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1. Introduction

Letl/p+1/qg=1(p>1), f,§>0,

0< wap(x)dx < oo, 0< Jwgq(x)dx < co. (1.1)
0 0

The well-known Hardy-Hilbert’s integral inequality (see [1]) is given by

J :%d’f dy < m (f:o fp(x)dx>1/p<f:° gq(x)dx)l/q, (1.2)

and an equivalent form is given by

I: (jja{ix;dx)pdy < [m]pﬁf”(ﬂdx, (1.3)

where the constant factors o/ sin(or /p) and [/ sin(or/p) 7 are the best possible.
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During the previous decades, the Hilbert-type inequalities were discussed by many
authors, who either reproved them using various techniques or applied and generalized them
in many different ways. For example, we refer to a paper of Yang (see [2]).If n € N\ {1}, p; >
1, >t (1/pi) =1, s>0, f; >0, satisfy

0< f P P x)dx <o (i=1,2,...,n), (1.4)
0

then

I 0 oo)"%dxl edxy < %ﬁ[r(?) (f:oxr’i—rlff "(x)dx>1/pi, (1.5)
’ j=1%j i=

where the constant factor (1/T'(s))[ 1T (s/p:) is the best possible.

Our generalization will include a general homogeneous kernel K(x, ..., xk) : (R+”)k
— R, where k > 2, with k being nonconjugate parameters. The techniques that will be
used in the proofs are mainly based on classical real analysis, especially on the well-known
Holder’s inequality and on Fubini’s theorem. The obtaining of the best possible constants in
the case of nonconjugate parameters seems to be a very difficult problem and it remains still
open.

Let us recall the definition of nonconjugate exponents (see [3]). Let p and g be real
parameters, such that

p>1, g>1, >1, (1.6)

and let p’ and ¢/, respectively, be their conjugate exponents, that is, 1/p + 1/p’ = 1 and
1/g+1/q = 1. Further, define

)L=—+l, (1.7)

and note that 0 < A <1 for all p and g values as in (1.6). In particular, A = 1 holds if and only
if g = p/, that is, only when p and q are mutually conjugate. Otherwise, 0 < A <1, and in such
cases p and g will be referred to as nonconjugate exponents.

Considering p, g, and A as in (1.6) and (1.7), Hardy et al. [1], proved that there exists a
constant C, 4, dependent only on the parameters p and g, such that the following Hilbert-type
inequality holds for all nonnegative functions f € LP(R,) and g € L7(R,):

dxdy < Cpﬂ”f”Lﬂ(Rd

J‘ Lg(y) g”Lq(]R,,)' (1.8)

0 (x+y)
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Conventions

Throughout this paper we suppose that all the functions are nonnegative and measurable, so
that all integrals converge. We also introduce the following notations:

Ry ={x=(x1,%2,...,%); X1,X2,...,%, >0},
1.9
— a a a1/« ( )
x|, = (1" + 2"+ +x,%)"%, a>0,

and let [S"!|, = 2"T"(1/a)/a" 'T(n/a) be an area of unit sphere in R" in view of a—norm.

2. Main Results

Before presenting our idea and results, we repeat the notion of general nonconjugate
exponents from [3]. Letp;, i =1,2,..., k, be the real parameters which satisfy

%21, pi>1,i=12,...k (2.1)

k
i=1

-

Further, the parameters pg, i=1,2,...,k are defined by the equations

1ol 1ok (2.2)

pi P

Sincep; >1, i=1,2,...,k, itis obvious that p; >1,i=1,2,...,k. We define
1 1
A= —27. (2.3)

It is easy to deduce that 0 < A < 1. Also, we introduce the parameters ¢;, i = 1,2,...,k,
defined by the relations

—=d-—, i=1,2,...,k (2.4)

In order to obtain our results we need to require

gi>0, i=12,...,k (2.5)

It is easy to see that the above conditions do not automatically apply (2.5). Further, it follows

L1001 1
A= — —+1—)L=_/ i=1/2r-~-/k~ (26)
;qi qi pi
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Of course, if A = 1, then Zle(l /pi) = 1; so the conditions (2.1)—(2.4) reduce to the case of
conjugate parameters.

Results in this section will be based on the following general form of Hardy-Hilbert’s
inequality proven in [4]. All the measures are assumed to be o-finite on some Q measure
space.

Theorem 2.1. Letk,n €N, k >2,and \,p;,p;,qi, i =1,2,...,k, be real numbers satisfying (2.1)—
(25). Let K : QX — R and ¢ij : Q — R, i,j =1,...,k, be nonnegative measurable functions
such that Hfjﬂd)i,-(x]-) = 1. Then, for any nonnegative measurable functions f;, i = 1,2,...,k, the
following inequalities hold and are equivalent:

k k ) 1/pi
J K e, xi) | [ filoei)dpn () -+ dpage (i) < H(I ((ﬁiiFifi)P'(xi)d#i(xi)) , (27)
Qk i=1 i=1 Q

k-1 Pi VP
<J‘Q <mfgle*(x1, .. ,xk)l;[fi(x,-)dm(xﬂ e dpra (xk1)> dﬂk(xk)>
k-1 1/pi
LT £YP (. (s
<[] (] @rsyeaduca)
2.8)

where

1/qi

Fi(xi):< ) K(xq,...,xx) - H ?}(xj)dﬂl(xl)"'dﬂi1(xi1)dﬂi+1(xi+1)"'dﬂk(xk)> ,
o j=1i#i

i=1,...,k.

(2.9)

In the same paper the authors discussed the case of equality in inequalities (2.7) and
(2.8). They proved that the equality holds in (2.7) (and analogously in (2.8)) if and only if

fi(xi) = Cigpii (o) W/ TAWEy (o) V%, Ci >0, i=1,..., k. (2.10)

In the following theorem we give the most important case where Q = R.", the
measures y;, i = 1,...,k, are Lebesgue measures, K, : (O,oo)k — R is a nonnegative
homogeneous function of degree —s, s > 0, and the functions ¢;; represent the form ¢;;(x;) =

Aj .. . . .
E " where Ajj € R, i,j =1,...,n In order to obtain the generalizations of some known
results we define

ka(B1,..., Pr-1) = f _1Ku(1/t1/---/tk—l)tfl "'tik_ffdtl e dti, (2.11)

(0,00)"

where we suppose that k,(f1, ..., fk-1) <oofor fi,..., -1 >—-land 1+ -+ P+ k <s+1.
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Due to technical reasons, we introduce real parameters A;;, i,j =1,2,...,k satisfying

k
ZAif:O’ i=12,... k. (2.12)
i=1
We also define
k
ai:ZAij/ i:l,Z,...,k. (213)
=1

Theorem 2.2. Let k,n € N, k > 2, and A,pi,pg,qi, i =1,2,...,k be real numbers satisfying
(2.1)—(2.5). Let K, : (0, oo)k — R be nonnegative measurable homogeneous function of degree —s,
s >0, and let Ajj, i,j = 1,...,k, and a;, i = 1,...,k be real parameters satisfying (2.12) and

(213). If fi :R." = R, fi#0,i=1,..., k are nonnegative measurable functions, then the following
inequalities hold and are equivalent:

k k 1/pi
i/ qi[ (k=1)n— i P
j kKizL(lx1|w---zlxk|a)l_[fi(xi)dxl"'dxk < LH<’[ o /LD Sl+p“fip (xi)dxi> ,
(R,™) i=1 i=1

R,"

P,/ a0 [(k-1)n—s]-p, = P

- -l)n-s|-p, a

,[]R beele ™ 8 k<,[(R )HKﬁ(lmlu,...,lkax). | |fi(xi)dx1...dxk1> dxy
e O =1

k-1 . Pi/Pi
< LPkH(J‘ |xi|;pi/‘7i)[( _1)n_5]+pi“ifipi(xi)dxi> ,
R

i=1

(2.14)
where
s 1
L= ka(n =1+ quAn, .. n=1+qAw) /an
Ve (2.15)

'ka<5— (k—1)n—1—qz(az—Azz),n—l+q2A23,...,n—1+q2A2k)

coka(m=1+qrAkz,...,n =1+ gArk-1,5— (k=1)n—1 - g (ax - Akk))l/qk;

qiAij > —n, i#jand qi(Aii —a;) > (k-1)n—s.
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Proof. Set K(x1,...,xk) = Ka(|[%1]a,...,|xkla) and ¢ij(xj) = |xj| in Theorem 2.1, where
Zfil Ajj = 0 forevery j = 1,..., k. It is enough to calculate the functions Fi(x;), i = 1,...,k.
By using the n-dimensional spherical coordinates we find

k
Aq:
qul (.X'1) = J‘ X 1Ka(|x1|ar-~-r|xk|a)| | |xj|ql 1’dx2 '-~dxk
R j=2

(2.16)
K

k

n-1+q1 Ay

:WJ‘ kilKa(|X1|u,t2,...,tk)|. |t] ! 1]dtZ"'dtk.
(0,00) j=2

Using homogeneity of the function K, and the substitutions u; = t;/|x1|a, i = 2,...,k, we
have

k-1
5] i & R
Ffl (x1) = Tl;xnf |x1|asKtx(1/ U, ..., Ug) - H(lelauj)" T |X1|§ 1du2 o dug
2 (0,00)F"1 ez,
i .
~1)n-s+qi (a1 —
= —z(k—l;ln 11| M, (n=1+q1An, ..., n—1+g1Amn).

(2.17)

Similarly, by applying the n-dimensional spherical coordinates and homogeneity of the
function K, we have

k
A.
FF (x) :f Ka(|x1lgr - lxily) TT |x]|" 7 dxrdas - - - dx
(R ! j=1j#2
(2.18)
1 k-1 k

_ |S" |:x J‘ SK (1 |x2|u t_3 t_k) ) H tn_1+q2A2jdt1dt3"‘dtk
- a 7 7 IARRN4 i .

PICS L B 1 H ' h t ],:L]_#J

Using the change of variables

a(tll t3/ Y tk)

k-1 -k
_— = , 2.19
a(uzlu:.}"“’uk) |x2|u uZ ( )

t1 = |x2|au£1, fi = |x2|au51ui, i= 3,. . .,k,
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where O(t1, ts, ..., tx)/0(uz, us, . .., ux) denotes the Jacobian of the transformation, we have

-1 k-1
s ey (DS eA)
a

q
Fy' (x2) = =g

k
—(k=1)n— - —1+q2 Az
I ) ]Ka(l,UZI-../uk)u; (k-ln-ga(az AZZ)Hu7 TP dyy - duy
0,00)"" i3 (2.20)
_11k-1
|Sn | (k 1)1’1 S— qz(az Azz)

:z(le X2«

'ku(S— (k—1)n—1 —Lp(th—Azz),Tl—l +q2A23,...,TL—1 +q2A2k).

In a similar manner we obtain

1" e e messaaan
i n—s+qi(ai—Ai
qu (xl) = 2(k 1 | l| b

(2.21)
cka(n=1+qiAp,...,n—1+giAjj1,s— (k—1n—-1-gi(a; — Ay),

n-1+ ini,i+1I N (e 1+ ql‘Aik)
for i = 3,...,k. This gives inequalities (2.14) with inequality sign <. Condition (2.10)

immediately gives that nontrivial case of equality in (2.14) leads to the divergent integrals.
This completes the proof. O

Remark 2.3. Note that the kernel K,(|x1|a,--.,|Xkla) = (Zle |xi|§)_s is a homogeneous
function of degree —fs. In this case we have

1,6

[T 1f1

ki) = [ U diy
0,00)"

,61+1 pi+1
- T < Zl >HF< )

where we used the well-known formula for gamma function (see, e.g., [5, Lemma 5.1]). Now,
by using Theorem 2.2 and (2.22) we obtain the result of Krnic et al. (see [6]).

(2.22)

3. The Best Possible Constants in the Conjugate Case

In this section we consider the inequalities in Theorem 2.2. In such a way we shall obtain the
best possible constants for some general cases.

It follows easily that Theorem 2.2 in the conjugate case (A = 1, p; = g;) becomes as
follows.
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Theorem 3.1. Let k, n € N, k > 2 and let py, ..., px be conjugate parameters such that p; > 1, i =
1,...,k. Let K, : (0,00)" — R be nonnegative measurable homogeneous function of degree —s,
§>0,andlet A;j, i,j=1,..., k,and a;, i =1,...,k be real parameters satisfying (2.12) and (2.13).
If fi : R\™ — R, f;#0, i = 1,...,k are nonnegative measurable functions, then the following
inequalities hold and are equivalent:

k k 1/pi
k=-1)n-s+pia; /pi
J‘ kKa(|x1|ar~--/|xk|u)| [fi(xi)dxy -+ doxg < M] |<f o " i (xi)dxi> ,
(R+™) i=1 R,"

i=1

’

(A-p) [(k-1)n-s]p, = &

- -Dn-s]-pla

j il & <I RGP AREY |fi(xi)dx1---dxk_1> dxy
R." (R™)* i=1

k-1 ) Pi/pi
! —1)n-s+p;a; i
< MP+] |<f || P gp (xi)dxi> ,
R,"

i=1

(3.1)
where
st |(k—1> 1/
M= Z(kf{“)nk“(n -1+p1An,...,n=1+p1Ai) "
ps (3.2)

'ka(S— (k—1)11—1—pz(az—Azg),n—1+p2Az3,...,Tl—1 +P2A2k)

coko(n =14 prAio, ..., n =1+ prAii-,s— (k—=1)n -1 - pr(ax — Akk))l/pk/

PiAij >-n, 175] and pi(Aii — di) > (k — 1)71 —S.
To obtain a case of the best inequality it is natural to impose the following conditions
on the parameters Aj;;:

n+p]~A,-i:s—(k—l)n—pi(ai—Aii), ]#l, i,jE{l,Z,...,k}. (33)

In that case the constant M from Theorem 3.1 is simplified to the following form:

|Sn—1 |(k—1)
a

M* = ku<n—1+A2,...,n—1+Ak>, (3.4)

2 (k-1)n
where

Ai = PlAli for 17'—‘ 1, Al = PkAkl- (35)
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Further, by using (3.4) and (3.5), the inequalities (3.1) with the parameters A;;, satisfying the
relation (3.3), become

k k - 1/Pi
f K1l o) T T filxi)doer - dxk<M*H<f | P f}”"(xi)dxi> . (3.6)
R.™) i=1 i=1 R,"

7 = P Pk
(1-py) (=n—pi Ak)
j il T I Ka(21ly -0 12kl - [ [filx)dox - dxer ) dox
R." (R+n)k_] i1
k-1 i 1/pi
< TI([ i aas)
R,"

i=1

(3.7)

Theorem 3.2. Suppose that the real parameters A;j, i,j =1,..., k satisfy conditions in Theorem 3.1
and conditions given in (3.3). If the kernel K (t1, ..., tx) is as in Theorem 3.1 and for everyi=2,...,k

Ka(lta, .. tiyee b)) < CKa(Lty, ..., 0, 1), 0<t <1, 420, j#i (3.8)

for some C > 0, then the constant M* is the best possible in inequalities (3.6) and (3.7).

Proof. Let us suppose that the constant factor M* given by (3.4) is not the best possible in the

inequality (3.6). Then, there exists a positive constant M; < M?*, such that (3.6) is still valid
when we replace M* by M;.

We define the real functions f;. : R" — R by the formulas

- 0, |xil, <1,
fi,s(xi) =

B i=1,...,k, (3.9)
|xil AP, x> 1,

where 0 < € < minici<k{pi + pl-A~l~}. Now, we shall put these functions in inequality (3.6).

By using the n-dimensional spherical coordinates, the right-hand side of the inequality (3.6)
becomes

k

r -1 n-1
M|, (= M,|s
MlH J‘ |xi|;n—sdxi = #J‘ t*lfgdt — g
i=1 [i] 21 2 )

3.10
TP (3.10)
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Further, let | denotes the left-hand side of the inequality (3.6), for the above choice of
the functions f;.. By applying the n-dimensional spherical coordinates and the substitutions
u; =t;/t1, i#2, we find

k -
Ai—¢/pi
]=f J‘ Ko (|%1lr - [xclo) T Tlocile™ P docs - - dxi
1], >1 [ |21 i=1

Sn—lk 0 ) k G
_| 2kn|af I Kot ... i) [ 674 ar - dny (3.11)
1 1 i=1

|Sn71|§ * -1-¢/p . = K n-1+A;—¢/p;
- t Ka(1/u2/~--/uk)nu- g - duye ) di.
2kn ! i

1 1/t 1/t i=2

Now, it is easy to see that the following inequality holds:

|Sn—l|k ) o0 ) k VAt /i
] > LT tIPE <J I Ka(l,uz,...,uk)nu:l_ e plduz .. .duk>dt1
0 0 i=2

2kn 1
(3.12)
k
|Sn—1|a © Kk
- 51> Ii(h)dh,
1 j=2
where for j =2,...,k, I;(t;) is defined by
K 1+A;~¢/pi
Iih) :f Kot u) [ [ duy - du, (3.13)
D; i=2

satisfying D; = {(u2,...,ux); 0 <u; <1/t;, 0 <u; < oo, 1#j}. Without losing generality, we
only estimate the integral I, (t;). For k = 2 we have

1/t ~ 1/t ~
14 14 A
L(t) = Ka(1,u)u, el gy < CI u, whelp gy,
0

0
(3.14)

~ £ -1 / A
= C<n+A2— —> £/,
P2
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and for k > 2 we find

k . 1/t -
L(t) < CU K,(1,0,us,... ,uk)Hu,-"*“Ai*S/Pf dus - -- duk]f " Aae /e gy
(0,002 i=3 0

£ ~\! i ~ £ ~ £
= C(Tl— — +A2> t1€/p2_A2_nku<1’l— 1 +A3 - —,...,71—1 +Ak - —>,
p2 p3 Pk
(3.15)

where k,(n -1+ Ag -e/p3,...,n=1+ Ak — £/pk) is well defined since obviously Ag +e

e/pj—n-Aj

A < s- (k — 2)n. Hence, we have I;(t;) < t| '0;(1), fore — 0, j € {2,...,k}, and
consequently
) k
I 517> Ii(h)dt < O(1). (3.16)
1 j=2

We conclude, by using (3.10), (3.12), and (3.16), that M* < M; which is an obvious
contradiction. It follows that the constant M* in (3.6) is the best possible.

Finally, the equivalence of the inequalities (3.6) and (3.7) means that the constant M*
is also the best possible in the inequality (3.7). That completes the proof. O

Remark 3.3. If we put k = 2, Ku(x,y) = In(|x|o/|yla) /(x5 = Y13), Ay = s/q —n and Ay =
s/p —n in the inequalities (3.6) and (3.7) applying Theorem 3.2, we obtain the result of Baoju
Sun (see [7]). Further, by putting n = 1 in Theorems 3.1 and 3.2 we obtain appropriate results
from [8]. More precisely, the inequality (3.6) becomes

k k o) ~ 1/pi
LO )kKa(xlr---/xk)l—[fi(xi)dxl dxg < M*H(JO x;l’piAifipi(xi)dxi> . (3.17)
00 i=1

i=1

If the kernel K,(x1,...,xx) and the parameters A;; satisfy the conditions from Theorem 3.2,
then the constant M* = ka(Az, ... ,ANk) is the best possible. For example, setting

Ko(xy,...,xx) = (x1+-+2x1)°, 8 >0, Ai = (s —pi)/pi, i = 2,...,k, in the inequality
(3.17), we obtain Yang’s result (1.5) from introduction.
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