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In this paper we considered an general integral operator and three classes of univalent functions for
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interesting particullar results are presented.

Copyright © 2008 D. Breaz and H. Ozlem Giiney. This is an open access article distributed under

the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

1. Introduction

Let unit disk and let &/ denote the class of functions f of the form
f(z)=z+a@mz*+az3z°+--- (z€N), (1.1)

which are analytic in the open disk # and satisfy the conditions f(0) = f'(0) — 1 = 0. Consider
S ={f € #: f are univalent functions in }.
Let 4, be the subclass of & consisting of functions of the form

f(z) = z+§:akzk. (1.2)
k=3

Let T be the univalent subclass of &/ which satisfies

2f(z)

-1
(f(2)

<1l (zeN). (1.3)
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Let T, be the subclass of T for which f”(0) = 0. Let T, , be the subclass of T; consisting
of functions of the form (1.2) which satisfy
sz’ (Z)
(f(2))’

for some p (0 < u < 1), and let us denote T, 1 = T,. Furthermore, for some real p with 0 <p <2
we define a subclass S(p) of <4 consisting of all functions f(z) which satisfy

1‘ <u (zeM) (1.4)

= n
(e e
In [1], Singh has shown that if f(z) € S(p), then f(z) satisfies
ZZfI(Z) 5
-1 <plz|© (zeU). (1.6)
(f=)°

Ahlfors [2] and Becker [3] had obtained the following univalence criterion.

2

Theorem 1.1. Let ¢ be a complex number, |c| <1, ¢ # —1.If f(z) = z + az” + --- is a reqular

function in U and
= ”(Z)
f'(2)

forall z € U, then the function f is regular and univalent in U.

clz* + (1-z%) <1 (1.7)

In [4], Pescar had obtained the following theorem.

Theorem 1.2 (see [4]). Let p be a complex number, Re p > 0, ¢ a complex number, |c| <1, ¢ # -1,
and h(z) = z + ayz* + - - - a reqular function in U. If

hII
oz + (1 - |z) Zh((;) < (1.8)
forall z € U, then the function
z 1/p
Fp(z) = [ﬁf tﬂ‘lh'(t)dt] =z+-- (1.9)
0

is regqular and univalent in U.

Lemma 1.3 (the general Schwarz lemma [5]). Let the function f(z) be reqular in the disk Ur =
{z € C;|z| < R}, with |f(z)| < M for fixed M. If f(z) has one zero with multiplicity order bigger than
m for z = 0, then

M m
|f(2)] < R—m|Z| , z€Ug. (1.10)

The equality can hold only if f(z) = e (M/R™)z™, where 0 is constant.
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In [6], Seenivasagan and Breaz consider for f; € A (i =1,2,...,n) and ay, ay,...,a,, p €
C, the integral operator

z n . 1/ai 1/p
Fay ity (2) = {ﬁ_[) tﬂ*H(@) dt} : (1.11)
i=1

When a; = aforalli = 1,2,...,n, Fy u,..a,p(z) becomes the integral operator F,(z)
considered in [7].

2. Main results

Theorem 2.1. Let M > 1, let the functions f; € S(p), for i € {1,...,n}, satisfy the condition (1.6),
let at;, P be complex numbers, let Re > > (1 + p)M + 1) /|ai]), and let ¢ be a complex number.

If

(1+p)M+1

Z i

|fl(z)| SM/

(2.1)

forall z € U, then the functions Fy, a,.. a,p defined in (1.11) are in the class S.

Proof. Define a function

h(z) = Lzli[(@)l/mdt, (2.2)

then we have h(0) = K'(0) — 1 = 0. Also, a simple computation yields

v -T1(22)"™,

i=1

h'(2) fiz) 23
= " ~ n z z
W(z) 2‘ < fi(z) >
From (2.3), we have
zh'(2)| _ & fi(z) " 2 fi(2) ]| fil2)
@ | S 2] < F@ > Zml( 2ol = 1)‘ @4

From the hypothesis, we have |fi(z)| < M (z € U,i = 1,2,...,n), then by the general
Schwarz lemma, we obtain that

|fi(2)| <Mlz| (zeU,i=1,2,...,n). (2.5)
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We apply this result in inequality (2.4), then we obtain

Lol 2f(z) )
< +1
Elcﬂ( (fi(z))?

! sz{(z)—1M+M+1
|| \ | (fi(2))?

zh"(z)
W (z)

(2.6)
= > —(pM|z" + M +1)
i=1 |
L (1+p)M+1
<
2
We have
26 2 z) 2 26 <Zf (z) >
clz|+ (1 - z|™" + (1 -
21 + (1= 12 )WH o=+ (1-121%)5 Zal 70
(2.7)
c Zfi(z)| | i@l
<tel+ g S (|| .
|ﬂ| | l| fi (Z) |Z|
We obtain
26 26\ zh"(2) 1I+p)M+1
cz|"+(1-|z
= (1) S <l 2
(2.8)
1 (I+p)M + 1
<ld+g
R )
So, from (2.1) we have
2p 2y 2R (2) |
clz[* + (1 -z )ﬁh’ <1. (2.9)
Applying Theorem 1.2, we obtain that Fuy,...0,,p 18 univalent. O
Theorem 2.2. Let M > 1, let the functions f; € S(p), fori € {1,...,n}, satisfy the condition (1.6),
let a, p be complex numbers, let Re p > n((1+p)M +1)/|a], and let ¢ be a complex number.
If
)M +1
<1- L MprOMeD)
Rep || (2.10)

|fi(z) | < MI
forall z € U, then the function

Fap(z) = {‘BI 1B~ 1H<fz(t >1/zx } o

is in the class S.
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Proof. In Theorem 2.1, we consider a1 =ap = -+ = a,, = a. O

Corollary 2.3. Let the functions f; € S(p), fori € {1,...,n}, satisfy the condition (1.6), let a;, f be
complex numbers, let Re p > 37", ((p + 2) /|ai]), and let ¢ be a complex number.

If

1 p+2
el <1 ReﬁZ
|fi(z)] <1,

for all z € U, then the function Fg, a,,. a,p defined in (1.11) is in the class S.

(2.12)

Proof. In Theorem 2.1, we consider M = 1. ]

Corollary 2.4. Let M > 1, let the function f € S(p) satisfy the condition (1.6), let a, p be complex
numbers, let Re p > ((1 + p)M + 1)/|a|, and let ¢ be a complex number.

If
1 M+1
<1 drpM+L
Rep || (2.13)
[f(=)] <M
forall z € U, then the function
z ¢ 1/a 1/p
Gap(z) = {pf tﬂ-1(¥> dt} (2.14)
0
is in the class S.
Proof. In Theorem 2.1, we consider n = 1. O

Corollary 2.5. Let the function f € S(p) satisfy the condition (1.6), let a, p be complex numbers, let
Rep > (p +2)/|a|, and let c be a complex number.

If
_ 1 pr2
el <1 Rep l|a| ’ (2.15)
f(@)<1
forall z € U, then the function
z 1/ 1/p
Gup(z) = { ﬁfo 1 <@> dt} (2.16)

is in the class S.

Proof. In Corollary 2.4, we consider M = 1. O
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Theorem 2.6. Let M > 1, let the functions f; € Ty, fori € {1,...,n}, satisfy the condition (1.4), let
a;, P be complex numbers, let Re p > > (((1 + pi) M + 1) /|ai|), and let ¢ be a complex number.

If

cl<1-
] Reﬁg |eti| (2.17)

forall z € U, then the function Fg, a,,. a,p defined in (1.11) is in the class S.

Proof. Define a function

h(z )—f | <f‘(t)>1/m t, (2.18)

then we have h(0) = K'(0) — 1 = 0. Also a simple computation yields

. ﬁ<@>1m,—’

i=1

e o (2.19)
zh"(z n z z
h'(z) ;‘ <fz(z) >
From (2.19), we have
Zh'(2)| & zf](z) L 22 fl(z) fia)|,
W | S 2 < 8 > Z|a1 ( EAEE ). e

From the hypothesis, we have |fi(z)| < M (z € U,i = 1,2,...,n), then by the general
Schwarz lemma, we obtain that

lfi(z)| < Mlz| (zeW,i=1,2,...,n). (2.21)

From (2.20), we obtain

zh"(z) 501 22 fl(z)
W) | S g ml( (fi(z)* M+1>
n 2 !
<> ( f(z)—l'M+M+1>
i=1 | (fl(z)> (222)
U]
S;W(MM+M+1)
L (1+p)M+1
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We have
2p 2y 2h'(2) | _ 2p 2\ 1 ¢ (Zf (Z) >
clz|"+(1-|z =|lc|lz|"+(1-|z
2+ (1= 1) | = [el= + ||>Z
. 2 (2.23)
= Iﬁl |al ff(z) B
We obtain
2p 2p\ 2h" (2) (I+u)M+1
clz|”+ (1-|z <lec
2+ (1= 1) 255 | <lel+ |ﬁ|2 ] .
1 &(1+pm)M+1 '
_|C|+Reﬁ§ |fxi|
So, from (2.17) we have
clz+ (1-|z I2ﬁ) I ) < (2.25)
Applying Theorem 1.2, we obtain that Fuy,...0,,p 18 univalent. O

Corollary 2.7. Let M > 1, let the functions f; € Ty, fori € {1,...,n}, satisfy the condition (1.4),
let a, B be complex numbers, let Re p > n((1 + p;) M + 1) /|al|, and let ¢ be a complex number.

If
1 n((1+u)M+1)

Re s || ’ (2.26)
|fitz)| <M

lc] <1 -

forall z € U, then the function

Fup(2) = {ﬁf - 11‘[<f “”)w } (227)

is in the class S.
Proof. In Theorem 2.6, we consider a; =ay =--- = a, = a. O

Corollary 2.8. Let the functions f; € Ty, fori € {1,...,n}, satisfy the condition (1.4), let a;, p be
complex numbers, let Re p > i, (ui + 2) /|ai]), and let ¢ be a complex number.

If

1 +2
d<1- - 3 H

Re ﬂl 1 |6¥1
|fi(z)| <1

forall z € U, then the function Fg, q,,. a,p defined in (1.11) is in the class S.

(2.28)
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Proof. In Theorem 2.6, we consider M = 1. O

Corollary 2.9. Let M > 1, let the function f € Ty, satisfy the condition (1.4), let a, p be complex
numbers, let Re p > ((1 + u) M + 1) /||, and let ¢ be a complex number.

If
1 I+uyM+1
“Rep o] (2.29)
|f(z)] <M

z /a 1/p
Gap(2) = {p L tﬂ—l(@y dt} (2.30)

lc] <1

for all z € U, then the function

is in the class S.
Proof. In Theorem 2.6, we consider n = 1. O

Corollary 2.10. Let the function f € Ty, satisfy the condition (1.4), let a, p be complex numbers, let
Rep > (u+2)/|a|, and let c be a complex number.

If

1 p+2
" Ref |a ’ 2.31)
|f(z)] <1

z a 1/p
Gup(z) = {p fo tﬂ—1<@>” dt} (2.32)

el <

forall z € U, then the function

is in the class S.

Proof. In Corollary 2.9, we consider M = 1. O
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