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We will examine double sequence to double sequence transformation of independent identically
distribution random variables with respect to four-dimensional summability matrix methods.
The main goal of this paper is the presentation of the following theorem. If max|@mnki| =
maxy|@mian| = Om™)O(n ™), 11,72 > 0, then E|X|*" < oo and E|X|*/12 < oo imply that
Youn — p almost sure P-convergence.
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1. Introduction

Let [Xk,] be a factorable double sequence of independent, identically distributed random
variables with E|Xj | < co and E(Xk;) = p. Let A = a,, 1 be a factorable double sequence to
double sequence transformation defined as

0,00
(AX) = D AmnkiXkl- (1.1)
k,I1=1,1

These factorable sequences and matrices will be used to characterize such transformations
with respect to Robison and Hamilton-type conditions (see [1, 2]). That is,regularity
conditions of the following type. The four-dimensional matrix A is RH-regular if and only
if

RH;y: P-limy, yay, n k1 = 0 for each k and [;

RHy: P-limy, X j@mn k) = 1;

RH3z: P-limy > 4| @mn k1| = 0 for each [;

RHy: P-limy, > 5| @mn k1| = 0 for each k;

RHs: X |@m,n k1| is P-convergent; and

< A.

RHg: there exist positive numbers A and B such that X'y ;. g|@m,u k1
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Throughout this paper, we will denote 37 | @mnkiXki by Yimn and examine Yy, with
respect to the Pringsheim converges. To accomplish this goal, we begin by presenting
and prove the following theorem. A necessary and sufficient condition that Y,,, = ?m?n
P-converges to p in probability is that max|@mmnk| = maxg|amiani| converges to 0 in
the Pringsheim sense. This theorem and other similar to it will be used in the pursuit of
establishing the following. If maxy|amnki| = maxii|amkani = O(m™)O(n™), y1,y2 > 0,
then

EX["/M < 0,  EIX[*V% < oo (1.2)

implies that Y, , — p almost sure P-convergence.

2. Definitions, notations, and preliminary results

Let us begin by presenting Pringsheim’s notions of convergence and divergence of double
sequences.

Definition 2.1 (see [3]). A double sequence x = [xk,] has Pringsheim limit L (denoted by P-
limx = L) provided that given ¢ > 0 there exists N € N such that |x; — L| < € whenever
k,1 > N. We will describe such an x more briefly as “P-convergent.”

Definition 2.2. A double sequence x is called definite divergent, if for every (arbitrarily large)
G > 0 there exist two natural numbers n; and n, such that |x, x| > G for n > ny, k > ny.

Throughout this paper, we will also denote 3% | by 3, ;. Using these definitions,
Robison and Hamilton presented a series of concepts and matrix characterization of
P-convergence. The first definition they both presented was the following. The four-
dimensional matrix A is said to be RH-regular if it maps every bounded P-convergent
sequence into a P-convergent sequence with the same P-limit. The assumption of bounded-
ness was made because a double sequence which is P-convergent is not necessarily bounded.
They both independently presented the following Silverman-Toeplitz type characterization
of RH-regularity [4, 5].

Theorem 2.3. The four-dimensional matrix A is RH-reqular if and only if

RH;: P-limy, ya@mu i1 = 0 for each k and I;

RHy: P-limy, X j@munks = 1;

RH3: P-limy, > 4| @mn k1| = 0 for each I;

RHy: P-limy, >l @mn k1| = O for each k;

RHs: X |@m,n k1| is P-convergent; and

RHg: there exist positive numbers A and B such that 3y 1. glammnxi| < A.

Following Robison and Hamilton work, Patterson in [6] presented the following two
notions of subsequence of a double sequence.

Definition 2.4. The double sequence [y] is a double subsequence of the sequence [x] provided
that there exist two increasing double index sequences {n;} and {k;} such that if z; = xy,«;,
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then y is formed by

Z1 Zp Zs5 Z10

Z4 Z3 Zg — (2 1)
Z9 zg zZ7 — .

Definition 2.5 (Patterson [6]). A number f is called a Pringsheim limit point of the double
sequence [x] provided that there exists a subsequence [y] of [x] that has Pringsheim limit

p: P-lim[y] = .

Using these definitions, Patterson presented a series of four-dimensional matrix
characterizations of such sequence spaces. Let {x;} be a double sequence of real numbers
and, for each n, let a, = sup,{xx; : k,I > n}. Patterson [7] also extended the above notions
with the presentation of the following. The Pringsheim limit superior of [x] is defined as
follows:

(1) if & = +oo for each n, then P-lim sup [x] := +oo;

(2) if & < oo for some n, then P-lim sup [x] := inf, {a,}.
Similarly, let B, = inf,{xx; : k,I > n}. Then the Pringsheim limit inferior of [x] is defined as
follows:

(1) if B, = —oo for each n, then P-liminf [x] := —oo;

(2) if B, > —oo for some n, then P-liminf [x] := sup, { B }.

3. Main result

The analysis of double sequences of random variables via four-dimensional matrix
transformations begins with the following theorem. However, it should be noted that the
relationship between our main theorem that is stated above and the next four theorems will
be apparent in their statements and proofs.

Theorem 3.1. A necessary and sufficient condition that Y,, , = ?m?n P-converges to p in probability
is that maXy 1| @mn k1| = MaX,|Am i an| converges to 0 in the Pringsheim sense.

Proof. First, note that

EmTPX|>T] =0,  LmTP[X|>T]=0 @3.1)

T—oo T—o0

because E|X| < oo and E|X| < co. Let T =TT, Xkt = X,k X0 1r @Gmn i X = Qmi Xy an1X),

Y

and Z,,, = Z,,Z, = 1 Xmnki- For sufficiently large m and n and since maxXy i|@p,n k| is
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a P-null sequence, it follows from (3.1) that

P[Zm,n 75 Ym,n] < ZP[Xm,n,k,l 75 am,n,k,le,l]
k1

o 1
S DU E
Kl | Am,k kl’ |an,|

(3.2)
< EZlam,n,k,l|
k1
<eM,
where M is define by RHg of regularity conditions. Therefore, it suffices to show that
P-lim Z,, , = p in probability. (3.3)
mn

Observe that

E(Zup) == > mn <f xdF f %dF - ‘u> + (Zam,n,k,, - 1>, (3.4)
k1 [X|<1/|@m| 1X|<1/|an] Kkl

which is a P-null sequence. Since

f f PRAFAF = (P PX| > T]- (T PIIX| > T]))
|x|<T |x|<T TT

(3.5)

P P
. i{zj *P[|X| > x]dsc-zf ¥P[IX| > fc]dfc}
TT 0 0

is a P-null sequence with respect to T, we have
2 <2 qr 2 i
ZVar Xkl < Z|am,n,k,l| f x dFJ. } x"dF < €Z|am,n,k,l| <eM (3.6)
k1 k1 [%]<1/| @kl [X]<1/]an| k1

for m and n sufficiently large, where F = EF and x = ¥¥. Tt is also clear that E > kllxm,n,k,l)z is
finite. Thus,

> Var Xy = Var <me,n,k,l> (3.7)
k,1 k1l

is finite. The result clearly follows from the Chebyshev’s inequality. Thus, the sufficiency is
proved.

Now, let us consider the necessary part of this theorem. Similar to Pruitt’s notation [8],
let Uy; = Xk — p and consider the transformation T, , = Zk,zﬂm,n,k,luk,l- Our goal become
showing that T, , P-converges in probability to 0. Which imply that T,,,, P-converges in law
to 0. Let us consider the characteristic function of T, ,, that is,

E(e"Tnn) = E(e"Zramniitliry = E(TT je"mnsitlin) = TTi  E (e mniter) = TTie g (Ul k. 1)-
(3.8)
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Observe that
P-Lim{ITcg (uamn1)} = 1. (3.9)
Because
1 g(uamni)| < 18 (Uamni)| <1 (3.10)
for all (m, n) we have that
P-lim g (udm k) = 1 (3.11)

for all (k,I). Clearly, there exists ug such that |g(#a,n k)| <1 for 0 < |u| < up. Let u = ug/2M
then there exists a double subsequence [a;,; ,k,, 1,] such that

[uam,n k| < Mu = % (3.12)
Thus P-lim,, nuuamn ,,1, = 0. Therefore, clearly we can choose (k,, [,;) such that

|am,n,km,l,, | = n}ﬁxlam,n,k,l | . (313)
O

Theorem 3.2. If E(|}V(|)1+1/Y1 < oo, E(|}v(|)1+1/y2 < oo, and maxg|amnkl = maxk|amk|-

max;|a,i| < Bm™1Bn™", then for every € > 0

> PllammnkiXeil > € for some (k,1)] < oo, (3.14)
o
that is,
ZP[|am,k5(k| >€; |an,1;(l| > ¢ for some (k,1)] < co. (3.15)
mn
Proof. Let
Nipn (%) = Ny (X%) = > | 1] (3.16)

{(kD):1/ | |<%1/ |an <X}

Note x = ¥¥, and observe that Ny, ,(x) = 0for¥ < (m)", ¥ < (n)?, and [[5d(Nyn(x)) =
Skilamniil < M. If

G(x) = P(IX] 2 x) = P(X| 2 ©)P(X| = %) = G(®)G(H), (3.17)



6 Journal of Inequalities and Applications

then xG(x) converges to 0 in the Pringsheim sense because E(X) < oo and recalled that
T =TT. Therefore,

S Plamurixi] > 1] = Zc(#)
k1

kI | Am,n k1 |

"2 i) omos

- [[ " xGd.)

= Nup (TGO - [ Nua(idaGe)  619)
i Ny DTG(D) = [ [Ny ()G )

<[ [ jace)

- Mf: ﬁ A(xG(%))d(FGH))].

[ee]
mn

Our goal now is to get an estimate for | J’:;Z |d(xG(x))|. To this end observe that, for z < y

yG(y) —2G(2) = (y — 2)G(2) + y(G(z) - G(y)), (3.19)

where (y — z)G(z) and y(G(z) — G(y)) are increasing and decreasing functions of y,
respectively. Thus

)G(%) + §(G() - G(Y)].  (3.20)

N«

[ [ diGeon < 15~ 26 + v - 616 -

The last inequality grant us the following:
[ | accenacea)
mnJ nn2

0,00 A(i+1)11 A(j+1)2 5 5
Y f f d(XG(®)d(EC®)]
ij=mmn

n "

o (3.21)
< D AIE+ DM =IGE) - [+ D™ = 21G(™))
i,j=mmn

+ 2 G+ DM [GE™) = G+ 1))+ DPIGG™) = G(( +1)™)]).

i,j=mmn
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Therefore,

j f GGG

<2 Z {E+DMGE") - G(GE+DM)]- (G + DPIGG™) - GG+ D™}

i,j=mmn

> Pllamni X1l > € for some (k,1)]
mn

<

Ms

3

0
> PllamnkiXeil > €]
ol

P

IN

2MZ Z I+ D)1 [GE") -G((+1))]- G+ 1) [G(™) -G((j+1)™)])

0,00

=2M Z {E+DNGE) - G(GE+ )™M+ D [GG™) - GG+ D™}

ij=11
<202t [0 ) F )

< 0.
(3.22)
O

Theorem 3.3. Let x and F be define as in Theorem 3.2. If E|X["*/1 < oo, E|}¥(|1+1/Y2 < oo, and

max i|Amn k| = Maxy|@m | - max;|a, | < Bm™" Bn then for oy < y1/2(y1+1) and ax < y2/2(y2+
1)

ZP[lam,n,k,le,ﬂ > m™n™ for at least two pairs (k,1)] < oo, (3.23)
mmn
that is,
S Pllam Xyl > m®; |anX,| > n® for at least two pairs (k,1)] < oo. (3.24)
mmn

Proof. By Markov’s inequality, we have the following:

S PllaniXyl 2 m®] < a1 E(R) 1m0,
m

. (3.25)
D Plan Xl 2 n%] < lan | RE(R]) R0,
n
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Therefore,

ZP[lam,k)u(k| > m™; |an,l}21| > n" for at least two pairs (k,I)]

mn

< 3 PllamiXil 2 m |amiXyl = m®;|an; X 2 1% anX)| > n%]
i#k,j#l

< E(|x|1+1/ﬁ)2m2a1(1+1/yl)Zlam,i|1+1/Y1 |am,k|1+1/Y1 (326)
itk

. E(|§|1+1/Y2)2n2“2(1+1/n)2|an,;'|1+1/Y2 |an,l|1+1/Y2
j#1

Y2

. v2/y ¥2/
< E(|x|l+l/yl)2 . E(|j€_|l+l/)f2)2B 1B M4m2[—1+a1(1+1/y1)]n2[—1+a2(1+1/)’2)],

which is P-convergent when sum on n and m provided that a1 < y1/2(y1 + 1) and a; <
Y2 / 2(Y2 + 1) O

Theorem 3.4. Let x and F be define as in Theorem 3.2. If y = 0, EJX[*/" < oo, E|)¥(|1+1/Y2 < oo,

and maxi 1| Amn k| = Maxp|dm k| - max;|an, | < Bm " Bn " then fore>0

>p [Z|am,n,k,zxk,1| > 6] < o, (3.27)

mn k1

where

> Amnki Xk = > Ao, e 1 XK s (3.28)
Il

{k:lam Xi|<m™1 I:|a, Xi|<n~2}
a1 <7, and az <7Y2.

Proof. Let

Xm,k/' if |am,ka| <mn,
Xmnj] = Xn1; if |an,le| <n*, (3.29)
0; otherwise,

and ﬁm,n,k,l = E(Xm,n,k,l)~ If Amn,k,] = 0, then ﬁm,n,k,l =u= 0 and if Amnk]l 7 0, then

sl = |1~ [ ( xdF
%127 @ | %[22 @]

SJ‘ . I .. |x|dF.
|%[>m 1B mnJ |X[>n"2B nn2

Therefore, P-limy,; nf,nk; = 0 uniformly in (k, 1) and P-lim, » 3 ;@m,nk1Pmn k1 = 0. Let

(3.30)

Zm,n,k,l = Zm,kzn,l = Xm,n,k,l - ,ﬁm,n,k,l/ (331)
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so that E(Zynx1) = 0, E(|Zmi|"™/") < ¢1, and E(|Z,)"*/72) < ¢, for some ¢; and c,. Also
|amxZmi| < 2m™ and |a, 1 Z,,| < 2n~*. Observe that

Zam,n,k,le,l = Zam,n,k,le,n,k,l = Zam,n,k,lzm,n,k,l + Zam,n,k,lﬁm,n,k,l' (332)
k1 k1 k1 k1

Note for sufficiently large m and n

S €
[ > AmniiXei| > e] C [ > amniiZmnii| > E]' (3.33)
k1 k1
Thus it is sufficient to show that
ZP[ Z|am,n,k,lzm,n,k,1| > 6] < 00. (334)
mn k1

Let 771 and 17, be the least integers greater than 1/y; and 1/y», respectively. Our goal now is to

produce an estimate for
27]1 21’[2
E < <Zam,kzm,k> <Zan,lzn,l> > (335)
k ]

2m 212
E < (Zam,kzm,k> <Zan,lzn,l> > (336)
k 1

2p 29
Z E <H Ham,n,ki,lj Zm,n,ki,lj> N (337)
k1,k2,...,kzp; 11,12,...,1 q

i=1 j=1

Observe that

is equal to

It happens to be the case that E((Zkam,kzm,k)z'l1 (zlan,lzn,l)z’ﬂ) is zero if k;, l; #kj, 1j for i #j
because the Z,, , xi’s are independent and E(Z,, k1) = 0. Let us now consider the general
term. Thus

piof the k's = ¢1,...,pe, of the k's = ¢y,

q1 of the k's = ¢1,...,qe, of the k's = ¢g,,

, , (3.38)
r of the Is=x1,...,7y of the I's =%,
s; of the I's =y, ... , Sz, of the I's= Wr,,
where2<p; <1+1/y1,q;>1+1/y,2<r <1+1/y, 5, >1+1/y,
0 0,
Dpit D4 =2m,
i=1 =1
(3.39)

xl T
Zri + st =21.
A=1 x=1
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Now let us consider the following expectation:

0 0> T 2
E <H (Am,g Zomg: )P H (am/‘/’j Zm,g; )7 H (A, Znx)" H (an,wx L, )% >
x=1

i=1 =1 A=1

T2 T
<@+e)® @+ )™ T lamg P T [lans "

x=1 A=1

6, T2
-E <H(am,zpj Zm,(p,-)qj ) H(an,wx Zn,wx)sx>

i1 31
91 T1
<@+e)” @+ e)™ T Jlama T Jlanx "
i=1 A=1
6, (53
. H|am,(p]~ |1+1/)/1 (Zm—a] )qj—l—l/h . Hlan,wx |1+1/y2 (zn—az)sx—l—l/}’z
j=1 x=1

o (3.40)
<1+ Cl)e1 I+ CZ)Tl 'H|am,¢i||am,¢i|pi_l

i=1

T 0>
’ H|an,1<,\ ”an,K,\ |7‘,\—1 : Hlam,(pj |1+1/Y1 (Zm_ul )q,-—l—l/}q
A=1 j=1

)
[ Tl 17 @zt
X
x=1

0 T1 0, T2
[}
<A+e)"(1+e)™- I ||am,¢i|| ||an,m|| ||am,zpj|| ||an,wx|
i=1 A=1 j=1 =1

(B 1) Z D02/ () B4 @1-1/7)

) (én’YZ)Z;:l:l (n-1)+m2/12 (zn—az)Z?ﬂ (sy-1-1/12)

where ¢; and ¢; are upper bound for E|Z,, | and E|Z, |, respectively. Now let us examine the
negative exponents, that is,

61 0, 1
YlZ(Pi -1)+0,+ tle(%’ -1- —>,
i1

- o Yll (3.41)
YQZ(n -D+m+ azz (5)( -1- —>.
1=1 Y=1 )2

Observe that, if 6, and 7, are 1 or large, then

& 1 1
62+d12<q]'—1——> 21+[X1<7’11——),

j=1 11 g

2 1 1
T2+azz<sx—1——> 21+d2<712——>,

X= 1 YZ YZ

(3.42)
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respectively. Also is 6, = 7, = 0, then

& 1 1
ﬁZMn—D=ﬁQm—602hm21+ﬁGh—E>21+m<m——>,
i=1

Y1
(3.43)
i 1 1
YzZ(TA -1 =pCm-1)2pp>1+ Y2<712 - —> >1+ 062<712 - —)-
A=1 12 12
Thus the expected value in (3.40) is bounded by the product of
91 92
KlHIam,d)i |H|am,zpj |m—1—ﬂ1(711—1/)f1),
L -
. "~ (3.44)
K2H|‘1nm,\ |H|a"'“’x |n—1—ﬂ2(712—1/Y2),
A=1 x=1
where K; dependent on ¢y, i, B ;and ¢, 2, ]§, respectively.
Therefore,
2111
E <Zam,kzm,k> < K3m_1_al (12-1/11),
k
(3.45)

2?[2
E<Zan,lzn,l> < K4n*1*az(7lr1/)’z)
1

for some K3 and K4 which independent on cj, y1, B, M and ¢, 12, I§, M, respectively. With
both independent of (m,n). Now the result follows from Markov’s inequality. O

Theorem 3.5. If max i@ n k)| = Maxy|@mkan| = O(mM)O(n1?2), y1,y2 > 0, then El)u(l“l/y1 <

oo and E |)2 |V < oo implies that Yy, , — p almost sure P-convergence.
Proof. Observe that

> A ki Xkt = D @mn it (Xg = 1) + 1D G- (3.46)
1 1 ki

Note the last term P-converge to u because of the regularity of A. We will only consider the
case when y = 0. By the Borel-Cantelli lemma, it is sufficient to prove that for e > 0

>p [ > Ak Xk

mn k1

Z%Sw. (3.47)

At this point, the proof follows a path identical to Pruitt’s proof using the above theorems
and as such, the rest is omitted. O
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