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1. Introduction

The mean function over values of a sphere and over its associated ball are very important in
the study of some mathematical-physics problems as well as in the theory of a potential and in
partial differential equations.

A representation for the mean values of a function over a sphere in R” was given by
Pizzetti [1] using polyharmonic operators.

In [2, volume II chapter IV, Section 3, page 258], using the second Green’s formula, it is
given the proof for Pizzetti’s formula and then its generalization in R".

In this paper, we define two functions which determine the properties and the
representations of the mean values of a function over a sphere and over its associated ball.

These functions are called generating functions of these two averages and using these
functions we obtain Pizzetti’s formula in R" as well as a new formula for the mean values of a
function over a ball.

There are given the expression of the remainders using an integral over a sphere.

The properties of the generating functions are established using the formality concerning
the calculus for higher order derivatives for functions of several variables.
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For this purpose we use two formulas of N. Ya. Sonin and of Dirichlet [3, page 365], [4,
page 671], respectively.

There are defined the corresponding quantities of some scalar quantities using the
differential operators V, A, A®.

This fact allows us to prove two new formulas which determine the properties of the
generating functions.

It is very important to mention that in this paper the way of deducting Pizzetti’s formula
is totally different from the way used in [3, page 73] as well as in [5, page 104].

2. General results

Let Q C R” be abounded setand f : Q — R, f € C?™1(Q).

We denote by S,(a) = {x, x € R", |[x — a| = r} the sphere of radius r, centered in a =
(aq,az,...,a,), B.(a) = {x, x € R", |x — a| < r} the ball of radius r and centered in a which is
associated to S, (a).

We will also denote by R, R = max{r = |x — a|*} for that B,(a) C Q. We define the
functions

$:[-RR] — R, ¢(r)= L ( )f(a +r(x—a))dx, (2.1)

¢:[-R,R] — R, ¢(r)= . )f(a +r(x—a))dS, (2.2)

where dx, dS; represent the volume element and area element for the unit ball B;(a) and for
the unit sphere, respectively.

The mean values M:(f) and M&(f) for f : Q — R over S,(a) C Q and over B,(a) C Q,
respectively, are given by the following expressions:

o 1
M;(f) = 15 @] L,m) f(x)dS, 0<r<R, (2.3)
ME(f) = ! j f(x)dx, 0<r<R (2.4)
r | B (a)| )5, (a) T '

where (see [6, page 22]) |S,(a)| = (2/2/T(n/2))r""! represents the area of the sphere S, (a)
and |B,(a)| = (2x"2/T(n/2))(r"/n) represents the volume of the ball B,(a), I being beta-
function.

Between the cartesian coordinates x = (x1,x2,...,x,) and spherical coordinates y =
(p,61,...,0,41) centered in a = (ay, ay, ..., a,) there are the relations

X1 =ay+psin0;sin6,---sin 6, sin 0,1 = a; + phy,
Xy =ay+psin®;sin6, ---sin6,, cos 0,1 = a; + phy,
X3 =az+psinO;sin6,---sinb,_3 cos 0,2 = az + phs,
(2.5)
Xp- = Au_p + psin 6y sin 6, cos 05 = a, + phy_o,
Xp-1 = Ap-1 + psin6; cos 0 = a,_1 + php_1,

Xy = Ay + pcos O = a, + phy,
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where
p>0, 0;,€[0,x], i=1,n-2, 6,4€][0,2x] (2.6)

The Jacobian of this punctual transform is

o(x) _

J(p,61,...,60,0) = Ty) = p" !sin™20;sin">0,sin" *0; - - - 5in O,,_5. (2.7)
The volume element dy written in spherical coordinates has the expression
dy = ](p,Ql,...,Gn_l)dpdel--~d9n_1 (28)
and the area element for S,(a) is
dSP = pn—ly* (91, ey Qn_z)deldez ce d@n_1, (29)
where
,01,...,0,-
J*(61,...,0n2) = J(p.6: 1 ) = sin™26,sin™ 30, - - - sin?6,,_5 sin 6,,_5. (2.10)
P
From (2.8) and (2.9) we have
dy = dp dSp = pn_ldp d51 (91,...,6n_1), (211)

where dS:(0y,...,0,-1) represents the area element of the unit sphere S;i(a) in spherical
coordinates.

Proposition 2.1. Between the functions ¢, ¢ : [-R, R] — R defined in (2.1) and (2.2), there is the
relation

p(r) = flu”-lwu)du, <R 2.12)
0

Proof. Using the spherical coordinates and the relations (2.9) and (2.11) we obtain the
following;:

([J(T) = f f(...,ai +Thi,...)]*<91,...,Gn_z)d91 "'den—l
A

(2.13)
=If(...,a,-+rh,-,...)dS1(91,...,6n_1),
A
1
P(r) = f J‘ f(...,ai+ruhy,.. )u"du dS;(6y,...,0,1)
) . (2.14)
= f u" ! [,[ f( ...,a;+ruhb;,. .. )dSl(Bl,. . .,9,171) du,
0 A
where A = IO,JI‘] x---x[0,a] x [0, 271'1. From (2.13) we note that
n—2‘tirmes
w(ru) = f f(...,ai+ruh;,...)dS,(01,...,0n1) (2.15)
A

and taking into account (2.14), the relation (2.12) is proved. Ol
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Concerning the dependence between the functions ¢, ¢ and the mean values M;(f),
MZE(f) of a function f over a sphere and over the associated ball, respectively, we can state the
following.

Proposition 2.2. Between the functions ¢, ¢ defined by (2.1) and (2.2), respectively, and the mean
values M{ (f), MY(f) defined by (2.3) and (2.4), there are the following relations:

nl'(n/2)

rn
ML) = ) = 5590, 0sr<k 216)
. ot _ nI'(n/2)
M) = 5 i) PO = g ¥ OSTER @17)

Proof. For 0 < r < R, from (2.14) makingthe substitution ur = p and taking into account (2.4)
we obtain

1 r
br) = pn—lU Fooeyait phiy...)dSy (61, ..., 6ur) | dp
0 A
2.18
- %] e 2 M) o
) nl(n/2) "
and so, (2.16) is proved.
Using the spherical coordinates, we have
M) = | fx
|S( | Sr(x0)
=— ce,ai+rhi,...)dS;(61,...,0,-
|5(a ff( ai +rhi,...)dS, (61 1) (2.19)
(1,+T'h1, dS] 91, ~/9n—1 .
- il dsi( )
Taking into account (2.13) we have
rl I'(n/2)
M - = 2.20
ek Isr(a)IW) 2oz ¥ (220)

which is (2.17).

The relations (2.16) and (2.17) show that for 0 < r < R, the functions ¢, ¢ : [-R, R] — R,
determine the properties of the mean values MY(f) and M:(f) and permit the calculus of these
two quantities. [

These relations justify the introduction of the following.

Definition 2.3. The functions ¢, ¢ : [-R, R] — R defined by (2.1) and (2.2) are called generating
functions for the mean values MY(f) and M3(f) of a function f : Q — Rover the ball B,(a) C Q
and over the sphere S,(a) C Q, respectively. Particularly, if f > 0 on Q C R", then this function
can be considered as the mass density on S,(a) and on B, (a), respectively.
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Consequently, taking into account (2.3) and (2.17), the total mass m; of the sphere S, (a)
is given by the expression

ms = J‘ f(x)dS = |S,(a)|MS(f) =r"'g(r), 0<r<R (2.21)
Sr(a)

In this case, M;(f) represents the mean value of the mass density on S,(a). Similarly, from
(2.4) and (2.16) we have the following expression for the total mass on B,(a):

mb = f(x)dx = |B,(a)|ME(f) =r"¢(r), O0<r<R. (2.22)
B:(a)

The expressions (2.21) and (2.22) prove that the generating functions ¢ and ¢, when
f >0and 0 < r < R, have a mechanical meaning, allowing the calculus of the mass for S,(a)
and for B, (a) with the density p(x) = f(x), x € Q CR".

Next, for the study of the properties of the generating functions ¢ and ¢, we will use M.
Ya. Sonin Formula.

Let m; € R, i = 1,1 be real numbers and k € Ng. Then (see [3, page 365], [4, page 671])
we have Sonin formula

S= (myxi +--- + mnxn)deaq odxy,
B1(0)
w2 N(k+1/2) ) ,>k'

=Jr m<m1+---+m

(2.23)

Denoting m = (my, my, ..., m,) € R* and “( )” the scalar product, (2.23) becomes

_ I'(k+1/2)
_ % _ _(n-1)/2
° Bl(o><m'x> " I(n/2+k+1)

(m,m)¥. (2.24)
We mention that this result can be justified (see [3, page 365]) on the basis of Dirichlet
formula

T 1/2)---T'(pu,+1/2
D = x%“l---xi”"dxy--dxn: (‘I/ll'f‘ /) (‘I/l + /)

, 2.25
B1(0) r(n/2+k+1) ( )

whereptieNo,izl,_nandk:y1+---+yn.
Using p = (u1 + -+ - + pn) € N}, where |y| = p1 + -+ - + p, = k, Dirichlet formula becomes

D = xz"dx:F<#1+1/2)"'F(#n+1/2>.

2.26
B1(0) I'(n/2+k+1) ( )

Making the substitutions u; = x; — a;, i = 1,1 and using J(ui,...,Uy,) = 0(x)/0(u) = 1 the
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Jacobian of the transform, we have

_ ['(k+1/2) k
S = m,x —a 2kdx:J m,x Ky = gpn /2= 7 L2 m, m)", 2.27
L mexmataxs | n) Farkenmmt @)

T(pr +1/2) - -T(pn +1/2)
D = x—a)*dx = f xX*tdx = , 2.28
Bl(a)( ) B1(0) F(T’l/2+k+1) ( )

where Bj (a) represents the unit ball centered in a € R".
Let us consider the integrals
S* = f (m,x - a)*ds,, D*= f (x - a)*dS;, (2.29)
Si(a) Si(a)

where S;(a) is the unit sphere, centered in a € R".

Proposition 2.4. Between the pairs of integrals (S*,S) and (D*, D), there are the following relations:

2Lk +1/2)

k
F(k+n/2)<m'm> , (2.30)

S* = (2k +n)S = 27"

T(p1 +1/2) - T(pn +1/2)

D* =(2k+n)D =2 Tk +1/2) (2.31)
Proof. Using the spherical coordinates (2.5), we have
x—a=h=(h1,hz,...,hn). (2.32)
Taking into account (2.11), Sonin’s integral (2.27) becomes
S = j (m,x —a)*dx
Bi(a)
1
= j f (m,ph)ka”_ldp dS,(6s,...,6,1)
0 1A (2.33)
_ 2k
= ok + njA<m,h> dSl(Bl,. . .,Gn_l)
_ 1 _\2
" nj51(a)<m,x a)=ds,
where A = IO,W] x -+ x [0,0] x [0,20r]. We obtain
nYZ
S* = f (m,x - a)2kd51
Si(a)
= (2k+n)S
2.34)
~ T(k+1/2) 1) L (
=@k e T )

_ S T(k+1/2) (172

k
ez
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Using the same procedure, Dirichlet’s integral (2.28) becomes

D= (x — a)*dx
Bi(a)

1
=f f (m, ph)*p"1dp dS; (64, ...,0,-1)
0/A

(2.35)
— ; 2u
= 2k+nLh dS,(6s,...,6,1)
- f (x — a)*dS
2k +1)s, () v
Hence
D* = f (x —a)*dS,
Si(a)
= (2k +n)D
r 1/2) - T(pp+1/2 (2.36)
_ ok ¢y 1+ 1/2) - T 1/2)
I'k+n/2+1)
B 21"(‘u1 +1/2) - T(pa+1/2)
B I'(n/2+k) '
So the proposition is proved. O

Next, using the formulas concerning the calculus of the higher order differential for
functions of several variables, we will define the correspondings for some scalar quantities
which appear in the expressions of S and 5%, respectively (2.27) and (2.29).

The corresponding scalar quantities are defined using some differential operators, this
fact leads us to new expressions similar to (2.24) and (2.30).

On the basis of these formulas, we will establish the properties of the generating
functions ¢ and ¢ and of the mean values M:(f) and MY(f).

Let f € CP(Q) with Bi(a) C Q and 2k < p. We will define the following correspondings:

1)

m =(m1,...,mn)—>Vf(a)=<aixl,...,aixn>f(a), (2.37)

where V = (0/0x4,...,0/0x,) represents the operator “nabla”;
(2)

im? = (m,m) — (V,V)f(a) = Af(a), (2.38)

where |- | represents the norm of a vector and A = (V, V) = 8%/0x7 + - -+ + 9?/0x? the
Laplace operator in R";
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m? = (m,m)* — (v, V) f(a) = AW f(a), (2.39)

where A® = A-A---A = (82/3x3 + --- + 02/3x2)*) represents the polyharmonic

k
operator of order k;

(4)

(m,x=a) — (Vx-a)f(@) = (e (n-a) + 2o (-a) ) f@) = df(a),
(2.40)

where d = (0/0x1)(x1—ay) +---+(0/0x,) (x, — a,) represents the differential operator;
(5)
(m,x —a)** — (V,x-a)*f(a) = d*f(a), (2.41)
where d?* = ((0/0x1)(x1 — a1) + -+ + (0/0x,) (x, — an))Zk represents the differential
operator of order 2k.

Using these correspondences and taking into account (2.23), (2.27), (2.29), and (2.30),
we obtain

T(k+1/2)

2k = (”—1)/2— (k)
le)d flade=at e @ (242)
nnl(k+1/2)
2k — (n-1)/2 2 \%MT 2/ 2] 5 (k)
j51(a>d f(a)dS, =2 T(n/2+K) A f(a). (2.43)

We note that the expressions (2.42) and (2.43) represent the correspondings for (2.27)
and (2.30). We will prove the availability of these relations.

Proposition 2.5. For f € CP(Q) with Bi(a) C Q and 2k < p the relations (2.42) and (2.43) held.

Proof. We have

2k
jBl(u)def(a)dx = fBl(a) <i(x1 —ap) -+ aixn(xn - an)> f(a)dx; ---dx,

6x1

= ¥ (2k)! )'< o >”l <a_2>#nf(a). (x — a)2dx.

21+ 2 =2k (2pu1)!- -+ (21n) ! \Ox] 0xy Bi(a)
(2.44)
On the basis of (2k)! = 2¥k!(2k — 1)!! = 2%*k!I(T(k + 1/2) /+/7r), we obtain
(2k)! K amD/2T(k +1/2) (2.45)

u)!-- ua)! ! T +1/2) -+ T(pn +1/2)°
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Taking into account (2.45) and Dirichlet Formulas (2.43), the expression (2.44) becomes

_ F(k + 1/2) k! o2\ 92 \ M
A% f(a)dx = 71/ (_) < > ’
Ll(a) fa)dx = T(n/2+k+ 1)#1+#2§+”n:k#1! il \0x2 o2 f(a)
(2.46)
so that
1y Tk+1/2) /82 52\ ®
2 dx = 772 <_ _)
J‘Bl(u) f(a) = F(Tl/z +k+ 1) ax% ax% f(a)
(2.47)
_ I'(k+1/2)
= (=172 (k)
T taarken s @
Using the same method, we obtain
A% f(a)dx
Si(a)
0 d 2k
:L <a><6_x1(x1_a1) +"'+a_xn(x"_a">> fl@)dS: (2.48)
| 2\ M 2 N\ Hn
= Z $2k)' l<a_2> < 62> f(a)- (x - a)™ds;.
o=k (2H1)! - (24n) ! \ O 0xy Si(a)
On the basis of (2.45) and (2.31), we have
j d2kf(a)d51
Si(a)
_ I'(k+1/2) k! < o2 >M1 < o2 >yn
R k(N
7 r(n/2+k)y1+~§4n=k/41!"'ﬂn! ax% 02 f(a)
(2.49)
1 lT(k+1/2) 7 & 92\ ®
_openplkr1/2) f07 07
o I(n/2+k) <6x% e ax,z) fla)
nn(k+1/2)
= (n-1)/2-\%M T 27 2) A (k)
2 St @
and so the proposition is proved. O

For the generating functions ¢ and ¢ we can state the following.
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Proposition 2.6. Let Q € R" be a bounded set and f : Q — R, f € C>™1(Q). Then the functions
¢, ¢ : [-R, R] — R defined by (2.1) and (2.2), where R = max |x — a| such that B,(a) C Q, have the
following properties:

(1) ¢, g are evenfunctzons and ¢, ¢ € C*1([-R, R]),

(2) ¢ (0) = ¢®(0) =0 for k odd, k <2m +1,

(3) ¢ (0) = fsl(u)dzk(a)dsl =2 D/2(T(k +1/2)/T(n/2 + k))A® f(a), k <m,

(4) ¢ (0) = (1/(n + 2k)) g (0) = ™ VD/2(T(k +1/2) /T(n/2 +k +1))A® f(a), k <m,

(5) P (r) = L w PP (ru)du, p <2m+1,

(6) ¢V (r) = fs @@ fla+r(x-a)dS;, p<2m+1,

(7) ¢(r) = 20" T (1/ KT (n/2+ k) (r/2)* A £ (a) + Roan (1),

where

‘I’<2m+l)(9”) 2m+l _ raml

Roma(r) = “mp i ™ = @m 1)

f d2m+lf(a + Gr(x - a))dSl, 0<BO<1, (250)
S1(a)

(8) ¢p(r) = ™23 (1/kT(n/2+ k +1))(r/2)* A0 f(a) + R}, ., (),
where

¢2m+1(9r) ——— 2m+l

R =X 7 -
Sme1 (1) Qm+1)! r T 2m+1)!

f f ut P gPm £ (a4 0ru(x - a))dudS;, 0<6<1.
S1(a)
(2.51)

Proof. Using the spherical coordinates given by (2.5) and denoting h = (hy,..., h,), the
expression for ¢ given by (2.2) becomes

w(r) = L f(la+r(x—a))dS
@ . (2.52)
= J‘ ]*(91, ce ,Gn_z) [f f*(r,@l, ce ,Qn_l)den_l d91 cee den_z,
A 0

where A = lO,x] X oo X [O,Jrl, f*(r,61,...,04-1) = f(a+rh)and J*(04,...,0,2) is given by the

n-2

formulas (2.10).

Since f € Cr+1(Q), using the differentiation rule for integrals depending on a
parameter, it results in ¢ € C>"*1([-R, R]).

In order to prove that ¢ is an even function we will change the variables (61, ...,0,-1) —
(ui,...,up1) by the relations

O;=a—u;, i=1,n-2, 6,1=0a+1u,,
(2.53)

el0,x], i=1,n-2, u,q€[-m ]

in the expression (2.52).
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The Jacobian of this transform is defined by

3(61,...,0,1)

Ve Un1) = = (-1)"? 2.54
]1(u1 u 1) 6(u1,...,un,1) (-1) ( )
Having this change of variables, (2.52) becomes
w(r) = f T (w1, ..., un2) U fr(-ru,... ,un_l)dun_l] duq - du,_. (2.55)
A -

Since f*(-r,u1,...,u,-1) is periodical, with the period 2sr with respect to the variable u,_;, the
expression (2.55) becomes

27T
w(r) = L]* (ur,..., un2) U ff(-ru,... ,un_l)dun_l] duy -+ duy,_p. (2.56)
0

Makingthe comparison between the expression from above and (2.52) we have ¢ (r) =
@ (-r) so ¢ is an even function.

Consequently, ¢?%) is an even function and ¢®**1 is odd, it means that ¢>**D(0) = 0.
From (2.12) we have ¢ is even, § € C>™!([-R,R]), $©®¥ is even and ¢$@*V is odd, so
¢(2k+1)(0) =0.

So we proved the properties (1) and (2).

Remark 2.7. In the case of f : R” = R, f € D9(R") where D®(R") is L. Schwartz space, f € C(R")
and having a compact support, then ¢ : R — R, ¢s(r) = fsl(a)f(a +1r(x —a))dSy, ¢g(r) € C(R)
with compact support.

If f € D(R"), we can state that the formulas

w(r) = f(a+r(x—a))dS, (2.57)
Si(a)

r € R, define an integral transform which associates f € D(R") to the even function ¢ € D(R).

According to [7, page 61], this integral transform is denoted by T} named polare
transform. Thus we write ¢ = T(f). From (2.2) applying the differentiation rule for composite
functions and denoting y = a = r(x — a), we obtain

P (r) = L ( )%f(a +1r(x—a))dS;

d Oy ()
_ LM< ayﬁ) F(y)ds:

0 0 () s
= — — I L —a,
Jo.o, Gyt ma st gortaman)) swas,

(2.58)

= ,[ d’f(a+r(x—a))dS;.
Si(a)
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For p = 2k <2m and r = 0 we have

(2k)
¢ (0) = L ( )<aixl(xl @)+ o an)> f(a)ds, = f A% £(a)ds,.

Si(a)
(2.59)
Taking into account (2.43), we have
o l(k+1/2)
(k) _ 2k — yp(n-1)/2 AK _ 2
PO = [ @ fads, =2 VA @ (2.60)
On the other hand, from (2.12) and (2.60) we obtain
1
PP (r) = f u™P Ly ®) (ru)du, |r|<R, p<2m+1,
P 0) = —y™(0)
(2.61)

2" D2 T (k +1/2)
- (n+2k) T(n/2+k)
. T(k+1/2)
(n-1)/2 k
'n/2+k+1) ACE

AFf(a)
=T
The formulas (2.60) and (2.61) justify the properties (3), (4), (5), (6) from the proposition.

In order to obtain the formula (7) we will apply Mac-Laurin formulas. Thus ¢ being
even and ¢ € C*™1([-R, R]), on the basis of (2.58), we can write

w(r) = V) r** + Ropan (1), (2.62)
- (2k)' m+
where
(2m+1) 2m+1
' (97‘) 2m+l — r J‘ 2m+1 _
Romsr () = T + = GmTD sl(a)d fla+6r(x-a))dS;, 0<0<1. (2.63)

Since (2k)! = 2%*k!T(k + 1/2)r~/2? and taking into account (2.60), from (2.62) we obtain (7).
Using the same method, we obtain (8) taking into account the results from (4), (5), and
(6). So, Proposition 2.6 is proved. O

In particular, if f € C([-R,R]) and f is analytic, then the remainders Ry,.1(t) — 0,
R, . (r) — 0 for m — co.
We obtain the following Mac-Laurin Series for ¢, ¢ : [-R, R] — R:

= 27"/2 L ARG <R 2.64
@(r)=2r %m<§> fa), |rl<R, (2.64)

r

2%
$(r) = "”Z le(n/Z +k+1) <_> ARf@. <R, (269
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The results established in Proposition 2.6 permit to give the corresponding representa-
tions for the mean values M$(f) and M2(f) defined in (2.3) and (2.4), by using (2.16) and
(2.17).

Thus, for 0 < r < R, taking into account (8), (2.16), and (2.64) we can write

1
M (f) =
r(f) 5]

:121 < >Zk:r(n/21+k+1)<r>2kA(k)f(a)

L
2rn/2

n_/n 1 r\ 2k
M:(f) = §F<§>k§k!r(n/2+ k+1) <§) A©f(a).

Similarly, from (7), (2.62), and (2.17) we have

s 3 1

( >Z k'r(n/z ) <r>2kA(k)f (@) (2.67)

F(Tl/Z) r2m+1
2o/2 (2m+1)!

M) = < >Zklr(n/2+k)<r>2kA(k)f (@) (268)

We remark that the expression of the remainder for M:(f) given in (2.67)

F(Tl /2) sz+1
2a/2 (2m +1)!
may have other forms as in [2, volume II, chapter IV, Section 3, page 261] and [8].

For n = 3, since I'(3/2 + k) = ((2k + 1)!/2%**1k!)\/7, from (2.68), we obtain Pizzetti’s
Formula [1]:

2m+l
r<n>mj f W @Pm £ (g + Oru(x - a))dudS;, 0<0<1,
Si(a)

(2.66)

f d2m+1f(a +0r(x-a))dS;, 0<06<1,
S1(a)

Ry (r) = L ( )dZm“ f(a+0r(x-a))dS;, 0<6<1 (2.69)

M:(f) = Z(zk I AW f(a). (2.70)
Similarly, since
(Goie) - Gor(on) SN s
we have
2k
Al
My (f) = 3Z(Zk+1)l(2k+3) Vf (@) 272)

This last formula constitutes the similarity of Pizzetti’s formula for the mean value
ME(f) over the ball B, (a) C R®.
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