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1. Introduction

This paper investigates the existence of the limit of the ratio of a convolution and a positive
valued weight function. The limit is given by an explicit formula in terms of the elements in
the convolution and of the weight function. Our results are formulated for the convolution of
a function with a measure and also for the convolution of two functions.

Our work was inspired by two different applications. One of them is the asymptotic
stability theory of differential and integral equations, where an important question is to
determine the exact convergence rate to the steady state. The second one is related to the
asymptotic representation of the distribution of the sum of independent random variables. In
the above and several similar problems, the weighted limits of convolutions play important
role with different types of weights.

Let u be a given measure on the Borel sets of [0,00) and let f : [0,00) =R be a
measurable function. The convolution f*dy is defined by

t
(e 1) = [ Ft=s)aus) (11)

for all t € [0, oo0) for which the integral exists.
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The convolution of two locally Lebesgue integrable functions f,g : [0,00) =R is
defined by

t
(Frg)(t) = jofa ~ 5)g(s)ds (1.2)

for t € [0, o0) for which the integral exists.

The motivation of our work came from the following three known results.

The first well-known result has been used frequently in the asymptotic theory of the
solutions of differential and integral equations (see, e.g., [1]).

Theorem 1.1. Let f, g : [0, 00) = R be locally integrable and assume that

f(o0) = lim f(1) € R, fo g(B)]dt < oo. (1.3)
Then
Jim (£5)(0) = £(e0) [ gt (1.4

The next well-known simple result plays a central role, for instance, in the asymptotic
theory of fractional differential and integral equations (see, e.g., [2-5]).

Theorem 1.2. Let a, f > 0 be given. Then
1 1,61
. oyl g
tllnémjo(t s)* s ds = B(a,p), (1.5)
where B(a, P) is the well-known Beta function.

The third known result is formulated for continuous subexponential weight functions.
A continuous function y : [0, 00) — (0, o0) is subexponential if

(r*y) (£) I‘”
im-———==2 bdt < oo, 1.6
Jim S =2 y(dt <o (16)
. y(t-5s) .
lim =1, for any fixed s> 0. 1.7
t—oo  y(f) Y (1.7)

The terminology is suggested by the fact that (1.7) implies that for every a >
0 lim;_, oy (t) exp(at) = oo.

The next result has been proved in [6] and it plays a central role to get exact rates of
subexponential decay of solutions of Volterra integral and integro-differential equations (see,

e.g., [6-8]).
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Theorem 1.3. Let the weight function y be continuous and subexponential. If f, g : [0,00) =R are
continuous functions such that

f()  im 8®
L(f)=lim¥ay L= lim ¥ (18)
are finite, then
L) = fim D8O 1 [“ge o) 1 (19)

Based on the above three known results, we conclude the next observations.

(i) All of the above theorems give different limit formulas for the ratio f*g/y at +co. In
fact y(t) = 1, t > 0, in Theorem 1.1 and f(t) = t°71, g(t) = P71, y(t) = t*P1, t > 0,
in Theorem 1.2.

(ii) The weight functions in Theorems 1.1 and 1.2 satisfy condition (1.7), but they do
not satisfy condition (1.6).

(iii) The condition for g in (1.8) is not necessarily true in Theorem 1.1. Instead of that
limtﬁw(l/y(t))f:_lg =0 holds, where y(t) =1, t > 0.

(iv) Ly(f) = Ly(g) = 0in Theorem 1.2 and at the same time L,(fxg) = B(a, f§) is not
Zero.

Our first goal is to prove results which unify the above-mentioned theorems. Second,
we want to extend the limit formulas for the convolution of a function with a measure. This
makes possible the applications of our theorems to not only density but also distribution
functions.

In fact we prove limit formulas which contain three terms, and the weight function
does not satisfy condition (1.6). The major idea in the proofs of the main results is borrowed
from the theory of subexponential functions. Namely, for large enough ¢, in fact t > 2T > 0,
the convolution (f*dp)(t) can be split into three terms:

t
(Pt = [ fa-saus)+ [ pe-sdaus [ fa-9dpe. w10
[0,T) [Tt-T) t-T

Under suitable assumptions and some time-tricky and technical treatments of the above three
terms, we get the limit formula

Ly (fxdp) = Ly(Hu([0,00)) + L (f, 1) + Ly (1, 1>f0 f, (1.11)
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where the following limits are finite:

0
Ly(f) = lim 70
(7 p) o= Jim (lim j[mf(t - $)dp(s)), (1.12)
#([t—l,t))_

Ly(w 1) = tlir& y(t)

In the limit formula (1.11), the terms L, (f)p([0, 00)) and Ly (y,1) [ f are interpreted as zero
whenever L,(f) = 0 and L,(u,1) = 0, respectively. So the values of y([0, o)) and [ g’ f need
not be finite in the applications.

The limit formula (1.11) can be reformulated for the convolution of two functions f
and g. Formally, it can be done if the measure y is such that p(B) := [;g for every Borel set
BCR.

In that case I, (f, p) = I,(f, g) and Ly(u,1) = L,(g,1), where

t-T
(7,g) = Jim (fim [ £(e-s)g(e)ds ),
. T (1.13)

1
Ly(g 1) := tlggmj‘t_lg(s)ds.

These indicate that our remarks (i)—(iv) are taking into account and the known Theorems 1.1,
1.2, and 1.3 are unified in our results.

The organization of the paper is as follows. Section2 contains notations and
definitions. Section 3 lists and discusses the main results both for the convolution of a
function with a measure and for the convolution of two functions. In Section 4 we present the
corollaries of our main results for subexponential and long-tailed distributions. In Section 5
we show that our results can be easily reformulated to an extended set of weight functions.
Section 6 gives some corollaries of our main results for the case when the weight function
is of polynomial type. These results have possible applications in the asymptotic theory of
fractional differential and integral equations. The proofs of the main results are given in
Section 8 based on some preliminary statements stated and proved in Section 7.

2. The basic notations and definitions

First we introduce some notations . The set of real numbers is denoted by R, and R, denotes
the set of nonnegative numbers.

In our investigations we will make use of different sets of measures and functions
given in the next definitions.

Definition 2.1. Let B be the o-algebra of the Borel sets of R.. /# denotes the set of measures y
defined on B such that the y-measure of any compact subset of R, is a nonnegative number.

Note that the classical Lebesgue measure defined on B, denoted by 1, is an element

of M.
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Let a,b € R. In this paper we will write _[Z fdy (or IZ f(s)du(s)) for the p-integral
of f on the closed interval [a,b]. The p-integral of f on the interval [a,b) is written as
j'[a’b)fdpt (or j'[a,b)f(s)dy(s)). When p = |\, instead of fod)L we also write fo (or fo(s)ds).

Definition 2.2. £ denotes the set of functions f : R, — R which are Lebesgue integrable on
any compact subset of R,. As usual,

£1={fe£:J‘:O|f|<oo}. (2.1)

Definition 2.3. Fy is the set of the Borel measurable functions f : R, — R which are bounded
on any compact subset of R..

Definition 2.4. A measure u from M belongs to the set M, if it is absolutely continuous with
respect to . In this case g = g\ means that g is a nonnegative function from £ such that
u(B) = [,gdA for every B € B (g is the Radon-Nikodym derivative of y with respect to .\).

It is not difficult to show that for any f € F, and p € M the convolution
t
(et @) = [ £t =s)auts) 2)
0

of f and p is well defined on R,. It is known (see, e.g., [9]) that for any f,g € Z the
convolution

t
(Frg)(t) = jof(t ~5)g(s)ds (2.3)

of f and g is well defined for A almost every (shortly a.e.) t € R,. It follows that for any
U € M;and f € £ the convolution f*dpu is well defined for a.e. t € R,, and

(fxdp)(t) = (fxg)(t), ae teR,, (2.4)

where 1 = g
In this paper our major goal is to give conditions—possibly sharp—which guarantee
the existence of the finite limit of the ratio

1

A 25)

as t— + oo. The weight function y : R, — (0, 00) will belong to some special classes of the
functions given in the following definitions.
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Definition 2.5. Let I be the set of the functions y : R, — (0, o0) such that

lim rt-s
t—+oo Y(t)

=1 for any fixed s > 0. (2.6)

The set of the functions y € I' for which the above convergence is uniform on any compact
interval [0, T] is denoted by T',.

It is clear that if y € I, then

. ylt+s) y(t+s—-5s) _1_
=i (N ) - >0

holds for s > 0, and hence it holds for any s € R. Therefore for all § > 0, we have

o YANBD) L y(nt+Ing) _

t=+w y(Int) Pl y(Int) L 28)

that is the function 1 <t —y(Int) is so called regularly varying at infinity. Thus applying the
Karamata uniform convergence theorem (see, e.g., [10]) it follows that the convergence in
(2.8) is uniform in B on any compact set of (0, o0), assuming that y is Lebesgue measurable.
From this we get that the convergence in (2.6) is uniform on any compact set of R, assuming
that y is Lebesgue measurable. Thus I', contains the Lebesgue measurable members of I'. On
the other hand from [10] we know that there exists a nonmeasurable function y € I such that
y¢I', and hence I, is a proper subset of I'.

To give an explicit formula for the weighted limit of the convolution f*du at +oo, we
should assume some limit relations between y and f and between y and p.

Definition 2.6. Lety €T

(a) Fy denotes the set of functions f : R, — R such that the limit

Ly (f) := tlirpw% (2.9)

is finite.

(b) M, denotes the set of measures u € M such that for any fixed T > 0 the limit

_ o H([t-T1h)
Ly(u,T):= tl—l}-PmT (2.10)
is finite.
(c) Let
Fﬂ - {Fb, lf He M\ M, (2.11)
L, ifue M.
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Definition 2.7. Lety € I'and p € M,. Fy, denotes the set of functions f € F, for which

) 1 t ~ T
Jim [ fa=sdue =L | 5 e12)

holds for any fixed T > 0.
Remark 2.8. A measure u € M. belongs to M, if and only if for any fixed T > 0 the limit

. 1
L,(g,T):= lim mj‘t_Tg (2.13)

t—+oo

is finite, where y = g\. Moreover L,(4,T) = L,(g,T) for any T > 0. It can be shown (see
Proposition 7.3) that if g € Fyand y € I', then Ly (4, T) = L, (g, T) = L, ()T, T > 0.

We close this section with the following definition.
Definition 2.9. A function f : R, — R is said to be oscillatory on R, if there exist two sequences

ty,t, >0, n>1,suchthatt, — +oo and t,, — +oo as n — +oo, moreover f(t,) <0< f(t,), n>1.

3. Main results

In this section we state our main results. Their proofs are relegated to Section 8.
We use the following hypothesis.

(H) yely, pe My, feF,nF,, and the improper integral
T
Tlim Ly(u, l)j f (3.1)
— 00 0

is finite whenever f is oscillatory.

Note that if Ly (u, 1) = 0, then (H) is satisfied for any f € F, N F, ..

In the next result we give an explicit limit formula for the weighted limit of the
convolution of f and p at + .

Theorem 3.1. Assume (H). Then the following results hold.
(a) The following three statements are equivalent.

(a1) The limit

1 (T
Ly (s = Jim o [ f(t=)dp(s) (32)

+00

is finite.



8 Journal of Inequalities and Applications

(ap) For some T > 0, the limit
lim L’[ f(t—s)du(s) (3.3)
t=+ooy(t) ) (-1 # .

is finite.

(ag) The values

lim infLJ‘ f(t—=s)du(s) fora fixed Ty >0,
[Ty t-Th)

t—+oo Y(t)
. (3.4)
limsup—— f(t—s)du(s) fora fixed T, >0
-t Y(E) [To,t-T5)
are finite, moreover
lim <liminfL’[ ft-s)d (s)>
T—oo\ t=+w V() ) 11 :
. (3.5)
= lim<limsu — t—s)d s).
T—oo t—>+oopY(t) [T,t—T)f( JAp(s)

(b) Assume that one of the statements (a1)—(az) is true. Then the limit (3.3) is finite for any
T >0and

L (Fedp) = Ly (FO(0,50) + L (£ + Lo D | 7 (36)
where
Ly(HHu(10,00)) := lim L,(f)p([0,T1), (37)
. . 1
b(fop) = Tlinfoo <tl—l>r-lo-loom4[[T,t—T)f(t - S)dﬂ(s)) (3:8)
) T

Ly(u, 1)J‘O f= TETmLY(#'l)IOf (3.9)

are finite.

Remark 3.2. Our theorem is applicable for the case when u([0,0)) = +oo and also when
f¢L'. Namely, if L,(f) = 0, then (3.7) yields that L,(f)u([0,)) is zero independently on
the value of y([0, c0)). Similarly if L,(u,1) = 0, then from (3.9) it follows that L, (y, 1)[80 f
is independently zero on f. We will see that this character of our theorem is important for
getting limit formulas for polynomial-type convolutions (see Corollary 6.2 in Section 6).
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Now consider the case yu € M, thatis, u = gA. In this case we can apply Theorem 3.1
by using the hypothesis.

(He) y €Ty, f € FyN £, the function g € £ is nonnegative such that

—

1
Ly(g T):= thrﬂmmj‘t_Tg (3.10)

is finite for every T > 0, and the improper integral limr _, ., L, (g, l)fOT f is finite whenever f is
oscillatory .

Theorem 3.3. Assume (H.). Then the following results hold.
(a) The following three statements are equivalent.

(a1) The limit

. 1
Ly (f*g) = tlim WJ‘Of(t —-5)g(s)ds (3.11)

+oo

is finite.

(ap) For some T > 0, the limit

1 t-T
lim —I t—s)g(s)ds 3.12
Jim | SE-9)8() (3.12)
is finite.
(ag) The values
t—Tl

lim infL f(t-s)g(s)ds, fora fixed Ty >0,
t—+o0 y(t) ) 1,

R (3.13)

lim sup— f(t—s)g(s)ds, fora fixed T, >0,
t—+o0 Y(t) T

are finite, moreover

t-T =T
lim (hminfLJ'T f(t- s)g(s)ds> = Tlir?w<lim sup . f(t- s)g(s)ds). (3.14)

T—+co \ f—+o0 Y(t) s too

(b) Assume that one of the statements (a1)—(az) is true. Then the limit (3.12) is finite for any
T >0, and

Ly(f*g) = Ly(f)fo g+h(7,9)+ Lig, D [ ¥ (3.15)
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where
t-T
g = tim (fim o [ (- s)g(e)ds) 616
S T S3) T
Ly(f)fo g Tlirgw(Ly( f)f0g>, Ly(g,l)’[o £ TlirEwLY(g,l)’[o f (317)
are finite.

When g € ZNnF, then L,(g,T) = L, (g)T, T > 0 (see Proposition 7.3), and we get the
following.

Theorem 3.4. Lety €T, f,g € £NFy, and assume that

(i) the improper integral

© T
L@ fo= tim L) f (3.18)

is finite, whenever f is oscillatory and g is not oscillatory;

(ii) the improper integral
) T
L(p[ gi= tim 1) ¢ (3.19)

is finite, whenever f is not oscillatory and g is oscillatory.

Then the statements of Theorem 3.3 are valid and (3.15) can be written in the form
L(f) = L0 g+ (fe+ L@ 7 320)

Remark 3.5. (a) If y €T, f € £'NFy, and g € £ is nonnegative such that L,(g, T) defined in
(3.10) is finite for every T > 0, then the conditions of Theorem 3.3 hold.
(b)Ifyerl, and f,g€ £ N Fy, then Theorem 3.4 is applicable.

Remark 3.6. The well-known result Theorem 1.1 (see, e.g., [1]) is a straightforward conse-
quence of Theorem 3.3.

4. Applications of the main results to subexponential functions

In this section we concentrate on the so-called subexponential functions which are strongly
related to the subexponential distributions. Such distributions play an important role, for
instance, in modeling heavy-tailed data. Such appears in the situations where some extremely
large values occur in a sample compared to the mean size of data (see, e.g., [11] and the
references therein).

First we consider the “density-type” subexponential functions.
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Definition 4.1. Assume that a function y is called subexponential if y € I' N 2" and

L (ysy) = fr(t s =2 1 (1)

Y(t

Remark 4.2. Let y € I' N £ such that Ly (y*y) is finite. Then y is measurable and hence y € T',..
Thus

.1 _ (Ty(t-s)
hm—j t—39)y(s)ds > lim sds—f s)ds, T>0, 4.2
Am ) Y- ov()ds 2 lim | =r=r(s) y(s) (42)
which shows that
fo Y < Ly(y*y) < oco. (4.3)

Therefore y € £! and the normalized function 0 < t— () (fgoy)_1 is a subexponential density
function. This gives the meaning of the “density-type” subexponentiality.

From Theorems 3.4 and 6.1, we get the following.

Theorem 4.3. If y is a subexponential function and f, g € L' N Fy, then

Ly (f9) = Ly () g+ L) [ N (44)

It is worth to note that formula (4.4) has been obtained by Appleby et al. [7] in the
case when the functions y, f, and g are continuous on R,. These types of limit formulas were
used effectively for studying the subexponential rate of decay of solutions of integral and
integro-differential equations (see, e.g., [6, 12]).

Now we apply our main results to subexponential and long-tailed-type distribution
functions.

Definition 4.4. Let H : R, — R, be a distribution function on R, such that H(0) = 0 and
H(t) <1forallt>0.Then

(a) H is called subexponential if

tlirpwﬁ—(lf)< J‘ H(t- s)dH(s)) = (4.5)
or equivalently
L(H*dH) := tgr;rlm%f H(t-s)dH(s) =1, (4.6)
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where H denotes the tail of H, that is,

Ht)=1-H®)(>0), t>0. (4.7)

(b) H is called long-tailed if

lim —H(t ~5)

— =1 forany s>0. (4.8)
t—+c0 H(t) y

The definition of the subexponential distribution was introduced by Chistyakov [13]
in 1964 and there are a large number of papers in the literature dealing with them. For the
major properties and also for applications, we refer to the nice introduction and review paper
by Goldie and Kliippelberg [11] and the references in it.

Now we show the consequences of our main results for the above-defined class of
distribution functions. The proofs will be explained in Section 8.

It is noted in [14, 15] (see also [11]) that the set of the subexponential distributions is
a proper subset of the set of the long-tailed distributions.

In the first theorem, we give equivalent statements for subexponential distributions;
and in the second one, we give a limit formula for the more general long-tailed distributions.

Theorem 4.5. Let H : R, — R, be a distribution function such that H(0) = 0and H(t) <1, t > 0.
Then the following statements are equivalent.

(a) H is subexponential.

(b) H is long-tailed and there is a T > O such that the limit

lim —— H(t-s)dH(s) (4.9)
t=+o H () J [T-T)

is finite and

lim < lim _L H(t- s)dH(s)) =0. (4.10)
T —+o0 t—>+ooH(t) [Tt-T)

(c) H is long-tailed and there isa T > 0 such that

lim sup_L H(t-s)dH(s) (4.11)
t—+o0 H(t) [Tt-T)

is finite and

lim <1imsup_L H(t- s)dH(s)> =0. (4.12)
T—+0\ f400 H(t) [T,t-T)



I. Gy6ri and L. Horvéath 13
Theorem 4.6. Let F,G,H : R. — R, be distribution functions, F(0) = G(0) = 0, and H is long-
tailed. If

F() [€(0)

L7(F) = lim ==, L[7(G):= lim = 413
H( ) t—>+ooH(t) H( ) t—>+ooH(t) ( )
are finite, and
. . 1 -
lim <11m sup—— F(t- s)dG(s)> =0, (4.14)
T—+0\ f i H(t) [Tt-T)
then
1 t — —
lim_—<1—J‘Ft—sdGs>=LfF + L=(G). 4.15
fim (1] =946 ) = L () + L (©) (4.15)

The above theorem can be easily applied for tail-equivalent distributions defined as
follows (see [11]).

Definition 4.7 (tail-equivalence). Two distributions H, F : R, — R, with the conditions H(0) =
F(0) =0and H(t) <1, F(t) <1, t >0, are called tail-equivalent if L;7(F) is a positive number.

Corollary 4.8. Let F,G, H : R, — R, be distribution functions, F(0) = G(0) =0, F(t) <1, G(t) <
1, t > 0, and H is long-tailed. If the conditions of Theorem 4.6 are satisfied, then H and FxdG are tail

equivalent if and only if L7 (F) + L5(G) > 0, that is, at least one of the distribution functions F and
G is tail equivalent to H.

5. Further corollaries for an extended set of weight functions

First we consider the extension of the setT.

Definition 5.1. Let a € R. By I'(a) one denotes the set of the functions y : R, — (0, o0) such that

t_
lim y(t-s) =™

t—+o y(t) (5.1)

forall s > 0. By I',(a) one denotes the set of the functions y € I'(a) for which the convergence
in (5.1) is uniformon 0 < s < T, forany T > 0.

Remark 5.2. 1t is clear that I' = I'(0), I, = I,(0), and y € I'(a) (y € I',(a)) if and only if
11 €T (11 € Ty), where y; is defined by y1(t) := e *y(t), t > 0.
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Lety € Ty(a), p € M, and f € F,. Then

1 1
;YB(f*dﬂ)U)—-;ijof(t—s)dﬂ(s)

1
Y(t)e at

J —a=9) £(t — s)e ™ dpu(s) (5.2)
=iwawd@r¥LUM>m teD
Y1(t) . 1 H1 _Yl(t) 1*apy ’ frdus

where yi (t) == y(t)e™, fi(t) := f(H)e™, t >0, and p;(B) = [ze**du(s) for B € B.

Thus our earlier results are applicable if y; € I', and p; € M,,. But from Remark 5.2 we
have that y; € I'; if and only if y € I',(a). Moreover, u; € M,, if and only if the limit

Ly(ua,T) = e du(s) (= Ly, (m,T)) (5.3)

+°°Y(ﬂf t-Tf)

is finite for any T > 0.

Remark 5.3. py € M. if and only if p € M.. Namely, let p € M., p = gA. Thus p;(B) =
[ge*du(s) = [pg(s)e™*d\(s), B € B, and hence p1 € M.. Now let y; € M.. Then yy(B) =
[ge**du(s) = 0 for any B € B such that A(B) = 0. Therefore e™** = 0 p-almost every s € B,
and hence p(B) = 0. From this it follows that y is absolute continuous with respect to A, that
is, p € M.

It can be seen that f; € F,,, ifand only if f € F,.

Remark 54. fi € Fy, ,, if and only if f € F,,,. Here Fy,, denotes the set of functions f € F,
for which

Mmy(t)f ft=s)du(s) = Ly(p,a, 1)f f (5.4)

forany T > 0.

The above remarks show that our main results, Theorems 3.1-3.4, can be easily
reformulated for the class I', (a), assuming that we replace the hypotheses (H) and (H.) by
(H(a)) and (H¢(a)), respectively. In fact we use the following modified hypotheses.

(H(a)) a € R, y € Ty(a), u € M are such that L, (u,a, T) defined in (5.3) is finite for any
T >0, f € F,NF,,,and theimproper integral

T
Tlim Ly(u,a, 1)'[ fdi (5.5)

is finite, whenever f is oscillatory.
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(He(a)) a€R, yeT,(a), f € F,Nn L, g€ Lisnonnegative such that
1 (t=s)
L.(g,aT):= lim f e o(s)ds 5.6
Y(g ) ‘ +oo}/(i‘) T g( ) ( )

is finite for every T > 0, and the improper integral limr . ,L,(g, a, 1)j0T fdAis finite,
whenever f is oscillatory.

The extended form of Theorem 3.1 is as follows.

Theorem 5.5. Assume (Hy). Then the following results hold.
(a) The following three statements are equivalent.

(a1) The limit

t
L (e = Jim o [ ft=s)aucs) 57)
is finite.
(ap) For some T > O the limit
. 1
tgrpwmjm_ﬂﬂt— $)dp(s) (53)

is finite.
(a3) The values
lim infLJ‘ f(t—s)du(s), fora fixed Ty >0,
[Ty,t-T1)

t—+oo Y(t) (59)

lim supij f(t—s)du(s), fora fixed T, >0,
Y®) ) 1,01

t—+oo

are finite, moreover

. .. 1 1
1 1 f— -s)d = 1 i — -
Ti@w( %r_r}:g Y(t)J’[T,tT)f(t 9 #(S)) Tlingoo <htnliip}f(t) .[[T,tT)f(t S)d#(s)>.
(5.10)

(b) Assume that one of the statements (a1)—(az) is true. Then the limit (5.8) is finite for any
T > 0and

Ly(Fedp) = () | eauts) + 15w+ Lna D [ 7 (5.11)
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where

0 T
Ly(f)f e du(s) := lim LY(f)J e du(s),
0 T—+o0 0 (5 12)

e’} T
Ly(y,a,l)f f= Tlim Ly(,u,a,l)f f
0 -t 0

and 1, (f, u), defined in (3.8), are finite.

The extensions of Theorems 3.3 and 3.4 are similar and are left to the reader.

6. Power-type weight function and the role of the middle term

The introduction of our middle term was motivated by two independent papers [2, 4].
In both papers power-type estimations have been proved for the solutions of functional
differential equations and of the wave equations with boundary condition, respectively. The
joint idea was to transform the original problems into a convolution-type form. By treating
the convolution form, power-type estimations were given without investigating any limit
formula.

As a consequence of Theorem 3.4, we prove the next result, and as a corollary of it we
give a power-type limit formula.

Theorem 6.1. Let y € I, and let p,q € L N Fy be positive such that the limit L,(pxq) is finite. If
feLnF,and g € LN F,, then the limit L,(f*g) is finite and

Ly(fxg) = LY(P)Lp(f)J‘O 8§+ Lp(f)Le()y(p,q) + LY(Q)Lq(g)IO f (6.1)
where

w© T
L] g = tim L)L g
‘ ” 0 6.2)

0 T
L@L@| f = lim Lt £

and Iy (p, q), defined in (3.16), are finite.

The following corollary is a generalization of Theorem 1.2 and shows the importance
of our middle term when y is a power-type function.

Corollary 6.2. Let f, g € £ and assume that the limits

a:= lim S) b:= lim & (6.3)

t=+oo fa-17 t—+oo 41
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are finite, where a, > 0 are given constants. Then

ff&—@ﬂﬂk—d£Mﬁ) 6.4

t—>+oo t““’ﬂ 1
where B : (0, 00) x (0, 00) — R is the Beta function, that is, B(a, ) = I'(a)I'(f) (I'(a + ﬁ))_1 (T is the
well-known Gamma function).

In the above limit formula, y(t) = t**/~1, t > 0, L,(f) = Ly(g) = 0 and the middle term
I, (f, &) = abB(a, ) # 0, whenever ab # 0.

7. Preliminary results

In this section we state and prove preliminary and auxiliary results. They will be used in the
proofs of our main results in the next section. N* denotes the set of the positive integers.

Proposition 7.1. Let y € I'and p € M such that L,(u, T) is finite for any T € [0, Ty] with a fixed
To>0.Then py € M.

Proof. Let T > Ty and T; € (0, Tp] such that n := T/T; € N*. Then

p(t-T,1) 1 ¢
_ = — ([t=kTy,t=(k-1T;
0 0 kz:: Lt=(k-1)T))
(7.1)
z”: p([t -k, t - (k-1)T)) y(t - (k-1Th)
a yi-(k-1T) () ’
and this yields L, (, T) = nLy(u, T1). O
Proposition 7.2. Let y € I'and pu € M,. Then the following hold.
(@) Ly(u, T) =TLy(p,1) forany T > 0.
(b) imy 4o (u({t})/y(t)) = O, where t is the only element of the set {t}.
Proof. (a) First we show that L, (y, ) is additive. In fact for T;, T, > 0 we have
p(lt—= (T + 1), 1)  p([t-Ty, 1)) wp((t-T1)-Tot-Th)) y(t-Th) (7.2)

0 Ty y(E—T) 70

for t > Ty + T>. This yields Ly(u,T1 + T2) = Ly(u, T1) + Ly(u, T2). Therefore Ly(y,-) can be
extended in a unique way to R such that it is additive. Now (a) follows since L(y, ) is
nonnegative on R,.

(b) Forany T > 0, we have

w((8) _ p(tt+T) y(t+T)
°“S0 e o 0 Y 73
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therefore
t
0 < lim sup”({(t)}) < Ly(uT) = TL, (1 1). (7.4)
t—+oo
Since T > 0 is arbitrarily chosen, statement (b) is proved. O

Proposition 7.3. Let y € T, and assume that y € M., that is, u = pA. If p € Fy, then L, (u,T) =
Ly(p)T, T >0.

Proof. y is a positive function, therefore L, (p) > 0. Thus for any ¢ € (0,1) there exists a t, > 0
such that

t
(1-e)L,(p) < % <e+Ly(p), fort>t,. (7.5)
From this it follows that
t_
(1-e)L,(p) < ’;Et - Z; <e+Ly(p), se[0T], t>t.+T. (7.6)

On the other hand there is a . > . + T such that

y(t—s)
y(t)

l-e< <l+e¢ s€[0,T], t>t, (7.7)

where we used that y € T',.

Thus
) p(t—-s)
(1-e)Ly(p) < RN
_pt=s)y(t-s) (7.8)
y(t-s) y()
<(1+e)e+Lyp), s€[0,T], t>t,
therefore

2 ("
A-ePL )T < o= [ ple-)ds

1 t
= 7.9
y(t) J‘t—Tde\ 72

— I’[([t - Trt))

e <(I+e)(e+Ly(p)T, t>t,

c-
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From this it follows

. . /’l([t - T/ t))
(1- g)zLY(p)T < lg}jng

. u([t-=T,1)) (7.10)
SEmsP™m

<1 +e)(e+Ly(p)T

for any fixed € € (0, 1). This completes the proof as £ — 0+. O

Definition 7.4. For any x > 0 and B € B, let £x(B) be defined by

1, ifxeB
e(B) =] HXED (7.11)
0, if x¢B.

It is clear that for any fixed x > 0, &, is a measure on B (the unit mass at x), and €, € M.

Proposition 7.5. Let (t,);.; be a given sequence in R, such that

6= inf (Fy1 — tn) > 0, (7.12)
neN*

and let (a,);.q be a sequence of nonnegative numbers. Suppose y € I

(a) If the measure p = 37 an€;, belongs to My, then limy, o (ay/y(ty)) = 0 and
Ly(u,T)=0, T>0.

(b) If y € Ty and limy, oo (@ /Y (tn)) = O, then p € M.

Proof. 1t is clear that y € M.
(a) Let T € (0, 6) be fixed. Since u([t, — To,t,)) = 0 for every n =2,3,..., we have

.u([tn - TO/ tn)) _

lim =0, (7.13)

n— +0o Y(tn)

and hence Ly (u, To) = 0. This and statement (a) of Proposition 7.2 imply that L, (x,T) =0, T >
0. Therefore

bty + T
0=Ly(u,To) = lim pltn tn + To))
ay . ay () '

= lim ———— = lim _
n—toy(ty + To) n—+oy(ty) y(t, +To)

But limy, _, o, (Y (t4) /y(tn + Tp)) = 1, and hence statement (a) is proved.
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(b) Lete >0and 0 < T < & be fixed. Then

a, .
t—T,t N ifte tnltn+T/
plt-1Th) y(£) ( ] (7.15)
y() 0, ifte (ty+T, tpi]
for n > 2. Thus
Y ()
an an Y(tn)  an y(t—064(t)) (7.16)
= = , te(t,t,+T], 6,(t) € (0,6
<1YO T O T y0 (o T ont) € 0,0)
0, te (ty+T,th1]
forn>2.Buty el',, lim,_ o (an/y(ty)) =0and t, — + oo, therefore
o u([t-Tt))
Ly(wT) = lim O 0. (7.17)
The proof is complete. O

Definition 7.6. Let T > 0 be fixed.

(a) Br denotes the o-algebra of the Borel sets of [0, T].

(b) Mt denotes the set of the finite measures on Br.

(c) A topology defined on Mt is said to be the weak topology on M7, if it is the
weakest one which makes the mapping

T
v — f fdv, ve Mr, (7.18)
0

continuous for all continuous f : [0,T] = R.

Definition 7.7. For a fixed T > 0 and t > T, define the shift operator
Sty [t-T,t] — [0,T], Sti(s) :=t—s. (7.19)
Let y € M. For B € Br
Sta(u)(B) = u(S7H(B)). (7.20)

Proposition 7.8. Let y €I, yu € My, and T > O be fixed. Then

lim L

A o) = v (7.21)

where the convergence is in the weak topology of Mr .
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Proof. We should prove that for any fixed continuous function f : [0,T] — R, we have

. 1 T T
t Llr?w@fo fASry(p) = L fdl,. (7.22)

For any A C [0, T], the function y4 : [0,T] — R denotes the characteristic function of A.
Let

k
p:[0,T] —R, p=cixpon + Zcix(tifl,ti]l (7.23)
i

where k e N*, 0=ty <---<txy=T,and ¢ €R (i=1,...,k).

Then from the statement (b) of Proposition 7.2, it follows

T k
tETw}%J‘OPdST't(F) lim L0 <C1‘ST,t (W([0,t]) + ZciST,t(,u)((t,-l,ti])>

i=2

k
t1—>+ooy(i’) <C1‘l/l([ — b)) + ;Ci#([t — b, t - ti—l))>

_ p(t) & fut=t0)  p(lt =t 1)
1135&»( 0) *g}“( y(®) Y(® )>

k

Z Ay u((tica, t )—J‘Pd)‘w

i=1

(7.24)

It is known that for a fixed continuous function f : [0, T] — R, there exists a sequence of step
functions (p,) such that it converges to f uniformly on [0, T]. Thus for arbitrarily fixed € > 0,
there is an index ny € N* such that

lpu () = f()| <e, te[0,T]. (7.25)

In that case

)%J‘Zf dSr(u) - JZf Adyu

T
s fo P — fldAy

1 T T
D) L ProdSti(p) — IO Proddy

1 T
Y - nod )
Y(t).[ov ProldSTa(1) + (7.26)

eSti(w)([0,T]) | 1 (T r
- -7 J— nod, — nod)u,
D) +|Y(t),[op Ste) jop r

ey, ([0,T]) +€) +e+e)y,([0,T])

+€,,([0,T])



22 Journal of Inequalities and Applications

for all t large enough. Here we used the conclusion of the first part of our proof and statement
(b) of Proposition 7.2. Since ¢ > 0 is fixed but arbitrary, the proof is complete. O

Corollary 7.9. Let y € ' and p € M.
a) If f : R, =R is Borel measurable and Riemann integrable on any interval [0,T], T > 0,
then f € Fy .
b) If Ay, =0and f € Fy, then f € Fy .
(c) Letpe M., p=p\.Ifyel,, peFyand f € £ then f € Fy,.
Proof. From Proposition 7.8, it follows (see, e.g., [12]) that if f € F, is A, -a.e. continuous,

then f € F, . From this we get statements (a) and (b).
(c) Let T > 0 and ¢ > 0 be fixed. Since p € F,, there is a t, > 0 such that

o) _
|y(t> Ly(p)

<g, t>t, (7.27)

and hence

p(t—s)
y(t-s)

~Ly(p)|<e, s€[0,T], t>T+to. (7.28)

Since y € I',, thereis a t; >ty + T such that

y(t-s)
B 1|<g, s€[0,T], t>t. (7.29)
Thus
plt—s) p(t - y(t- ~
'f(s)( o0 LY(P))‘ £(s >|‘ A)\ (t) L1FO) Y(p)‘ o 1|
<|f( s)|(s(1+5)+€LY(p)), se[0,T], t>t.
(7.30)

From the general transformation theorem for integrals (see, e.g., [12]) and from the
translation invariance of the Lebesgue measure A, we get: for any B € Brand t > T,

S14(1)(B) = u(S73(B)) = J )pdlzJ‘BpoST}tdST,t(J\)= IBp(t—s)ds. (7.31)
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But Proposition 7.3 shows that 4 € #, and \,, = Ly(p)\. So

[P -

<(e(l+e)+ ELy(P))IO fldA.

fdeTt(ﬂ) J‘fdf\w

‘ v (7.32)

Since € > 0 is arbitrary, this completes the proof. O

Proposition 7.10. Let y : R, — (0,00), u € M, and assume that f € F, is not oscillatory on R,.
Then the following mappings have limits in R, := RU {—o0, 00} as T — + co:

0<T — limsup——

t—+o0 (t) [Tt- Tf(t—s)d‘u(s) eR,,

(7.33)
0<T— liminf— @ )I f(t—s)du(s) € Re.

t—+o0 Y

Proof. Let f be nonnegative on [ty, o0), where t, is large enough. Then for ty < T; < T, and
t € (2T2, ) N Dy, we get

1
WI[Tl,t—Tl)f(t ~9)duls) = (t)f T, T2 S)Ap(s)

! 1
’ WJ‘[Tz,f—Tz)f(t B S)d‘u(S) T mf[Tz,t—Tz)f(t B S)d‘u(S)

1 1
" mf[t_nlt_mf (t=s)du(s) > W—[[m-m f(t—s)du(s).
(7.34)

Thus the above-defined mappings are decreasing, and hence their limits exist in R, as T —
+o0. When f is eventually nonpositive, then the above procedure can be applied for —f. The
proof is complete. O

In the next two results, we give explicit formulas for the limit inferior and limit
superior of the weighted convolution of f and y at +oo.

Theorem 7.11. Assume (H). Then the following results hold.
(a) The following two statements are equivalent.

(a1) The limit inferior

1
L (fxdp) = l}rll:gfmj‘o f(t=s)dpu(s) (7.35)

is finite.
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(ap) Forsome T > 0, the limit inferior

lim 1an<t) f f(t —s5)du(s) (7.36)

t—+oo

is finite.

(b) If the limit inferior (7.36) is finite for a fixed T > O, then it is finite for any T > 0 and

Ly (Frdp) = Ly ((10,600) + 1)+ Ly ), 737)
where
I (f W) = hm <1}riljgfy t)J - T)f(t —s)du( s)> (7.38)

L, (f)u([0,0)) and Ly(u, 1)j8°f (they are defined in (3.7) and (3.9), resp.) are finite.

Proof. Let T > 0 be fixed. Then for any ¢ > 2T, and t € Dy, we get

t
5] Fe=odute

(7.39)
1 1 1
) 9w [ s+ Tl pe-saus).
First we show that
tim [ (= )duts) = L (Hp(101)). (7.40)
t—+0y(t) ) (o) ! ’
In fact fort > T and s € [0,T), we have
flt=s) flt- y(t=s) | |r(t=s) _
oL [Ee L[S R L ey
Buty €Iy, f € Fy, therefore for ¢ > 0 there exists ¢y > 0 such that
|Y(t;S) -1l <eg, s€]0,T], t>t,
r®) (7.42)

f) <g, t>t.

‘f ®)
Yt
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Thus (7.41) yields

- Ly(f)

'f(;‘(;)s) <e(l+e)+elly(f)l, se[0,T], t>tg+T, (7.43)

and hence

‘ﬁfmf(t — s)dp(s) - Ly<f>fm)1dﬂ\

< J’ f(t-5s) _ Ly(f)‘d‘u(s) Se(l+e+|Ly(f))u([0,T)), t>ty+T, t € Dy,
onl y®)
(7.44)
which implies (7.40).
Since f € Fy,, we have
1 t T
tETme‘t_Tf(t —-s)du(s) = fo fd, . (7.45)

Assume that (ap) holds. Then (7.39), (7.40), and (7.45) imply (a;). On the other hand, from
(7.39), (7.40), and (7.45) we get that (a;) yields (a2), and hence statement (a) is proved. This
also verifies the first part of statement (b).

Now we prove the second part of statement (b). Assume that (7.36) is finite for any
T > 0. Then (7.39) yields

o1
llmglfmjof(f —5)du(s) (7.46)
T .
=L,(f)u([0,T)) + litrginff f(t—s)du(s) + I fdr,, T>0.
© J[Tt-T) 0

Now assume that f is not oscillatory. Then there exists ¢y > 0 such that either f(t) > 0 for
every t > tgor f(t) <0 for every t > ty. We consider the case when f(t) > 0 for t > ¢y, the other
case can be handled similarly.

All the three terms on the right-hand side of (7.46) have limit as T — oo in R, := R U
{00, 00}. In fact

lim L (f)u([0,T)) = L, (HA((0, ) € [0, 0], (747)

and by Proposition 7.10, we get

lim <lim infij[TtT)f(t - s)d‘u(s)> € [0, 0], (7.48)

T—+o0 t— oo Y(t)
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moreover

T to T
lim J fd)uw = fd)LW + Tlim I fd)uw € (-0, c0]. (7.49)
0 0 —to) b

T—+o0

Now the second part of (b) is proved, since the left-hand side of (7.46) is finite and
independent on T.

Now assume that f is oscillatory on R, and as we assumed limTHWDIOT fdi,, is finite.
In that case L, (f) = 0, and hence

lim L ()u([0,T)) = 0. (7.50)

Thus by using similar arguments to those we used above, statement (b) is proved again. [

Theorem 7.12. Assume (H). Then the following results hold.
(a) The following two statements are equivalent.

(a1) The limit superior

_ t
Ly (f*dp) := lim sup%fof(t - s)du(s) (7.51)

t—+oo

is finite.

(az) For some T > O the limit superior

. 1
lim supmJ‘[Tlt_T)f(t - 5)du(s) (7.52)

t—+oo
is finite .

(b) If the limit superior (7.52) is finite for a fixed T > 0, then it is finite for any T > 0 and

Ly (Fodp) = Ly (([0,0) + 1,010 + Ly G ) s (7.53)
where

- . . 1

L (fp) = Jim <hﬂiipmfg,t_nf“ -S)dp(s)), (7.54)

Ly (f)u([0,00)) and Ly (u, 1) [ f (they are defined in (3.7) and (3.9), resp.) are finite.

Proof. Its proof is similar to the proof of Theorem 7.11, therefore it is omitted. O
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Theorem 7.13. Let y € I'y, f,g € £NFy, and assume that

(i) the improper integral

®© T
L@ £ tim L) f (7.55)

is finite, whenever f is oscillatory and g is not oscillatory,

(ii) the improper integral
o T
L(p[ ge= tim 1) ¢ (7.56)

is finite, whenever f is not oscillatory and g is oscillatory.

Then the following results hold.
(a) The following two statements are equivalent.

(a1) The limit inferior

o1 (T
Ly(f*g) = hp—l’glfm,[of(t -5)g(s)ds (7.57)
is finite.
(ap) For some T > O the limit inferior
1 t-T
liminf— f(t-s)g(s)ds (7.58)

t—oo y(t) ) o
is finite.

(b) If the limit inferior (7.58) is finite for a fixed T > O, then it is finite for any T > 0 and

L) =L [ s+l o+ L@ £ (759)
where
1 t-T
(7,8 = Jim (tmints [ f( g()d(s)), (7.60)

Ly(f)fy gand Ly(g)[; f (they are defined in Theorem 3.3) are finite.
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Proof. Let T > 0 be fixed. Then for each t > 2T and t € Dy.¢, we have

t
%fof(t ~)g(s)ds

LT | T w (7.61)
= mjof(t -5)g(s)ds + WJ‘T f(t-s)g(s)ds + mjt_Tf(t —-5)g(s)ds.
The proof of (7.40) can easily be modified to show that
g (T T
tllrgmfof(t -5)g(s)ds = LY(f)J‘0 g (7.62)
Since
t T
f(t-s)g(s)ds = J f(s)g(t—s)ds, t>2T, t € Dy, (7.63)
=T 0
it follows from (7.62) that
o1 T
tlggmj‘tqf(t -5)g(s)ds = LY(g)J‘0 f. (7.64)

By using (7.61), (7.62), and (7.64) instead of (7.39), (7.40), and (7.45), the argument employed
in the proof of Theorem 7.11(a) and the first part of (b) extends to give (a) and the first part
of (b).

Consider now the proof of (7.59). Suppose that (7.58) is finite for every T > 0. By (7.61),

T 1 T T
Ly(f*g) = LY(f)ng + llmglfmJT f(t-s)g(s)ds + LY(g)IOf (7.65)

for each T > 0. We separate the proof into four steps.
(h) Suppose first that f and g are oscillatory. Then L,(f) = L,(g) = 0, hence (7.65)
implies that

T
Lr(f*g) = litnlg&}% . f(t-s)g(s)ds, T>0. (7.66)

It now follows that [ (f, g) is finite and

L (fxg) =L(f.8) (7.67)
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(j) Suppose next that exactly one of the functions f and g is oscillatory. Without loss of
generality, we can assume that f is oscillatory and g is not oscillatory. Then L, (f) = 0, hence
(7.65) shows that

1 (T T
Ly(f*g) = litrggfme f(t-s)g(s)ds + LY(g)J‘Of, T > 0. (7.68)

By (i), 1 (f, &) is finite and
L(f9) =1, (£.9)+ (o) f 7.69)

(k) Suppose that there is Tp > 0 such that f(f) > 0 and g(t) > O for every ¢t > Tj. Then it
follows from Ly (f) > 0 and

T To T
L[ s=00f g+L0[ 5 157 770)
that
T
Jim L7 g€ (on,o0). 7.71)

A similar argument gives that

T
Tlim Ly(g)f f € (-0, 00]. (7.72)
— 00 0
Since
liminf—f f(t-s)g(s)ds >0, T>T,, (7.73)
t—oo y(t) ) 7
we have
1 =T
. S 3 > 0. .
thllcEf(htrggfy(t) . ft s)g(s)ds) >0 (7.74)

Using (7.65), we deduce from (7.71), (7.72), and (7.74) that the limits in (7.71) and (7.72) are
finite, and therefore ZY (f, g) exists and is finite. This gives (7.59). If f(t) < 0 and g(t) < O for
every t > Ty, then a similar proof can be applied.

(1) Suppose finally that there is Ty > 0 such that f(t) > 0 and g(t) < 0 for every ¢t > T, or
f(t) <0and g(t) > 0 for every t > Tj. This case follows by an argument entirely similar to that
for the case (k). Here the limits (7.71) and (7.72) are in [-o0, o0), and (7.74) is nonpositive. [
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Theorem 7.14. Under the hypotheses of Theorem 7.13 the following results hold.
(a) The following two statements are equivalent.

(a1) The limit superior
L y(f*g) = hm sup (t)f f(t-s)g(s)ds (7.75)
is finite.
(az) For some T > 0, the limit superior

t-T

limsup— f(t-s)g(s)ds (7.76)

t—oo (t)
is finite.

(b) If the limit superior (7.76) is finite for a fixed T > 0, then it is finite for any T > 0 and

L,(f+) = L,(f) f g+ 1, (f,9) + Ly(g) j f, @.77)
0 0
where
1 t-T
h(7,g) = Jim (timsup—t| - f-9)g(a)d(s) ) (7.78)

Ly(f)[; g and Ly(g) [y f (they are defined in Theorem 3.3) are finite.

Proof. The proof is similar to the proof of the previous theorem, therefore it is omitted. O

8. The proofs of the main results
In this section, we give the proofs of the results stated in Sections 3-6.

Proof of Theorem 3.1. A similar argument employed in the proof of Theorem 7.11 gives the
equivalence of (a;) and (az), and part (b). It is clear from (ap) and (b) that (ap) implies (a3).
If (a3) holds, then by Theorems 7.11 and 7.12, the values of L . (f*dp) and fy( f*dp) are finite.
Since ly(f,‘u) = Zy(f,,u), it follows from (7.37) and (7.53) that Ly(f*d‘u) = fy(f*d‘u). This
shows that (a3) yields (a). O

Proof of Theorem 3.3. This is an immediate consequence of Theorem 3.1. O

Proof of Theorem 3.4. The argument of Theorem 7.13 can easily be generalized to prove the
equivalence of (a;) and (ay), and part (b). (a;) and (b) imply (as). If (a3) holds, then we can
apply Theorems 7.13 and 7.14. It now follows from (7.59) and (7.77) that LY (f*g) = ZY( f*g),
and therefore (a;) is satisfied. O
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Proof of Theorem 1.1. First we suppose that g is nonnegative. It follows from g € £! that

t

lim g=0 (8.1)

t— o0 T

for every T > 0. We can see that the hypothesis (H,) is satisfied with y : Ry — (0, 00), y(f) =1,
and Ly(g,1) = 0. This shows that Theorem 3.3 can be applied. Consider now the proof that
(a3) holds, and I, (f, g) = 0. There exists ty > 0 such that

[f(O)] <|f(0)|+1, t>t. (8.2)
This implies that
=T =T
f |f(t—s)|g(s)ds < (|f(o0)|+1) 8 T >ty t>2T, t € Dy.g, (8.3)
T T
hence
t-T s
limsup |[f(t—s)|g(s)ds < (|f(o0)| + 1)f g T>t, (8.4)
t— oo T T
and therefore, by g € £1,
=T
Tlim (hm sup |f(t- s)|g(s)d5> =0. (8.5)
—® t—oo T
Since
t-T =T
—lim sup |f(t—s)|g(s)ds < litm inf| f(t-s)g(s)ds
t— oo T —® T
=T
<limsup| f(t-s)g(s)ds (8.6)
t— oo T
=T
< limsup |f(t—s)|g(s)ds,
t— oo T

it follows from (8.5) that (a3) is true, and [, (f, &) = 0. Now (3.15) gives the result.
In the general case, the preceding can be applied to both ¢g* and g™. O

Proof of Theorem 4.3. y is a subexponential function, and therefore y € I, and
Ly(y*y) = ZI Y- (8.7)
0

Theorem 3.4 may now be applied with f = ¢ :=y,and I, (y,y) = 0 is obtained. Thus the result
follows from Theorem 6.1 withp = g := . O
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Proof of Theorem 4.5. Suppose that H is subexponential. Then H is long-tailed as is well
known (details can be found in [11]), and thus H € I',,. The distribution function H generates
a distribution uy € M. Since

pa(t-T,H) H@MH-HE-T)_ _  HE-T)

— — ~ ) T>0,t>T, (8.8)
H(t) H(t) H(t)

we can see that L7 (pup, T) = 0 for every T > 0, and therefore y € M. It follows that the
hypothesis (H) is satisfied with y = f := H and y := pg. This shows that Theorem 3.1 can
be applied. Since H is subexponential, the equivalence of (a;) and (az) implies (4.9), and
(3.6) gives (4.10). We have proved that (b) comes from (a). On the other hand, (c) obviously
follows from (b).

By the equivalence of (a3) and (a;) in Theorem 3.1, (c) implies (a). O

Proof of Theorem 4.6. H is long-tailed, hence H € T,,. The distribution function G characterizes
a distribution pug € M. Then

Ho([t-T, 1) G(t)-G(t-T)
H() H()

G(t) G(Et-T)H(t-T (69)
=__() +_( il (__ ), T>0 t>T,
H@{) H@E-T) H(t)
giving
. pe([t-T, 1)) = =
lim ———= =-L7(G) + Lx(G) =0, T>0, (8.10)
t— oo H(t) H H
and therefore ug € My and Li7(ug, T) =0, T > 0.
It follows that the condition (H) is satisfied with y := H, p := uc and f := F.
According to Theorem 3.1(a3) and (3.6), we now have
1 (= —
lim —— | F(t-s)dG(s) = Lz(F). (8.11)
= (1)) o "
Applying this and taking into account Proposition 7.2(b), the result follows, since
t _ t
_L<1 -f F(t—s)dG(s)) _1-6y 1 J F(t - )dG(s)
H(t) 0 H(t) H(t)J)o (8.12)
_ , - .
_SO _peltt) | 1 J F(t—s)dG(s), t>0.
H(t) H{) H()Jo
O

Proof of Theorem 5.5. By the correspondence between hypotheses (H) and (H(a)), Theo-
rem 3.1 implies the result. O
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Proof of Theorem 6.1. By Theorem 3.4, we deduce that
Ly(pxq) = LY(p)J‘ q+L(p.q) +Ly(q)| - (8.13)
0 0

Let e > 0. Since f € F, and g € F,;, we can find t, > 0 such that

f®) gt)

Li()La(g) ~e < prs o

<L(f)Ly(g) +&, t>t, (8.14)

and therefore also

f(t=s) g(t)
p(t—s) q(0)

Ly(f)Ly(g) —€ < <L,(f)Ly(g)+¢, s€[Tt-T], T>ty, t>2T.  (8.15)

This implies that

1 t-T
(Lo()Ly(8) - ‘E)WL Pt - $)q(s)ds

<), FE-oseds

(T =s) gs)
®) f r plt-s)qs)”

(8.16)

-5)q(s)ds
1 (T
< (Lp(f)Ly(g) + 5)WJT p(t—s)q(s)ds, T >ty t>2T.

Equation (8.13) shows that I, (p, q) is finite, hence the definition of I, (p,q) and the previous
inequality give

1 (+T
(Lp(f)L4(g) — &)y (p,q) < l%igf(litrrlglfmj; f(t- s)g(s)ds>

, , 1 (T ~ (8.17)
= h?fipol?f;*p mf A (S)ds>
< (Lp(f)Lg(g) + )y (p. q),
and therefore
L (AL pq) = Jim (timint— | - S)g(s)ds )
(8.18)

=T
= Tl_@(hm sup—— ft- s)g(s)ds).

t— oo ( )
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The result now follows from Theorem 3.4 (see Theorem 3.3(a3)) by applying

L,(f) = lim L PO _

) Y L,(f)Ly(p) (8.19)

and L,(g) = Ls(g)Ly(q). O
Proof of Corollary 6.2. 1f

Pl if >0
'R 0,0), t) = ! ! 8.20
yiR —(O%), () {1/ ioo (8.20)
theny €I',. Letp,q : R — (0, o0) be defined by
v, if £>0, 1, if £>0,
t) = t) = 8.21
p(t) {1, ift=0, 9() {1, if t=0. (8.21)

Then Ly(p) = L,(q) = 0, and therefore p,q € £N F,. By (6.3) and Theorem 6.1, it is enough to
prove

t

lim — t—s)q(s)ds = B(a, p), 8.22

Jim 5 | pt=9)q(5)ds = Bla,p) (5.22)
which comes from the definition of the Beta function. O
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