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1. Introduction

The unification and extension of differential equations, difference equations, g-difference
equations, and so on to the encompassing theory of dynamic equations on time scales was
initiated by Hilger [1] in his Ph.D. thesis in 1988. During the last few years, some integral
inequalities on time scales related to certain inequalities arising in the theory of dynamic
equations had been established by many scholars. For example, we refer the reader to
literatures [2-8] and the references therein. However, nobody studied the delay integral
inequalities on time scales, as far as we know. In this paper, we investigate some delay integral
inequalities on time scales, which provide explicit bounds on unknown functions. Our results
extend some known results in [9].

Throughout this paper, a knowledge and understanding of time scales and time scale
notation is assumed. For an excellent introduction to the calculus on time scales, we refer the
reader to monographes [10, 11].

2. Main results

In what follows, R denotes the set of real numbers, R, = [0, o0), Z denotes the set of integers,
No = {0,1,2,...} denotes the set of nonnegative integers, C(M, S) denotes the class of all
continuous functions defined on set M with range in the set S, T is an arbitrary time scale,
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C,q denotes the set of rd-continuous functions, R denotes the set of all regressive and rd-
continuous functions, and R* = {p € R : 1 + u(t)p(t) > 0, for all t € T}. We use the usual
conventions that empty sums and products are taken to be 0 and 1, respectively. Throughout

this paper, we always assume that ty € T, To = [to, o0) () T.
The following lemmas are very useful in our main results.

Lemma 2.1 (see [9]). Assume thatp > g >0, p#0,and a € R.. Then

a?’? < <gk(‘”’)/”a + "%kq/r’), for any k > 0. 2.1)

Lemma 2.2 (Gronwall’s inequality [10]). Suppose u,b € Cyq, m € R*, m > 0. Then

u(t) <b(t) + tm(t)u(t)At, te T, (2.2)

to

implies

u(t) < b(t) + It em(t,0(s))b(s)m(s)As, teT,. (2.3)

to
Lemma 2.3 (comparison theorem [10]). Suppose u,b € Cy4, a € R*. Then
ub(t) < a(u(t) +b(t), teTy, (2.4)
implies
t
u(t) <u(ty)eq(t to) +I eq(t,o(T))b(r)AT, teT,. (2.5)
to
Firstly, we study the delay integral inequality on time scales of the form

xP(t) < a(t) + f b(s)x?(s)As + c(t)f [f(s)x”’ (T(s)) + g(s)x’(s)] As, teT,, (E)
to to

with the initial condition

x(t) = (t), te|at]NT,
I)
p(T(t)) < (a(t))l/p for t € Ty with T(t) < to,

where p, g, and r are constants, p#0, p > g
N

0,p2r>20,7:Ty = T, 7(t) <t, —0o<a=
inf{r(t), t € To} < to, and ¢(t) € Cra([a, to] R,).

>
T,
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Theorem 2.4. Assume that x(t),a(t),b(t),c(t), f(t),g(t) € Cu(To,Ry). If a(t) and c(t) are
nondecreasing for t € Ty, then the inequality (E) with the initial condition (I) implies

1/p

x(t) < {eb(t, to) [a(t) +c(t) <F(t) + Jt edt,o(s))F(s)G(s)As)] } , (2.6)

to

forany k >0, t € Ty, where

py= [ (LU 0 aat] sOletel Mk 0 4ol

fo pkP-a/p pk®-n/p
(2.7)
/ r/
G(t) — C(t) qf(t) [eb(t’to)]q g + rg(t) [eb(t’to)] : t c T (2 8)
pkP-a)/p pkP-1)7p ’ o '

Proof. Define a function z(t) by
t t 1/p
z(t) = {a(t) + ftob(s)xp(s)As + c(t)J‘t0 [f(s)xT(7(s)) + g(s)x"(s)] As} , teTy (29)
It is easy to see that z(t) is a nonnegative and nondecreasing function, and
x(t) < z(t), teT,. (2.10)
Therefore,
x(T(t)) < z(7(t)) < z(t), forte Ty with 7(t) > t,. (2.11)
On the other hand, using the initial condition (I), we have
x(7(t)) = p(r(t)) < (a(®))"? < z(t), for t € Ty with T(f) < t,. (2.12)

Combining (2.11) and (2.12), we obtain

x(T(t) <z(t), teT,. (2.13)

It follows from (2.9), (2.10), and (2.13) that
t t
2P (t) < a(t) +I b(s)z"(s)As + c(t)f [f(s)z7(s) + g(s)2"(s)] As, t e T. (2.14)
to to

Define a function w(t) by

w(t) = a(t) + c(u(t), (2.15)
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where

u(t) = t [f(s)z7(s) + g(s)z"(s)] As, t € To. (2.16)
to

Then (2.14) can be restated as

2P (t) <w(t) + jt b(s)zP(s)As, teTy. (2.17)

to

Obviously, w € C4(To, R.), b(t) >0, b € R*. Using Lemma 2.2, from (2.17), we obtain
t

2P (t) < w(t) +I ep(t,0(s))w(s)b(s)As, teTy. (2.18)
to

Noting that z(t) is nondecreasing, from (2.18), we have

P (t) < w(t) + w(t)ft er(t,0(s))b(s)As = w(t)

t

1 +J ev(t,0(s))b(s)As|, teTp. (2.19)
to

By [10, Theorems 2.39 and 2.36(i)], we obtain

f ep(t,0(s))b(s)As = ep(t, to) —ep(t,t) = ep(t,t0) =1, t € T. (2.20)

to

It follows from (2.19) and (2.20) that

2P (t) Sw(t)ep(t, to) = ep(t, to) (a(t) + c(Hu(t)), teT. (2.21)
Using Lemma 2.1, from (2.21), for any k > 0, we easily obtain

Z9(t) < [en (t, )] V7 (alt) + c(tyu(t))?

ap[k(p—q) +qa(t) qe(t)u(t)
s [eb(t’ to)] pkP-a)/p * pk(P-a)/p , teTo,

(2.22)

2 (t) < [en(t,10)]"7 (a(t) + c(tyu®))””

rp[k(p—71)+ra(t)  rc(t)u(t) (2.23)
/p | KP
< fen(t )] o preon | t€To
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Combining (2.16), (2.22), and (2.23), we have

pkP-a/p pkP-a)/p

u(t) < fz [f (s)[en (s, to)]q/P<k(P —q) +qa(s) | qc(s)u(s)>

k(p-r)+ra(s) TC(S)”(S)>] As (2.24)

r/p
+g(s)[en (s, t0)] ( =Y +pk(P*r)/P

=F(t) + J‘i G(s)u(s)As, teT,,

where F(t) and G(t) are defined by (2.7) and (2.8), respectively. Using Lemma 2.2, from
(2.24), we have

u(t) < F(t) + ft eg(t,0(s))F(s)G(s)As, teTy. (2.25)
to

Therefore, the desired inequality (2.6) follows from (2.10), (2.22), and (2.25). This completes
the proof. O

Theorem 2.5. Suppose that all assumptions of Theorem 2.4 hold. Then the inequality (E) with the
initial condition (I) implies

x(t) < [en(t o) (a(t) + c(t)F(ea(t, to))]", (2.26)

forany k >0, t € Ty, where F(t) and G(t) are defined by (2.7) and (2.8), respectively.

Proof. As in the proof of Theorem 2.4, we obtain (2.25). It is easy to see that F(t) is
nondecreasing for t € T. Therefore, by [10, Theorems 2.39 and 2.36(i)], we have

u(t) < F(t)eg(t, to), teTo. (2.27)

The desired inequality (2.26) follows from (2.10), (2.22), and (2.27). The proof is complete.
O

Remark 2.6. Let T = R.If b(t) = 0, then Theorem 2.5 reduces to [9, Theorem 2.3]. Letting T = Z,
from Theorem 2.5, we easily establish the following result.

Corollary 2.7. Assume that x(n), a(n), b(n), c(n), f(n), g(n)arenonnegative functions defined
for n € Ny. If a(n) and c(n) are nondecreasing in Ny, and x(n) satisfies the following delay discrete
inequality:

n-1 n-1

xP(n) < a(n) + Zb(s)xp(s) + c(n)z [f(s)xT(s = p) + g(s)x"(s)], meN, (E1)

s=0 s=0
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with the initial condition

x(n)=¢(n), nei{-p,...,-1,0},

I1
o(n—p) < (a(m))"? for n e Ng with n—p <0, ()

where p, q, v, and p are constants, p#0, p > q 20, p >r 2 0,p € Ny, 9p(n) € R, n €
{-p,...,—1,0}, then

n-1 n-1 1p
x(n) < {H(1+b(s))[a(n) +c(mHm] [ +](s))]} , (2.28)
s=0 s=0

forany k>0, n e N,

Hn) = ”i{ f (&) [Tz (1+ b)) [k(p - 9) + qa(s)]

pord pk(P—q)/P

(2.29)

, 8O 1+ b)) k(p - 1) + ra(s)]
pk(ﬁ*r)/P !

af T (1 + b)) | g0 [T (1 +b()] ™ } n et

Jm) = C(n){ pkr-a/p pkP-n/p

Next, using the Chain Rule, we consider a special case of the delay integral inequality
(E) of the form

xP(t) <C+ t b(s)xP(s)As + It f(s)xP1(7(s))As, teT,, (E
to

to

with the initial condition

x(t) =¢(t), te[at]NT, .,
@(7(t)) <CYP for t € Ty with 7(t) < to, @

where C and p > 1 are positive constants, 7(t), a, and ¢(t) are defined as in (I).

Theorem 2.8. Assume that x(t),b(t), f(t) € Cya(To,R.). Then the inequality (E') with the initial
condition (I') implies

x(t) < Cl/”eb/p(t, to) + %It ev/p(t,0(s)) f(s)As, teTy. (2.30)
to
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Proof. Define a function w(t) by

t

¢
wP(t) =C+ f b(s)xP(s)As+ | f(s)xP7'(7(s))As, teTy. (2.31)
to

fo

Using a similar way in the proof of Theorem 2.4, we easily obtain that w(t) is a positive
and nondecreasing function, and

x(t) <w(t), teT,, (2.32)
x(T(t)) <w(t), teTy. (2.33)

Differentiating (2.31), we obtain
pwPH(O)w (t) = b()xP(t) + f(H)xP (T(t)), teTy, (2.34)

where 0 € [t,o(t)].
It follows from (2.32)—(2.34) that

pwP 1 (@)w (t) <b(HwP(t) + f(HwP ' (t), teT,. (2.35)

Noting the fact that 0 < w(t) < w(6) and w(t) > 0, from the above inequality, we have

pwP L (Hw () < b(t)wP(t) + f(HwP (), te Ty. (2.36)
Therefore,
w (t) < ?w(t) + %, teT. (2.37)

By Lemma 2.3, from (2.37), we have
1/ t f(s)
w(t) <CYPepsp(t, o) + eb/p(t,o(s))TAs, teTy. (2.38)
to
Therefore, the desired inequality (2.30) follows from (2.32) and (2.38). This completes the
proof of Theorem 2.8. O
Corollary 2.9. Assume that x(t),b(t), f(t) € C(Ry,R.). If x(t) satisfies the following delay integral

inequality:

xP(t) <C+ J‘tb(s)xp(s)ds + J‘tf(s)x”1 (p(s))ds, teR,, (E2)
0 0
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with the initial condition

x(t) =¢(t), tel[p0],

12
P(p(t)) <CYP  for t € R, with p(t) <0, (2

where C and p > 1 are positive constants, p(t) € C(Ry,R), p(t) <t, —oco < p=inf{p(t), t e R,} <
0, and ¢(t) € C([p,0],R,), then

x(t) < CYPexp < ;%%) + %j;f(s) exp <J‘:§d’r>ds, teR,. (2.39)

Corollary 2.10. Assume that x(n), b(n), f(n) are nonnegative functions defined for n € Ny. If
x(n) satisfies the following delay discrete inequality:

n-1 n—
xP(n) <C+ Zb(s)x”(s) + Zlf(s)x”‘l(s -p), neNy, (E3)
s=0 s=0

with the initial condition

x(n)=¢n), nei{-p,...,-1,0},

(I3)
¢p(n—p) <CYP forneNywithn-p<0,
where C and p > 1 are positive constants, p and ¢p(n) are defined as in (I1), then
n-1 b(S) 1 n-1 n-1 b(l)
x(n) < cl/P]‘[<1 + —> +=>fe]] (1 + —> n € No. (2.40)
s=0 P p s=0 i=s+1 [4
Finally, we study the delay integral inequality on time scales of the form
t
xP(t) < a(t) + c(t)f [f(s)x7(s) + L(s,x(7(s)))]As, teT,, (E")
to

with the initial condition (I), where p > 1, 0 < g < p are constants, 7(f) is as defined in the
inequality (E), and L : To x R, — R, is a continuous function.

Theorem 2.11. Assume that x(t), a(t),c(t), f(t) € Cra(To,Ry). If a(t) and c(t) are nondecreasing
fort € Ty, and

0 < L(t,x) - L(t, y) < K(t, y)(x ~y), (2.41)



Wei Nian Li 9

for x >y >0, where K : To x Ry — Ry is a continuous function, then the inequality (E") with the
initial condition (I) implies

t /p
x(t) < [a(t) +c(t) <H(t) + L ey (t,o(s))H(s)](s)As)] , (2.42)

forany k >0, t € Ty, where

(T [f6)[k(p = q) +qa(s)] p-1 a(s)
H(t)—fto K77 +L<s,—p * = >]As, (2.43)
_ 4e®f (1) p=1, a®)\c®)
J(t) = T +K<t, ’ + , ) e (2.44)

Proof. Define a function z(t) by
z(t) = ft [f(s)x9(s) + L(s,x(7(s)))]As, teT,. (2.45)

We easily observe that z(t) is a nonnegative and nondecreasing function, and (E”) can be
restated as

x(t) < (a(t) +c(t)z(t))?, teT,. (2.46)

Using Lemma 2.1, from (2.46), we have

x(t) < (a(t) + c(t)z(t)) P < ’%1 + ? + C(t)pz(t), t € To. (2.47)

Therefore, for t € Ty with 7(t) > ty, we obtain

1 . a(r(t)) . c(t(t)z(r(t)) P 1 . a(t) . c(t)z(t)’
p p P P

(2.48)

p —

x(7(t)) <
CORE
and for t € Ty with 7(t) < to, using the initial condition (I) and (2.47), we get

x(2(6) = p(r() < (a(®)"” < ’%1 + ? + @ (2.49)
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It follows from (2.48) and (2.49) that

ey < P2t 8 c®z0 g (2.50)
PP P

Combining (2.45), (2.46), and (2.50), by Lemma 2.1, for any k > 0, we obtain

t t
alp p-1 a(s) c(s)z(s)
z(t) < tof(s) [a(s) + c(s)z(s)] """ As + It0L<s, ; + ;. + . )As

: k(p-q) +qa(s)  qc(s)z(s)
SI f(s)[ pkr-a/p " pkP-a)/p ]AS

to

) (P ) e (P )

) f £ [k;;; sUMILINNIC Pt )]s

 Tgc(s)f(s) p-1 a(s)\c(s)
+Ito pkP-a/p +K<S'T + 7>T]Z(S)As

t
=H@t)+ | J(s)z(s)As, teTy,
to

(2.51)
where H(t) and J(t) are defined by (2.43) and (2.44), respectively.
By Lemma 2.2, from (2.51), we have
t
z(t) < H(t) +I ej(t,o(s))H(s)J(s)As, teT,. (2.52)
to

Therefore, the desired inequality (2.42) follows from (2.46) and (2.52). The proof of
Theorem 2.11 is complete. U

Noting H (t), defined by (2.43), is nondecreasing for t € Ty, we easily obtain the
following result.

Theorem 2.12. Suppose that all assumptions of Theorem 2.11 hold. Then the inequality (E") with
the initial condition (I) implies

x(t) < (a(t) + c(t)H(t)es (t))"?, (2.53)

forany k >0, t € Ty, where H(t) and ] (t) are defined by (2.46) and (2.47), respectively.

Remark 2.13. If T = R, then Theorem 2.12 reduces to [9, Theorem 2.8]. Letting T = Z, from
Theorem 2.12, we can obtain the following corollary.
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Corollary 2.14. Assume that x(n), a(n), c(n), f(n)arenonnegative functions defined for n € Ny.
If a(n) and c(n) are nondecreasing in Ny, and x(n) satisfies the following delay discrete inequality:

xP(n) < a(n) + c(n)nz_l[f(s)x"(s) +L(s,x(s-p))], neNy,
s=0

(E4)

where p, q, and p are constants,p>1, p>q >0, p € Ny, and L, K : Ny x R, — R, satisfying

0< L(n,x) - L(n,y) <K(n,y)(x-y),

for x >y >0, then the inequality (E4) with the initial condition (I1) implies

1/p

x(n) < (atw + conH[T[1+76)])
s=0
forany k >0, n € Ny, where

H(n) =

£ [k(p— q) + ga(s)] er(s 2 29,

prd pk(P*q)/P p p

= qc(n)f(n) p-1 a(n)\cn)
](n)_W+K<n’ P p ) P

3. Some applications
In this section, we present some applications of our results.

Example 3.1. Consider the delay dynamic equation on time scales:
(" (1) = M(t,x(t), x(1(t))), teT,

with the initial condition

x(t) =¢(t), te[at]nT,

w(T(t)) =CYP for t € Ty with T(t) < to,

(2.54)

(2.55)

(2.56)

(3.1)

1"

where M : Tg x R> — R is a continuous function, C = xP(ty) and p > 0 are constants, a and

7(t) are as defined in the initial condition (I), and ¢ (t) € C.q([a, to] N T, R).

Theorem 3.2. Assume that

[M(t,x(t), x(7(5))] < FOxT(r ()| + gO]*" ()],

(3.2)
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where f(t),g(t) € Cra(To,Ry), q and r are constants, p > g > 0, p > r > 0. If x(t) is a solution of
(3.1) satisfying the initial condition (I"), then

1/p

t
|x(t)] < |C|+f(t)+jt ea(t,o(s))?(s)a(s)As] , (3.3)

forany k >0, t € Ty, where

= ([ fO[kp-9) +4lCl]  g(s)[k(p-r)+7IC]
F(t) = Ito{ pkw-a/p + T }As, (3.4)
50 = s * 65)

pkP-a/v — pkp-n/p’

Proof. Obviously, the solution x(t) of (3.1) with the initial condition (I") satisfies the
equivalent delay integral equation on time scales

t
xP(t)=C +f M(s,x(s),x(7(s)))As, teTy, (3.6)
fo
with the initial condition (I"). Noting the assumption (3.2), we have
t
|x?(8)| < IC] +J [f(s)|xT(7(s))| + g(s)|x"(s)|] As, t €T, (3.7)
to

with the initial condition (I"). Therefore, by Theorem 2.4, from (3.7), we easily obtain the
estimate (3.3) of solutions of (3.1). The proof of Theorem 3.2 is complete. O

Using Theorem 2.5, we easily obtain the following result.

Theorem 3.3. Suppose that all assumptions of Theorem 3.2 hold. If x(t) is a solution of (3.1)
satisfying the initial condition (I"), then

|x()] < [IC]+ F(Meg(t,t)] 7, (3.8)

forany k >0, t € Ty, where F(t) and G(t) are defined by (3.4) and (3.5), respectively.

Remark 3.4. The right-hand sides of (3.3) and (3.8) give us the bounds on the solution x(t) of
(3.1) satisfying the initial condition (I") in terms of the known functions for any k > 0, t € Ty,
respectively.

Example 3.5. Consider the delay discrete inequality as in (E3) satisfying the initial condition
(I3) withp =2, C =1/4,p =2, 9(n) =1/2,n € {-2,-1,0}, b(n) = 10712, f(n) = 107*n,
n € Ny, and we compute the values of x(n) from (E3) and also we find the values of x(n) by
using the result (2.40). In our computations, we use (E3) and (2.40) as equations and as we
see in Table 1 the computation values as in (E3) are less than the values of the result (2.40).
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Table 1

n (E3) (2.43)

1 5.000000000000000e—001 5.000000000000000e—001
3 5.013992421214853e-001 5.014006000000000e—-001
7 5.240341550720497e-001 5.242013057437409e-001
11 6.053588145272404e-001 6.073138820474305e—001
14 7.428258989476674e-001 7.507097542821271e-001
17 1.009578705314619¢+000 1.036912536372208¢+000
22 2.189862704124656e+000 2.391160696569409e+000
25 4.143517993238956e+000 4.841349883598182e+000
27 6.839504919933415e+000 8.504988064333858¢+000
30 1.630102753510524¢+001 2.295320353713791e+001
35 9.500824036460114e+001 1.816014350966817¢+002
40 8.204195033362939e+002 2.464464322608679e+003

From Table 1, we easily find that the numerical solution agrees with the analytical solu-
tion for some discrete inequalities. The program is written in the programming Matlab 7.0.
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