(xk) (2.2)
zy Zy Zp

P

k-times

(see [1, B]).
In the special case w =0, Eflk) (ai,...,ax; b1, ..., by) are called the Barnes’ type multiple
g-Euler numbers. From (2.1), one has

. n
quzl (bj-1)x; [w + Zajx]-] d[/l—q (X)

1 L n w\" 1: 1+ air+bj)x X1+e+X, o
=(1—q)”z<r>(‘q >1&1£“m<1+qp > Z T C

Therefore, we obtain the following theorem.

Theorem 2.1. Let w € Zy and k € N. For ay, ay, ..., ax, by, by, ..., by € Z, one has

0< >("w>n< b> 24)

k
ET(L;(w | ai,...,dk, bl/ bk) =

By (1.7), we easily see that

11mE( Jw | ay,...,agby,... b)) =EX (w | ay, ..., a). (2.5)

From (1.7), we can derive

K (b—1)x: . '
quzle(bf 1xj [Z[ljxj] d#—q(x)
P

j=1
J q

R .
_ (q_l)I quj:l(b] i=1)x; [E a].xj]
zk =1

n+1 n
K (bi—a:—1)x; k
dﬂ—q(x) +’[ qujzl(b} =1 [Zajxj] d/’l—‘i(x)'
Zp j=1
q

(2.6)

q
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By (2.6), one has

Eﬁllf,;(al,...,ak;bl,...,bk) = (q—l)Ei’?lq(al,...,ak;bl -ai,..., by —ay)

o (2.7)
+Eng(ay,..., a0 —ay, ..., b — ax).
Hence we obtain the following theorem.
Theorem 2.2. For k € Nand n € Z., one has
E(k)(alr <oy Ak bl/ s ,bk) = (q - 1)E;(1k+)1,q(a1/ cee s Ak bl —ai,.. '/bk - ak)
) (2.8)
+E( )(al, . aby—ay, .., b — ag).
It is not difficult to show that the following integral equation is satisfied:
L/ .
Z<.>(q - 1)]f [arx) + - + apxi]y e Z’ 1o xgy o (x)
i=0 \J z
o (2.9)
L /i-m .
= Z< . >(q— 1)]f [arxy +--- + agx]y - gZabrmaDugy (x),
o\ ] z
where m € N with i > m. By (2.9), we obtain the following theorem.
Theorem 2.3. Let n € Nand m € N. Fori € N with i > m, one has
L/ )
< > (q- 1)7En_i+].,q(a1,. ..,ag;bi,...,by)
=0 \J
o (2.10)
L/i-
= Z< >(q 1)]En l+]q(a1,...,ak;b1 +may,..., b + may).
j=0
For the special case k = 1 in Theorem 2.3, one has
n " /n—-m .
Z< >(q 1) ]E](.,l;(al}bl) = Z< j >(q - l)’E](.,l;(al;bl +may)
=0 j=0
! ! (2.11)
(2]
_ (nay+by1-1) _ q
= JZ q nai+by xd‘u_q(x) = —1 - qna1+b1 .
P

By (2.1), (2.3), and (2.9), we obtain the following a corollary.
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Corollary 2.4. For n,k € Nand w € Zj, one has

[2]; $( Hk 1
(k) . _ q _w\T
En,q(w | al/-..;akrbl/-..;bk) - (l_q)n r ( q ) 1+qajr+bj

r=0 j=1
(2.12)
E n n—i _wi (k)
=2 . ) [l gUE | ay,... a by, B).
i=0 \'!
From (2.3), we note that
k " .
q"’f w+ Yy apxg [ q= Oy (x)
z% =
q
K m+1
= (q—l)f w+ Yapx| g0 d ()
Zy j=1
q
K m
+f w+ Y apxg [ g= O dp g (x)
Zp j=1
q (2.13)

i X + at
x(—l)“"'”kf [ Z” ”+Za;xf] g E N g (),
Z, d

where d is an odd positive integer. By (2.13), we obtain the following theorem.

Theorem 2.5. For d € N with d =1 (mod2), one has

k)
Eﬁnq(w | ai, - - Iak/.bll"‘lbk)

k .
) W+ D aii;
= E qzjlbl}( 1)11+m+lkE$)qd <% al,...,ak;bl,...,bk ’

g ® (2.14)

q m,q(w|al/“‘/ak;b1/'~'/bk)

=(q- 1)Em+1q(w |ai,...,a;b0 —aq,..., b —ax)

k
+E,(n,)q(w | ai,...,a;b1—ay, ..., by —ag).
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Remark 2.6. Let

Fy(w,t) = Y Ef(w| ay,... by, bi)— (2.15)
n=0

From (2.4), we can easily derive the following equation:

Fy(w, (g-1)t) = D (q - 1)mE1(q’1<,)q(w | ai,...,a; by, ..., bx) —
m=0

(2.16)

k —tOo k 1 witi
=[2]qe Z H— q T

a;i+b;
0 \ j=1 1 +qY"

By differentiating both sides of (2.16) with respect to t and comparing coefficients on both
sides, one has

quf,’f,)q(w | a1,...,ak;b1,...,bk)—Efrﬁz(w |ai,...,ak;b1—ay, ..., b —ax)
(2.17)
= (q—l)E(k) (w|ai,..., a;b1—aq,. .., bg — ag).

m+l,q

The inversion formula of Equation (2.4) at w = 0 is given by

m /m . :
z§ Zp

i=0
(2.18)

Thus, one has

m m . k 1
ip(k) . _ k
Z<i>(4—l) Ei,q (al,...,ak,bl,...,bk)—[Z]ql |<m> (2.19)

i=0 j=1
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