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1. Introduction

The celebrated Gronwall inequality [1] states that if u and f are nonnegative continuous
functions on the interval [a, b] satisfying

u(t) <c+ jtf(s)u(s)ds, t € [a,b], (1.1)
for some constant ¢ > 0, then
u(t) <cexp <ftf(s)ds>, t € [a,b]. (1.2)

Since the inequality (1.2) provides an explicit bound to the unknown function u and
hence furnishes a handy tool in the study of solutions of differential equations. Because of its
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fundamental importance, several generalizations and analogous results of the inequality (1.2)
have been established over years. Such generalizations are, in general, referred to as Gronwall
type inequalities [2-6]. These inequalities provide necessary tools in the study of the theory
of differential equations, integral equations, and inequalities of various types. Many authors
[2-21] have established several other very useful Gronwall-like integral inequalities. Among
these inequalities, the following one (Theorem A) due to Ou-Yang [15] needs specific mention.
It is useful in the study of boundedness of certain second-order differential equations.

Theorem A (Ou-Yang [15]). If u and f are nonnegative continuous functions on [0, oo) such that

1% (t) < ué + ZI;f(s)u(s)ds (1.3)

forallt € [0, 00), where uy > 0 is a constant, then

u(t) <ug+ ftf(s)ds, t € [0,00). (1.4)
0

The Ou-Yang inequality prompted researchers to devote considerable time for its
generalization and consequent applications [3, 4, 9, 11, 14]. For instance, Lipovan established
the following generalization (Theorem B) of Ou-Yang’s inequality in the process of establishing
a connection between stability and the second law of thermodynamics [14].

Theorem B (Lipovan [14]). Let u, f, and g be continuous nonnegative functions on R, and c be a
nonnegative constant. Also, let w € C(R., R,) be a nondecreasing function with w(u) > 0 on (0, co)
and a € CY(R,, R,) be nondecreasing with a(t) < ton R.. If

a(t)
W) <+ Zfo [f(s)u(s)w(u(s)) + g(s)u(s)]ds (1.5)

forallt € Ry, then for 0 <t < tq,

a(t) a(t)
u(t) <Q1 [Q<c + f g(s)ds) + f(s)ds] ,
) 0 0 (1.6)
ds
Q(r :f — >0,
") Lw(s)
Q1 is the inverse function of Q, and t; € R, is chosen so that [Q(c + fg(t)g(s)ds) + g(t)f(s)ds] €
Dom(Q™) for all t € Ry lying in the interval 0 < t < #y.

More recently, Pachpatte established further generalization (Theorem C) of Theorem B as
follows [20], which is handy in the study of the global existence of solutions to certain integral
equations and functional differential equations.

Theorem C (Pachpatte [20]). Let u, a;,b; € C(I,R;) and let a; € C'(I,I) be nondecreasing with
ai(ty <tonlfori=1,...,n Let p>1andc > 0 be constants and w € C(R,, R;) be nondecreasing
with w(u) > 0on (0,00). If fort €1,

n pai(t)
uP(t) <c+ pz j " u(s) [ai(s)g(u(s)) + bi(s)]ds, (1.7)
i=1 7 ailto
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then for tg <t < ty,

1/(p-1)
u(t) < [ (GAWM) +(p- 1)Zj ( al(o)dﬁ)] , (1.8)
a; to
where
" ds
G(r) = J‘mm, r>1y>0,
) (1.9)
At) = cPIP 4 (p - 1)2[ bi(o)do,
i(to)
ro > 0 is arbitrary, G™1 is the inverse function of G and t; € I is so chosen that
a;(t)
G(A@M) + (p - 1)Zf a;(0)do € Dom(G™). (1.10)

The present paper establishes some nonlinear retarded inequalities which extend the
foregoing theorems. In addition, it illustrates the use/application of these inequalities.

2. Main results

Let R denote the set of real numbers, R, = [0,00) and R; = [1,00). Also, let I = [ty,T) be
the given subset of R. Denote by C!(M, N) the class of all i-times continuously differentiable
functions defined on the set M to the set N fori =1,2,...and C°(M, N) = C(M, N).

Theorem 2.1. Let u, f;,gi € C(I,R,), i = 1,...,n, and let a; € CY(I, I) be nondecreasing with
ai(t) <t i=1,...,n Suppose that ¢ > 0 and q > 0 are constants, ¢ € CY(R., R,) is an increasing
function with p(oo0) = oo on I, and g (u) is a nondecreasing continuous function for u € R, with
¢(u) > 0foru>0.If

n_ pai(t)
p(u(t)) <c+ Zj . ul(s)[fi(s)yp(u(s)) + gi(s)]ds (2.1)
i=1 7 ailto
fort €I, then
a;(t)
u(t) < ¢~ { [ <‘P(k(t0)) + Z fl(s)ds>] } 2.2)

i=1 a; (tO

fort € [to, t1), where

G(r) = mﬁ, r>rg>0,
r ds
0= | ey 72070 29

a;(t)

k(to) = G(c) + Z j gi(s)ds,

i(to)
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G and ¥~ denote the inverse functions of G and ¥, respectively, for t € 1.t € I is so chosen
that

n pai(t)
W(k()) + J‘w Ji(5)ds € Dom(¥). (2.4)

Proof. Assume that ¢ > 0. Define a function z(t) by the right-hand side of (2.1). Clearly, z(t) is
nondecreasing, u(t) < ¢'(z(t)) for t € I and z(t) = c. Differentiating z(t) we get

20) = 3 Lo L) ) + 1 0) 1)

2.5
< [(P‘l(z(t))]qg [filai@®) g (97 (z(ai(1)))) + &i(ai() ] (D). -
Using the monotonicity of ¢! and z, we deduce
[p7 )] > [ (z(t)] T = [¢p7'(0)]" > (2.6)
That is
En: [fiai®) g (07" (z(ai(1)))) + g ()] i (8). (2.7)

[(p! (Z(t)))] i=1

Setting t = s in the inequality (2.7), integrating it from t, to t, using the function G in the
left-hand side, and changing variable in the right-hand side, we obtain

G(z(t)) < G(c) + Zj " [fi(s)g (7' (2(s))) + gi(s)]ds (2.8)
From the inequality (2.8), we find
G(z(t)) <p(t) + Zj fi($)p (9 (2(s)))ds, (2.9)
where
n_ pai(t)
p(t) = G(c) + ZI gi(s)ds. (2.10)
i=1 7 ai(to)
From the inequality (2.9), we observe that
n a;(t
G(z(1) <p(t) + >, f . fils)g (97 (2(s)) ) ds, (2.11)
i=1 ¥ aillp

for t < t;. Now, define a function k(t) by the right-hand side of (2.11). Clearly, k(t) is
nondecreasing, z(t) < G} (k(t)) for t € I and k(t) = p(t1). Differentiating k(t), we get

K = 3 ()l @MKo <ol 6 KON [lmo)]ao. @12)
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Using the monotonicity of ¢, ¢!, G}, and k, we deduce

k'(t) n
N 2.13
w(p (G 1(k))) ; [fi(ai(t))]ai(t). (2.13)

Setting t = s in the inequality (2.13), integrating it from t; to ¢, using the function ¥ in the
left-hand side, and changing variable in the right-hand side, we obtain

n rai(t)
w(k(t) < W(k(t))+ > j Fi(s)ds. (2.14)
i=1

ai(to

From the inequalities (2.11) and (2.14), we conclude that

z(t) < G [qr—l (qr(p(tl)) + Z J’a’(t f,(s)ds)] (2.15)

(to)

for ty < t < t;. Now a combination of u(t) < ¢ !(z(t)) and the last inequality in (2.15) for t; = ¢
produces the required inequality.

If c = 0 we carry out the above procedure with ¢ > 0 instead of ¢ and subsequently let
£—0. This completes the proof. O

For the special case ¢(u) = u” (p > q > 0 is a constant), Theorem 2.1 gives the following
retarded integral inequality for nonlinear functions.

Corollary 2.2. Let u, f;,gi € C(I,Ry),i = 1,...,n, and let a; € CY(I, 1) be nondecreasing with
ai(t) <t i=1,...,n Suppose that ¢ > 0 and p > q > 0 are constants, and ¢ (u) is a nondecreasing
continuous function for u € R, with ¢(u) > 0 for u > 0. If

a;(t)
uP(t) <c+ ZI ul(s)[fi(s)yp (u(s)) + gi(s)]ds (2.16)
fort €I, then
_on et 1/(p-9)
u(t) < [‘Pal <‘Po(kl(to)) LAy fl(s)ds>] (2.17)
i=1 ¥ ai(fo)
for t € [to, t), where
! ds
IPO(T') =J;0W, 7"27’0>0,

i, (2.18)

ki (to) = P9/ 4 P~ qu gi(s)ds,
W, ! denotes the inverse function of ¥ for t € I.t € I is so chosen that
n zxz(t)

Z s)ds € Dom(¥;"). (2.19)

lpo(kl (to)) +
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Proof. The proof follows by an argument similar to that in the proof of Theorem 2.1 with
suitable modification. We omit the details here. [

Remark 2.3. When g = 1, from Corollary 2.2, one derives Theorem C. When p = 2, g = 1, from
Corollary 2.2, one derives Theorem B.

Theorem 2.1 can easily be applied to generate other useful nonlinear integral inequalities
in more general situations. For example, one has the following result (Theorem 2.4).

Theorem 2.4. Letu € C(I,Ry), fi,8i € C(I,R:),i=1,...,n,andlet a; € C(I, I) be nondecreasing
with a;j(t) <t,i=1,...,n. Suppose that c > 1 is a constant, ¢ € CYR,,R,) isan increasing function
with ¢(co) = co and ¢;j(u), j = 1,2 are nondecreasing continuous functions for u € R, with ¢j(u) >0
foru>0.If

n_ pai(t)
p(u(t)) <c+ >, j . )uq(s) [fi(s)p1 (u(s)) + gi(s)y2(log (u(s)))]ds (2.20)
i=1 ¥ ailtp

fort €1, then

(i) as the case g1 (u) > g2 (log(u)),
u(t) <¢™ { G! [lPll <‘P1 (G(o)) + é I:::) [fi(s) + &i(s)] d5>] } (2.21)
fort € [to, 1),
(ii) as the case g1 (u) < g2 (log(u)),
u(t) < ¢! {G-l [qf;l <‘P2(G(c)) + Enll I:::) [fi(s) + g,(s)]ds)] } (2.22)
for t € [to, t2), where

r ds
Fitr) = f (G

Gl wyl j = 1,2, denote the inverse functions of G, ¥;,j = 1,2, respectively, the function
G(t) is as defined in Theorem 2.1 for t € I, and t; € I, j = 1,2 are so chosen that

r>rg>0, (2.23)

n_ eai(t)
¥ (G(o)) + le L~(t ) [fi(s) + gi(s)]ds € Dom(‘P]Tl). (2.24)

Proof. Let ¢ > 0. Define a function z(t) by the right-hand side of (2.20). Clearly, z(t) is
nondecreasing, u(t) < ¢~ (z(t)) for t € I and z(ty) = c. Differentiating z(t), we get

Z(t) = Enll [14(a ()] 7L fi (@i () ) g1 (u(@i(8))) + &i (i () g2 (log (u(ai(t))))] i (8)

< [<P‘1(Z(f))]q§1] [fi(ai®) g (97! (z(ai(1)))) + giai(t)) g2 (log (97" (z(ai(t)))))] i (8).-
(2.25)
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Using the monotonicity of ¢~ and z, we deduce

[p7 (z)]" > [0 (2())]" = [97"(©)]" > 0. (2.26)

That is

() N - - :
m < ; [fi(ei(®) g1 (97 (z(ai (1)) + gilai (1)) g2 (log (97" (z(ai (1)) ai(h).  (2.27)

Setting t = s in the inequality (2.27), integrating it from ¢, to t, using the function G in the
left-hand side, and changing variable in the right-hand side, we obtain

n_ rai(t)
G(z(t)) < G(c) + Zf “ [fi($)p1 (97 (2(5))) + gi(s)ga(log (97 (z(5))))] ds. (2.28)
i=1 7 aillo

When ¢ (1) > ¢ (log(u)), from the inequality (2.28), we find

a;(t)

G(z(t)) < G(c) + i [£i(s) + gi(8)] g1 (972 (2(5)) ) ds. (2.29)
i-1

a;(to)

Now, define a function k(t) by the right-hand side of (2.29). Clearly, k(t) is nondecreasing,
z(t) < GU(k(t)) for t € I and k(t) = G(c). Differentiating k(t), we get

n

k() = 3 [fiai(®) + gi(ai() g1 (97" (z(i())) ) i(t)

i=1

. (2.30)
< (@ (GTH(k(1)))) D [fi(ai(®) + giai(®)]ai(b).
i1
Using the monotonicity of ¢1, ¢!, G, and k, we deduce
k'(t) : )
i(ai (f). 2.31
(g1 (G )~ & O 0

Setting t = s in the inequality (2.31), integrating it from ¢, to t, using the function ¥; in the
left-hand side, and changing variable in the right-hand side, we obtain

n_ pai(t)
¥y (k(t)) <Wi(k(to)) + ZI " [fi(s) + gi(s)]ds. (2.32)
i=1 ¥ ailtp

From the inequality (2.32), we conclude that

n_ pai(t)
2(t) < G [lp;l <1p1 G) + > f | [fi(s) + gi(s)]ds)] (2.33)
i=1

ai(to

for t € I. Now a combination of u(t) < ¢~(z(t)) and the last inequality produces the required
inequality in (2.21).
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When ¢ (1) < ¢1 (log(u)), from the inequality (2.28), we find
G(z(t)) < G(e) + Z f )+ 5Ol (29))ds. (2.34)

Now, by a suitable application of the process from (2.29) to (2.32) in the inequality (2.34), we
conclude that

z(t) < G |:1P£1 <11!2 (G(e)) + Z J‘m(t) [fi(s) + gi(s)]ds>:| (2.35)

for t € I. Now a combination of u(t) < ¢~(z(t)) and the last inequality produces the required
inequality in (2.22).

If ¢ = 0, we carry out the above procedure with ¢ > 0 instead of ¢ and subsequently let
€—0. This completes the proof. O

For the special case ¢(u) = u” (p > q > 0 is a constant), Theorem 2.4 gives the following
retarded integral inequality for nonlinear functions.

Corollary 2.5. Letu € C(I,Ry), fi,gi € C(I,Ry),i=1,...,n,andlet a; € CY(I, 1) be nondecreasing
with a;(t) <t,i=1,...,n. Suppose that c > 0 and p > q > 0 are constants, and ¢;(u), j = 1,2 are
nondecreasing contznuous functions for u € R, with ¢j(u) > 0 for u > 0. If

a;(t)

uP(t) <c+ Z f ul(s) [fi(s)g1(u(s)) + gi(s)g2(logu(s))]ds (2.36)

fort €1, then

(i) as the case g1 (u) > ¢2(log(u)),

u(t) < [ <G (C(P q)/p) 4 p- qzj

fort e [ty t1),
(ii) as the case g1 (1) < g5 (log(u)),

/(p-q)
[fi(s) + gi(s) ]d8>] (2.37)

I(tO

a; 1/(p-q)
u(h) < [ <G (/) + P2 qu " [fi(s) +gl(s)]ds>] (2.38)

fort € [to,t2), where GJTl, j = 1,2, denote the inverse functions of Gj, j = 1,2,
" ds
AN A > )
Gj(r) J;O (pj(sl/(f"‘?))' r>ry>0, (2.39)
fortel,andt; € I, j =1,2,are chosen so that
n a;(t)
le j [fi(s) + gi(s)]ds € Dom(G}l). (2.40)

o (tO)

G; (C(p—q)/p) +
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Proof. The proof follows by an argument similar to that in the proof of Theorem 2.4 with
suitable modification. We omit the details here. [

Theorem 2.1 can easily be applied to generate another useful nonlinear integral inequal-
ities in more general situations. For example, we have the following result (Theorem 2.6).

Theorem 2.6. Let u, f;,gi € C(I,R:),i = 1,...,n, and let a; € CY(I, I) be nondecreasing with
ai(t) <t i=1,...,n Suppose that ¢ > 0 and q > 0 are constants, ¢ € CY(R., R,) is an increasing
function with ¢(co) = coon I, and L, M € C(R2, R,) satisfy

0<L(t,v) - L(t,w) < M(t,w)(v — w) (2.41)

fort,v,w € R, withv >w > 0. If

n rai(t)
p(u(t)) <c+ Zj . )uq(s) [fi(s)L(s,u(s)) + gi(s)u(s)]ds (2.42)
i=1 ¥ aillo

fort €1, then

n eai(t)
u(t) < ¢ {G—l [Q—l (Q(kz(to)) + ZI " [fi(s)M(s) + gi(s)]ds>] } (2.43)
i=1 ¥ ailto

fort € [to, t1), where

! ds
Q(r) = from, r>ry>0,
0w (2.44)
ka(to) = G(c) + fi(s)L(s)ds,

i=1 ¥ ai(to)

G and Q71 denote the inverse function of G and Q, respectively, the function G is as defined in
Theorem 2.1 for t € I and t; € I is so chosen that

n_ pai(t)

Q(ky(to)) + D, fi(s)ds € Dom(Q™). (2.45)

i=1 7 ai(to
Proof. Let ¢ > 0. Define a function z(t) by the right-hand side of (2.42). Clearly, z(t) is
nondecreasing, u(t) < ¢! (z(t)) for t € I and z(t) = c. Differentiating z(t), we get

n

Z'(t) = D [u(ai®)][fi(ai(t)) L(ai(t), u(ai(t)) + gi(ai(t))u(ai(t))] ai(t)
i=1
(2.46)

<o " (z@)]">] [fiai(®))L(i(), 97" (z(ai (1)) + gi(ai(®)) " (2 (@i(t)) )] i (8).
i=1
Using the monotonicity of ¢! and z, we deduce

m < gnll [fi(ai(®)L(ai(®), 07" (2(ai(t)))) + gi(@i(t) ¢ (z(ai(®)))] ei(b).  (247)
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Setting t = s in the inequality (2.47), integrating it from f, to t, using the function G in the
left-hand side, and changing variable in the right-hand side, we obtain

n pai(t)
G(z(t)) < G(c) + ZI " [fi(s)L(s, ¢ (2(s)) + gi(s)gp ™" (z(s))] ds. (2.48)
i=1 7 aillo

From the inequalities (2.41), (2.48), we find
i(t) a;(t)
G(z(t)) < G(c) + ZI fi(s)L (s) ds + ZJ " [fi(s)M(s) + gi(s)] ¢ (z(s))ds,  (2.49)

for t < t1. Now, define a function ky(t) by the right-hand side of (2.49). Clearly, k() is
nondecreasing, z(t) < G (ka(t)) for t € I. Differentiating k(t), we get

Ky (t) = D [filai(t) M(ai(t)) + gi(ai(t)) 19" (z(s))ai(t)
i1

. (2.50)
_1(G_1(k2(t)))z [fiai(t)) M (a;(t)) + gi(ai(t))]a;(t).
i=1
Using the monotonicity of ¢!, G, and k,, we deduce
K n
) < 3 [filw®) M(ai(t)) + gi(a(0)] a(t). @51)

g (G (kD)) ~ 5

Setting t = s in the inequality (2.51), integrating it from £, to t, using the function Q in the
left-hand side, and changing variable in the right-hand side, we obtain

ai(t)
Q(ky(1)) < Q(ka (ko)) + Z f [fi(s)M(s) + gi(s)] ds. (2.52)

From the inequalities (2.49) and (2.52), we conclude that

2(H) <G [91 (9("2(“)) " Z f

for ty < t < t. Now a combination of u(t) < ¢~!(z(t)) and the last inequality produces the
required inequality in (2.43) for ¢; = t.

If ¢ = 0, we carry out the above procedure with ¢ > 0 instead of ¢ and subsequently let
€—0. This completes the proof. O

a;(t)

[fi(s)M(s) + gi(s)] ds)] (2.53)

For the special case ¢(u) = u” (p > q > 0 is a constant), Theorem 2.6 gives the following
retarded integral inequality for nonlinear functions.

Corollary 2.7. Let u, fi, gi, and a; be as defined in Theorem 2.6. Suppose that ¢ > 0 and p > g > 0 are
constants, and L, M € C(R2, R,) satisfy

0 < L(t,v) - L(t, w) < M(t, w)(v - w) (2.54)
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fort,v,w € R, withv >w > 0. If

uP(t) <c+ Zj ul(s)[fi(s)L(s,u(s)) + gi(s)u(s)]ds (2.55)

i tO

fort €1, then

1t(]

1/(p-q)
u(t) < [ (Ql(kg(to)) + _qu [fi(s)M(s) + gi(s)]d )] (2.56)

fort € [to, t1), where

"od
Ql(r):J’ a5 r>ry>0,
T

sV’
(2.57)
pP-a< ("
ks (to) = cP=9/P + Zj fi(s)L(s)ds,
i(to)
Q! denotes the inverse function of Q for t € I and t, € I is so chosen that
q ai(t) .
Q1 (ks(to)) + —ZI [fi(s)M(s) + gi(s)]ds € Dom(Q;"). (2.58)

Proof. The proof follows by an argument similar to that in the proof of Theorem 2.6 with
suitable modification. We omit the details here. O

3. Applications

We will show that our results are useful in proving the global existence of solutions to certain
differential equations with time delay. Consider the functional differential equation involving
several retarded arguments with the initial condition:

¢ (x()x'(t) = F(t, x(t = (t)),..., x(t = hu(F))), tel,

3.1
X(to) = Xo, ( )

where x is a constant, F € C(I x R*,R), h; € C(I,R,), i = 1,...,n be nonincreasing such that
— hi(t) > 0,t - hi(t) € C'(I,I), Ki(t) < 1, and ¢ € C'(R,R) is an increasing function with
@(|x]) < |p(x)|. The following theorem deals with a bound on the solution of the problem (3.1).

Theorem 3.1. Assume that F : I x R"—R is a continuous function for which there exist continuous
nonnegative functions fi(t), gi(t),i=1,...,n fort € I such that

B < Sl 0w ([l + 0], 52)
i=1
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where q > 0 is a constant and ¢ is as in Theorem 2.1. Let

1

i = —_ ‘:1,...,. .
Qi=ma T " (33)

If x(t) is any solution of the problem (3.1), then

Ix(5)] < ¢ { [ <‘P(k(t0))+Zj to)ﬁ(a)da)]} (3.4)

fort € I, where G, W are as in Theorem 2.1 and

t—h;(t)

k(to) = G(|p(x0)]) + Z f Fo)o (35)

tO l

fi(0) = Qifi(o + hi(s)), Gi(0) = Qigi(o + hi(s)) for s,0 € .

Proof. It is easy to see that the solution x(t) of the problem (3.1) satisfies the equivalent integral
equation:

(x(t) = p(x(t)) +J F(s,x(s=hi(s)),...,x(s = hu(s)))ds. (3.6)

From (3.2) and (3.6), we have

lo(x(5)] < [@(x(t0))] +J‘t |F(s,x(s = hi(s)),...,x(s — ha(s)))]|ds
! (3.7)

<o)l + [ 3 1x(s = I i (l(s - o)) + g0

to =1

for t,s € I. By making the change of variables on the right side of the inequality of (3.7) and
rewriting, we have

t=hi(t)

o(xO) <lo()+ 3 [ @ T +F@ldo,  G8)

=1 Jto—hi(to)

where ﬁ(o) = Qifi(o+hi(s)), gi(o) = Qigi(o+hi(s)) for s,0 € I. Now an immediate application
of the inequality established in Theorem 2.1 to the inequality (3.8) yields the result. O
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Remark 3.2. Consider the functional differential equation involving several retarded arguments
with the initial condition:

pxP U (t)x'(t) = F(t, x(t = hi(t)), ..., x(t = hu(t))), tel,

3.9
X(to) = Xo, ( )

where p > 0 and x are constants, F € C(I x R",R), h; € C(I,R,), i = 1,...,n be nonincreasing
such that t — h;(t) > 0, t - h;(t) € C'(I,I), hi(t) < 1.

Assume that F : I x R"—R is a continuous function for which there exist continuous
nonnegative functions f;(t), gi(t), i=1,...,n for t € I such that

|F(tu, ... un)| <D | iy (Jui]) + g:(H)], (3.10)
i-1

where g > 0(p > g) is a constant and ¢ is as in Theorem 2.1. If x(¢) is any solution of the
problem (3.9), then it satisfies the equivalent integral equation:

xP(t) = xP (ko) + ftF(s,x(s —h1(s)),...,x(s = hy(s)))ds. (3.11)
to

From (3.10) and (3.11), one has

t
|x(®)| < |x0|p+f |F(s,x(s—hi(s)),...,x(s = ha(s)))|ds
(3.12)

<ol + [ 331+ = o) (s - (s + g 0]

to i=1
for t, s € I. By making the change of variables on the right side of (3.12) and rewriting, one has
t=h;(t)

|x(®)|” < |x0]” + ZI |x(c)|? [j_f,-(a)(p(|x(0)|) +gi(0)]do, (3.13)

=1 Jto—hi(to

where ﬁ(o) = Qifi(o+hi(s)), gi(o) = Qigi(o+hi(s)) for s,o € I. Now an immediate application
of the inequality established in Corollary 2.2 to the inequality (3.13) yields

1/(p—-q)

|x(t)] < [ <‘P0(k1(t0)) 4 _qzj t)fl(o)d0>] (3.14)

for t € I, where ¥ is as in Corollary 2.2,

Fito) = 277+ E= qu 5i(0)do, (315)

to—; (o)

fi(0) = Qifi(0 + hi(s)), and gi(0) = Qigi(0 + hi(s)) for s, 0 € I.
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The following theorem provides a uniqueness on the solution of the problem (3.9).

Theorem 3.3. Assume that F : I x R*>—R is a continuous function for which there exist continuous
nonnegative functions fi(t), i =1,...,nfort € I such that

n
|F(t,ur,...,un) = F(t,01,...,00)| < D filD) |l =F), (3.16)
i=1

where p > 1 is a constant, then the problem (3.9) has at most one solution on I.

Proof. Let x(t) and x(t) be two distinct solutions of the problem (3.9), one has

t
xP(t) - P (F) = f [F(s,x(s—h1(5)),...,x(s = hu(5)))~F(5,X(s = h1(s)), ..., X(s—hu(s)))] ds.
(3.17)

From (3.16) and (3.17), one finds
|x? (1) = X7 (t)| < jt (ﬁ: fi(s)|x” (s = hi(s)) —=x" (s — hi(s)) |>ds (3.18)
fo \ i=1

for t, s € I. By making the change of variables on the right side of (3.18) and rewriting, one has

pi(t) _
CLOREACI DY fﬁ <:) [|x* () =% (0)|""]" " fi0) [|x* (0) - % (0)|'"]do,  (3.19)
=1 i(Lo

where f;(t) = t — hi(t), j_'i(o) = Qifi(o + hi(s)) for s,0 € I. Now when ¢(u) =u,g=p-1,a
suitable application of the inequality in Corollary 2.2 to the function |x?(t) — x”(t)|'/P and the
inequality (3.19), one concludes that

|x?(t) - (1)|"" <0 (3.20)

for all t € I. Hence x(t) = x(t). Ol
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