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1. Introduction and Preliminaries

Let f and p be two positive measurable real valued functions defined on (a,b) € R with

i ip(x)dx = 1. From theory of convex means (cf. [1, 2]), the well-known Jensen’s inequality
gives thatfort <Oort>1,

t

jip(x)ff(x)dx > Uip(x)f(x)dx) , (11)

and reverse inequality holds for 0 < ¢ < 1. In [3], Simic considered the difference

S

D, = Dy(ab, f,p) = fip(x)fs(x)dx - (fzp(x)f(x)dx> . (12)

He has given the following.
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Theorem 1.1. Let f and p be nonnegative and integrable functions on (a,b), with fip(x)dx =1,
then forO <r <s<t, r,s,t#1, one has

<%)H . <r(rD—r 1) >t_s<t(t[it1) )H‘ (1.3)

Remark 1.2. For an extension of Theorem 1.1 see [3].

Let us write the well-known Favard’s inequality.

Theorem 1.3. Let f be a concave nonnegative function on [a,b] CR. If g > 1, then

%(biaﬁf(x)dxy > bi—aJ‘ifq(x)dx- (14)

If0 < g < 1, the reverse inequality holds in (1.4).

Note that (1.4) is a reversion of (1.1) in the case when p(x) =1/(b - a).
Let us note that Theorem 1.3 can be obtained from the following result and also
obtained by Favard (cf. [4, page 212]).

Theorem 1.4. Let f be a nonnegative continuous concave function on [a, b], not identically zero, and
let ¢ be a convex function on [0,2f], where

~ 1 (°
f= mfaf(x)dx. (1.5)

Then
1 2f 1 (b
Z_fjo P(y)dy > mL‘i’(f(ﬂ)dx (1.6)

Karlin and Studden (cf. [5, page 412]) gave a more general inequality as follows.

Theorem 1.5. Let f be a nonnegative continuous concave function on [a,b], not identically zero; f

is defined in (1.5), and let ¢ be a convex function on [c,2f — c], where ¢ satisfies 0 < ¢ < fmin (where
fmin 18 the minimum of f). Then

1
2f -2¢

Zf—c 1 b
[ oy [ p(reax 17)

For ¢(y) = y*, p > 1, we can get the following from Theorem 1.5.
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Theorem 1.6. Let f be continuous concave function such that 0 < ¢ < fmin; f is defined in (1.5). If
p > 1, then

1
(2f - 2c)(p+ 1)

1
b-a

((Zf— c)’gJr1 - cp”) > fbfp(x)dx. (1.8)

If 0 < p < 1, the reverse inequality holds in (1.8).

In this paper, we give a related results to (1.3) for Favard’s inequality (1.4) and (1.8).
We need the following definitions and lemmas.

Definition 1.7. It is said that a positive function f is log-convex in the Jensen sense on some
interval I C R if

fer02 (5 (19

holds for every s,t € I.
We quote here another useful lemma from log-convexity theory (cf. [3]).

Lemma 1.8. A positive function f is log-convex in the Jensen sense on an interval I C R if and only
if the relation

W2 f(s) +2uwf<sT+t> + W f () >0 (1.10)

holds for each real u,w and s,t € 1.

Throughout the paper, we will frequently use the following family of convex functions
on (0, c0):

S

s(s—1)7
Ps(x) = -logx, s=0; (1.11)

s#0,1;

xlogx, s=1.

The following lemma is equivalent to the definition of convex function (see [4, page

2]).

Lemma 1.9. If ¢ is convex on an interval I C R, then
¢(51) (53 - 52) + ¢(S2) (51 - 53) + ¢(S3) (52 - Sl) >0 (1.12)

holds for every sq < sy < s3, 51,52,53 € 1.

Now, we will give our main results.
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2. Favard’s Inequality

In the following theorem, we construct another interesting family of functions satisfying the
Lyapunov inequality. The proof is motivated by [3].

Theorem 2.1. Let f be a positive continuous concave function on [a, b]; f is defined in (1.5), and

! 2 /1 (* T (b, _
s(s—1)|:s+1<b—a,[af(x)dx) _mLf (x)dx], s#0.1;
b
9 1—log2—logf+b_aj log f(x)dx, s=0; (2.1)
~ ~ o~ 1~ 1 (b
log2f+flogf—§ —mj f(x)log f(x)dx, s=1

Then As(f) is log-convex for s > 0, and the following inequality holds for 0 < r < s <t < +oo:

ATT(f) S ATHATT(). (2.2)

Proof. Let us consider the function defined by

P(x) = uzq)s (x) + 2uwep,(x) + wztpt(x), (2.3)

where r = (s +t)/2, @5 is defined by (1.11), and u, w € R. We have

¢"(x) = x°72 + 2uwx"? + wix'?
24
—(ux5/21+th/2*1)220, x>0 4
Therefore, ¢(x) is convex for x > 0. Using Theorem 1.4,
1 (Y, ,
2—~f0 (s (y) + 2uwop, (y) +wei(y))dy
/ (2.5)

b
> o | R 0) + 2o (F0) + w0 (7)),
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or equivalently

1 (% 1 (v
u’ [; . ¢s(y)dy - b—_a,[atps(f(x)dx)]
1 2f 1 b
+2uw[2—f . (pr(y)dy—mja(pr(f(x))dx:l (2.6)

[ d L d 0
— - > 0.
+w [2f | )y b_afaqn(f(X)) x] >
Since
1 2f 1 b
AL(f) = E‘JO 0.y -5 [ o.(F@)a @7)

we have

WPA(f) + 2uwA, (f) + WAy (f) > 0. (2.8)

By Lemma 1.8, we have
As(HAS) 2 A2(f) = A2, . (f), (29)

thatis, As(f) is log-convex in the Jensen sense for s > 0.
Note that As(f) is continuous for s > 0 since

mA(f) = Ao(f) and EmAL(F) = A (f). (2.10)

This implies Ag(f) is continuous; therefore, it is log-convex.
Since A (f) is log-convex, that is, s +— log Ag(f) is convex, by Lemma 1.9 for 0 < r <
s <t < +oo and taking ¢(s) = log A,(f), we get

log ATT(f) <log A;*(f) +1log A7 (f), (2.11)

which is equivalent to (2.2). O

Theorem 2.2. Let f, As(f) bedefined as in Theorem 2.1, and let t, s, u, v be nonnegative real numbers
such that s <u, t <v,s#t, and u#v. Then

G <GH) o)
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Proof. An equivalent form of (1.12) is

() —ptr) _ ¢(y2) —9(y)

< (2.13)
X2 — X1 Yo—11

where x1 < y1, X2 < Yy, X1 # X2, and vy # y». Since by Theorem 2.1, As(f) is log-convex, we can
setin (2.13): ¢(x) =log Ax(f), x1 =s,x, =t, y1 = u, and y, = v. We get

log A¢(f) —log As(f)  log Ay (f) —log Ay(f)

2.14
t—s v—-UuU ( )

from which (2.12) trivially follows. O

The following extensions of Theorems 2.1 and 2.2 can be deduced in the same way
from Theorem 1.5.

Theorem 2.3. Let f be a continuous concave function on [a,b] such that 0 < ¢ < fuin; f is defined
in (1.5), and

s+1

1 (2f -¢) o5+ 1 (b ]
= — — — s dx|, 1
5(5‘1)[(2f—2c)<s+1) (2f ~2)(s +1) b—afuf () o701
1 ~ ~ - 1 b
7 2 logc—2c - (2f —c)log (2f - 1 dx, s=0;
Zs(f):=<2f‘2C[f+cogc c—(2f —c)log (2f c)]+b—a,[a og f(x)dx, s
m[(Zf—c)zlog (zf—c)—2f2+20f—czlogc+20]
b
\ _bi_aLf(x)logf(x)dx' s=1.

(2.15)

Then Ay( f) is log-convex for s > 0, and the following inequality holds for 0 < r < s < t < +oo:
AN S BT (HAT (). (2.16)

Theorem 2.4. Let f, A s(f) bedefined as in Theorem 2.3, and let t, s, u, v be nonnegative real numbers
such that s <u,t <v,s#t,and u+v, one has
~ 1/(t-s) ~ 1/(v-u)
A A,
<ﬁ> < <~—(f)> . (2.17)
As(f) Au(f)
3. Weighted Favard’s Inequality

The weighted version of Favard’s inequality was obtained by Maligranda et al. in [6].
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Theorem 3.1. (1) Let f be a positive increasing concave function on [a, b]. Assume that ¢ is a convex
function on [0, o), where

- (b-a)f,f(Hw(bdt
© 2 (t- aw(tdt

(3.1)

Then
1 1 ~
mL(i’(f(t))w(t)dt < j0¢(2rfi)w [a(1-7) +br]dr. (3.2)

If f is an increasing convex function on [a,b] and f(a) = 0, then the reverse inequality in (3.2) holds.
(2) Let f be a positive decreasing concave function on [a,b]. Assume that ¢ is a convex
function on [0, o), where

b
: (b-a)f,fOwb)dt (3.3)

2% (b - tyw(t)dt

Then
1 (" L
mja¢(f(t))W(t)dt < f0¢(2rfd)w[ar +b(1-71)]dr. (3.4)

If f is a decreasing convex function on [a,b] and f(b) = 0, then the reverse inequality in (3.4) holds.

Theorem 3.2. (1) Let f be a positive increasing concave function on [a, b]; fl is defined in (3.1), and
1 5 1 (°
I(f) = J ¢s(2rfi)w[a(l—r) +br]dr - mf @5 (f (1)) w(t)dt. (3.5)
0 a
Then Is(f) is log-convex on [0, 00), and the following inequality holds for 0 < r < s <t < +oo:
7 (f) < TLS(HTL () (3.6)

(2) Let f be an increasing convex function on [a, b], f(a) =0, I, (f) = —I1s(f). Then I, (f)
is log-convex on [0, o0), and the following inequality holds for 0 <r < s <t < +o0:

T (f) < TS (AT (f). (37)

Proof. As in the proof of Theorem 2.1, we use Theorem 3.1(1) instead of Theorem 1.4. O
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Theorem 3.3. (1) Let f and I1;(f) be defined as in Theorem 3.2(1), and let t, s, u, v > 0 be such that
s<u,t<v,s#t,and u#v. Then

(mh) <(mm) o

(2) Let f and ﬁs (f) be defined as in Theorem 3.2(2), and let t,s,u,v > 0 be such that s < u,
t<v,s#t,and u#v. Then,

1/(t-s) 1/ (v—u)

1 (f) M, (f)
<ﬁ4ﬁ> S<ﬁAﬂ> ' o
Proof. Similar to the proof of Theorem 2.2. O

Theorem 3.4. (1) Let f be a positive decreasing concave function on [a, b]; fd is defined as in (3.3),
and

1 B b
Ts(f) := Io(ps (2rfa)wlar + b(1 -r)]dr - bi_aJ‘ @s(f (1))w(t)dt. (3.10)

Then I's(f) is log-convex on [0, o0), and the following inequality holds for 0 < r < s <t < +oo:
L) <TENOT(f)- (3.11)

(2) Let f be a decreasing convex function on [a,b], f(b) = 0, fs(f) = —I's(f). Then T, is
log-convex on [0, oo), and the following inequality holds for 0 <r <'s <t < +oo:

I (f) <TES (O (). (3.12)

Proof. As in the proof of Theorem 2.1, we use Theorem 3.1(2) instead of Theorem 1.4. O

Theorem 3.5. (1) Let f and I's(f) be defined as in Theorem 3.4(1), and let t, s, u, v > 0 be such that
s<u,t<v,s#t,and u#v. Then

5 <Eh) a1

(2) Let f and Ts(f) be defined as in Theorem 3.4(2), and let t,s,u,v > 0 be such that s < u,

t<v,s#t and u#v. Then
Ly (f) To(f)
(fs(f)> : <fu(f)> ’ (3.14)
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Proof. Similar to the proof of Theorem 2.2. O

Remark 3.6. Let w = 1. If f is a positive concave function on [a,b], then the decreasing
rearrangement f* is concave on [a, b]. By applying Theorem 3.4 to f*, we obtain that I's(f™*) is
log-convex. Equimeasurability of f with f* gives I's(f) = I's(f*) and we see that Theorem 3.4
is equivalent to Theorem 2.1.

Remark 3.7. Letw(t) = t* with a > —1. Then Theorem 3.2 gives that if f is a positive increasing
concave function on [0, 1], then I'T{ is log-convex, and

a _ 1 (d+2)s 1 . s 1 . N
HS_5(5—1)[(a+s+1)<j0f(t)t dt) _Jof ()t dt]/ s#0,1,

log ((a +2) [y f (t)t=dt) L1
a+1 (a+1)%

J Of (t)tadt j f(t)log f(t)t*dt,

(3.15)

1
I15 = j log f(t)t*dt —

=log <(zx+2)j f( t)t"‘dt)j f(Ht*dt -

with zero for the function f(t) =t.
If f is a positive decreasing concave function on [0, 1], then Theorem 3.4 gives that I'?
is log-convex, and

1 . . N N LR
" [<a+1> @s2B(s+1a+1)( [ forar) [ por dt], 5#0,1,

H(ax+1)-

1 1
re - fo log f(t)dt + —— log [((x F1)(a+ Z)J‘Of(t)t“dt],

(3.16)
1

= (1-H(a+2) +log [(a+1)(a +2)] )f f(bytedt
0

1 1 1
+ f f(t)t“dtlogf f(t)t“dt—f £(t) log f(t)t*dt,
0 0 0

with zero for the function f(t) = 1 —t, where B(,-) is the beta function, and H(a) is the
harmonic number defined for a > -1 with H(a) = ¢(a + 1) + y, where ¢ is the digamma
function and y = 0.577215.. .. the Euler constant.

4. Cauchy Means

Let us note that (2.12), (2.17), (3.8), (3.9), (3.13), and (3.14) have the form of some known
inequalities between means (e.g., Stolarsky means, Gini means, etc.). Here we will prove
that expressions on both sides of (3.8) are also means. The proofs in the remaining cases are
analogous.
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Lemma 4.1. Let h € C*(I), I interval in R, be such that h" is bounded, that is, m < h" < M. Then
the functions ¢1, ¢, defined by

)= SE RO, Gal)=h) - BE, @1)

are convex functions.

Theorem 4.2. Let w be a nonnegative integrable function on (a,b) with jiw(x)dx =1. Let fbea

positive increasing concave function on [a,b], h € C*([0, Zfi]). Then there exists & € [0, 2f:-], such
that

flh(Zrﬁ)w[a(l —r) +br]dr - Lfbh(f(t))w(t)dt
0 b-a), 42)

" 1 - b
O rfp'wla-n s brlar- [ e

Proof. Set m = min, .7 h"(x), M = max,o,7,h"(x). Applying (3.2) for ¢; and ¢, defined
in Lemma 4.1, we have

1 5 b
f ¢ 2rfi)wla(l —r) +br]dr > bi_aj‘ H (f (1) w(t)dt,
0 a

L o 4.3)
I G @2rfi)wla(l —r) +br]dr > mJ‘ P2 (f (1)) w(t)dt,
0 a
that is,
M 1 7 2 1 b 2
> [JO(er,) wla(l-r)+br|dr- mfaf (t)w(t)dt] s
1 B 1 ¢t ’
> foh(2rfi)w [a(1-7) +br]dr - mfah(f(t))w(t)dt,
1 B 1 (°
f h(2rfi)w[a(l —r) +br]dr - bTaf h(f(t))w(t)dt
° ‘ (4.5)

J': (2r fi)zw [a(1-7) + br]dr - ﬁjb fz(t)w(t)dt] .

m
>
-2

By combining (4.4) and (4.5), (4.2) follows from continuity of h". O
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Theorem 4.3. Let f be a positive increasing concave nonlinear function on [a,b], and let w be a
nonnegative integrable function on (a,b) with fl;w(x)dx = 1. If hy, hy € C*([0, 2f,~]), then there
exists ¢ € [0, Zfi] such that

(@) Johi(rfi)wla(l—r) +brldr — (1/(b - a)) [oh1 (f(H)w(b)dt

= — , 4.6
W) [ Qrfi)wla(l-r) +brldr - (1/(b - a)) [Cha (£ (1)) w(t)dt (+0)
provided that hy(x) #0 for every x € [0, Zfi].
Proof. Define the functional @ : C2([0,2fi]) — R with
(Dh—thN- 1 br]d ! bh £))w(t)dt 4.7
00 = [ hrfyewlat = +brldr - = [ n(r@)wind @7)

and set hg = @(hy)hy — @(hy)hy. Obviously, @(hy) = 0. Using Theorem 4.2 , there exists ¢ €
[0,2f;] such that

h"(é)

b
®(ho) = U @rf) wla( - r) + br]dr - ﬁj‘ fz(t)w(t)dt] . (4.8)

We give a proof that the expression in square brackets in (4.8) is nonzero (actually strictly
positive by inequality (3.2)) for nonlinear function f. Suppose that the expression in square
brackets in (4.8) is equal to zero, which is by simple rearrangements equivalent to equality

b b [°(t - a)w(t)dt
t—a) wt)dt=| FHwt)dt, h =22 T T £, 49
L(@wo f§0w> where g() = SIS0 9)

Since g is positive concave function, it is easy to see that g(t)/(t — a) is decreasing function
on (a,b] (see [6]), thus

1= —f g(hw(t)dt <

[2(t - ayw(t)dt Jg(t)w(f)df x€(ab], (410
—a)w

NG ) (t)dt

so [*(t— a)w(t)dt < [ g(t)w(t)dt for every x € [a,b]. Set

F(x) = f [(t—a) - g(t)]w(t)dt. (4.11)
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Obviously, F(x) <0, F(a) = F(b) = 0. By (4.9), obvious estimations and integration by parts,
we have

b

b
0= J [(t-a)* - S2()]w(t)dt > f 2¢(H)[(t - a) - g(H)]w(t)dt

(4.12)
b b
=J 2¢(HdF(t) = —f F(t)d[2g(t)] > 0.

This implies [*[(t - a)? - g2()]w(t)dt = [2g(D)[(t - a) - g(t)]w(t)dt, which is equivalent to
i Z[(t —a)-— g(t)]zw(t)dt = 0. This gives that g is a linear function, which obviously implies
that f is a linear function.

Since the function f is nonlinear, the expression in square brackets in (4.8) is strictly
positive which implies that k(&) = 0, and this gives (4.6). Notice that Theorem 4.2 for h = h,
implies that the denominator of the right-hand side of (4.6) is nonzero. O

Corollary 4.4. Let w be a nonnegative integrable function with wa(x)dx = 1. If f is a positive

increasing concave nonlinear function on [a, b], then for 0 < s #t#1#s there exists & € (0, Zfi] such
that

Cs(s-1) [L@rf) w[a@ - r) + brldr - (1/(b - a) [ f (r)w(r)dr

t-s _ — 4.13
SRR [@rf) wla(l - 1) +br]dr - (1/(b - a) [ f*(r)w(r)dr R
Proof. Set h1(x) = x' and hy(x) = x5, t #5#0,1 in (4.6), then we get (4.13). O
Remark 4.5. Since the function ¢ — ¢'% is invertible, then from (4.13) we have
s(s—1) fé (ZTﬁ)tw[a(l —r)+br]dr- (1/(b- a))fot(r)w(r)dr Ve < 2f..
HE=1) [1(2r ) wla(l - r) + br]dr— (L/(b - a)) " f*(r)a(r)dr o
(4.14)

In fact, similar result can also be given for (4.6). Namely, suppose that h]/h; has
inverse function. Then from (4.6), we have

. <5> [ohi2rf)w[a(l =) + brldr - (1/(b - a)) [oh (f(£))w(b)dt i15)
h; [oha (2rf)wla(l 1) +brldr - (1/ (b - @) [*ha (f(£))w(B)dt ) '

So, we have that the expression on the right-hand side of (4.15) is also a mean.
By the inequality (4.14), we can consider

1 ~\t b ot 1/(t-s)
Mi(f;w) = s(s—=1) [y@rfi) wla(l—r) +br|dr - (1/(b-a))[,f (r)w(r)dr
o HE=1) 3 2rf) wla(l - r) + brldr — (1/ (b - a)) 2 f*(r)w(r)dr

(4.16)
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for 0 < t#s#1+#t as means in broader sense. Moreover, we can extend these means in other
cases.
Denote, u(r) = wla(l -r) + br] and v(r) = w(r). So by limit, we have

loth,t(f;w)

:f(l)(Zrﬁ-)tlog @rfi)pr) dr=(1/(b=a)[of (N log f(r)v (rNdr  2¢-1 01
[s(rf) u(rydr = (1/ (6 - a))[° fr(r)w(r) dr -1 T

log Moo (f;w)

_ (1/(b-a)) [Plog?f (r)v(r) dr - [ylog?(2r fi) u(r) dr
(2/(b- a))fz log f(r)v(r) dr — 2]; log (2rﬁ)‘u(r) dr
_ 2fylog(@rfu (n)dr = 2/ (b - a))[ log f (r)v(r) dr
(2/(b- a))fZ log f(r)v(r) dr — 2j(1) log (eri)y(r) dr’
log M1 (f;w)
_2fifyrlog (2rfi) (log (2rfi) = 2)p(r) dr - (1/ (b - a)) [ f (r) log f (r) (log f(r) = 2)v(r) dr
2fi2r filog (2r f) u(r) dr — 2/ (b - a)) " f (r) log f (r)v(r) dr

(4.17)
In our next result, we prove that this new mean is monotonic.
Theorem 4.6. Let t < u, r < s, then the following inequality is valid:
M, (f;w) < Mus(f;w). (4.18)
Proof. Since I is log-convex, therefore by (3.8) we get (4.18). O

Remark 4.7. If w = 1, then the above means become

= oF ~ ~ b 1/ (t-s)

Mt,s(f;1)=<(1/2{)f§~(pt(y)dy (1/(b a))fZ<pt(f(x))dX> Cociss
17207 pu(y)dy - 1/ (b - @) Lo (f (x))dx

10g Mt,t(f; 1)

@+ 1) f log f + (2 log2/(t+1)) - F1(2'/(t+1)2) = (1/ (b - ) [" ! (x) log f (x)dx
- tH(E = 1) Ai(f)

2t -1

- m/ t#0,1,
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log Moy (f;1)

_ (1/(b-a))[Jlog’f (x)dx + (2/ (b — a)) [} log f (x)dx — log f — 2log2log f — log™2
) 2+ (2/(b-a))[)log f(x)dx - 2log (2f)

7

log M1,:(f;1)

_ Flog flog(4f/e®) + f(log*2 —1log8 +3/2) - (1/(b - a))[" f(x) log f (x) (log f (x) - 2)dx
2flog (2f) - - (2/(b - a)) [ f(x) log f (x)dx

(4.19)

In this way (4.18) for w = 1 gives an extension of (2.12) (see Remark 3.6).
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