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1. Introduction

Let {a,} and {b,} be two sequences of real numbers. It is all known that the inequality

o [ee] 2 o'e] [ee]
<Z > :f;) LW AN~ (1.1)
n=1 m=1

n=1 n=1

is called Hilbert theorem for double series [1], where 3%, a? < +oo, Yoo, b2 < +oo, and the

constant factor 2 in (1.1) is the best possible value. And the equality in (1.1) holds if and only
if {a,} or {b,} is a zero-sequence. The corresponding integral form of (1.1) is that

{ J f:f(x%g;y) dx dy}z < arZJ:o fz(x)dew g (x)dx, (1.2)

where [°f2(x)dx < +oo, [;°g*(x)dx < +oo, and the constant factor z? in (1.2) is the best
possible value. Recently, various improvements and extensions of (1.1) and (1.2) appear in
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a great deal of papers (see [2-6], etc.). The aim of the present paper is to build some new
inequalities by using the weight function method and the technique of analysis, and then to
study some applications of them.

First we give some lemmas.

Lemma 1.1. Let n be a positive integer. Then

* dx 1 a 1
fo (n+x2)(1+x) :n+1<2ﬁ+ﬁln">' (1.3)

Proof. Let a, e, f be real numbers. Then
dx 3 1

I (a2 +x2)(e+ fx) €2+ a’f>
where C is an arbitrary constant. This result is given in the paper (see [7]). Based on this
indefinite integral it is easy to deduce that the equality (1.3) holds. O

Lemma 1.2. I f(x) = (1/(x + n))(n/x)"*(1 - (vx/(1 + vx) = /(1 + \/n))) and g(x) =
(1/(x + 1)) (n/x)?(1 + (Vx/ (1 + vX) = /1/(1 + /7)), where n € N, x € (0, +o0), then

(1) f(x) and g(x) are monotonously decreasing in interval (0, +o0);

(2)

{fln|e+fx|—%ln(a2+x2)+§arctan§}+C, (1.4)

jmf(x)dx =a —aw(n), jmg(x)dx =a +aw(n), (1.5)
0 0

where the weight function w is defined by

vn (vn-l —1“">. (1.6)

w(n)_n+1<\/ﬁ+1 T
Proof. (1) At first, notice that 1 — /x/(1 + v/x) = 1/(1 + v/x), hence we can write f(x) in the
form of: f(x) = f1(x) + f2(x), where fi(x) = (1/(x + n)y/x)(n/(1 ++/n)) and fo(x) = /n/(x +
n)(1 + v/x)+/x. It is obvious that the functions fi(x) and f>(x) are monotonously decreasing
in (0,+o0). So, f(x) is also monotonously decreasing in (0, +o0). In the next place, notice that
1-+vn/(1++/n) =1/(1+ +/n), therefore we can write g(x) in the form of: g(x) = g1(x) +
(x), where ¢1(x) = v/n/(1 + /n)(x + n)y/x and g(x) = /n/(x + n)(1 + /x). It is clear
that the functions g;(x) and g (x) are monotonously decreasing in (0, +o0). So, g(x) is also
monotonously decreasing in (0, +o0).

(2) Below, we need only to compute the first integral,

[(reoas= (L (2) ) (- (525~ 1225 )
(2 () e [ () ) s e
- (1) 2| |, )

o ~ ® 1 B /nr
i {]r 2ﬁJ; (n+t2)(1+t)dt 1+\/ﬁ}'

(1.7)
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By Lemma 1.1, we obtain the first integral of (1.5) at once after some simple computations and
simplifications.

Similarly, the second integral of (1.5) can be gotten. O

Lemma 1.3. Let {a,} be a sequence of real numbers, and let c(x) be a real function and 1-c(n)+c(m) >
0(n,me N).If 32, a2 < + oo, then

i i mez = i i mez (1-c(n) +c(m)). (1.8)

Proof. It is obvious that

Z Z me" (1-c(n) +c(m)) = Z Z me; - i i i c(n) + Z Z Il

m=1 n=1 m=1 n=1 m=1 :1 mlnl
(1.9)
We need only to show that
Ay Ay = Ay
mzlgmw _%nﬂmmc(m). (1.10)
Let h(m) = X2, (ax/(m +k)). Then
o o Ay
2 2 €M)
= n;(; ma:n)amc(m) = n;(é maj: k>amc m) = Z h(m)ac(m) = Z h(n)a,c(n)
v~ ax v~ am Ay aman
_;<k§}1 n+k>anc(n) _Z:l<;=:1”+ >anc(n) nzl,;l“mc( n) —g:lnz:l
(1.11)
]

Lemma 1.4. Let a be a real number, and let f(x) and c(x) be two real functions, and j‘:’ f2(x)dx < +oo
and 1 —c(x —a) +c(y —a) > 0, where (x,y) € (a,+0) x (a,+o0). Then

J’J‘ S f () dxdy = f L) (1-c(x—a)+c(y—a))dxdy. (1.12)

xX+y-— x+y-2a xX+y-— x+y-2a

Its proof is similar to that of Lemma 1.3. Hence, it is omitted.

2. Main results

Theorem 2.1. Let {a,} and {b,} be two sequences of real numbers. If 3.2, a2 < +oo and , then

(525) (@) oo N3 (G

(2.1)

where the weight function w(n) is defined by (1.6).
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Proof. Let c(x) be a real function and it satisfies condition 1 — ¢(n) + c¢(m) > 0 (n,m € N). First,
we suppose that b, = a,,. By Lemma 1.3 and then applying Cauchy’s inequality we have

(E5 )

m=1 n=1

o 2
- <n§ ; me:l (1-c(n)+ c(m)))
(& & an(l-cm)+c(m)” m\"4\ [ an(1-c(n) +c(m))"? n\ VA 2
B <mZ:1;< (m +n)"/? <”> (m +n)'? <m>
<,
(2.2)
where
© © 2 1/2 © 2 1/2
= mzz:l ; mafn (%) (1-c(n)+c(m)), J= mzjlnz:; ma-:n <%> (1-c(n) +c(m)).
(2.3)
It is easy to deduce that
w oo %n 1/2 ) ) 1 1/2
= mZ:1 % ma+ . <%> (1-c(n) +c(m)) = ; <mZ:1 p— <%> (1-c(m)+ c(n)))ai.
(2.4)

Let ¢(x) = v/x/(1 + v/x). It is obvious that 1 — /x/(1 + vx) + \/y/(1 + \/y) > 0 for x > 0 and
y > 0. Consider the function f(x) = ((1/(x + ) (/%)) (1 = (Vx/ (1 + vX) = /1) (1 +/n))).

By Lemma 1.2, the function f(x) is monotonously decreasing in (0, +o0). Hereby, we have

i :i<§: min<%>1/2<1_ 1l/jﬁ+ 1!?/%))‘1%

n=1 \m=1

(2.5)
0 ® 1 n 1/2 \/3? \/ﬁ )
- 1- - .
SE{J‘O <x+n<x> )( <1+\/7c 1+\/ﬁ>>dx n
Using (1.5), we can obtain immediately
Ji<xy ap -1y wna;. (2.6)
n=1 n=1

Similarly, we have

o < JI'Z a + Jrz w(n)az. (2.7)
n=1 n=1
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It follows from (2.2), (2.6), and (2.7) that

w 2 o 2 o) 2
(s5) (8- Geos)) o
m=1 n=1 n=1 n=1

where the weight function w(n) is defined by (1.6).
Next, consider the case for b, # a,. We can apply Schwarz’s inequality to estimate the
left-hand side of (2.1) as follows:

o oo a.b 4 1 - . )
7 = m-1/2 n-1/2
(é%m‘i'n) _{<J;) <mZ:1amt ><§bnt )dt) }

1/ « 2 1/ o 5
f <Z amt"’_l/2> dtJ’ <Z bnt"‘1/2> dt} (2.9)
0 m=1 0 n=1

And then by using the inequality (2.8), the inequality (2.1) follows from (2.9) at once. It is
obvious that the inequality (2.1) is a refinement of (1.1). Below, we give an extension of (1.2).
O

Theorem 2.2. Let a be a real number, x > a and y > a, and let f(x) and g(x) be two real functions,
and [ f3(x)dx < +oo and [ g*(x)dx < +oo. Then

{j jm—g_(gdx dy}4 < yr4{ <J:Of2(x)dx>2 - <J:O¢T)(x)f2(x)dx>2}

(2.10)
® 2 © 2
X { <J‘ gz(x)dx> - <J‘ cf)(x)g‘z(x)dx> },
where the weight function (v is defined by
0, X =a,
w(x) = x-a Vx—aln(x —a) _ Vx-a (211)

l+x—a r(1+x—-a) 1+v/x—-a

Specially, when a = 0, it is a refinement of (1.2).
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Proof. Let c(x) be a real function, and 1 - c(x —a) + c(y —a) > 0(x, y) € (a, +o0) x (a,+c0).
Firstly, we suppose that f = g. Using Lemma 1.4 and then applying Cauchy’s inequality
we have

(| Lw f@OfW dy}2 _ { [ Lw FOSW) 1 e my s ety - o) dy}z

x+y-2a xX+y-2a

_ {jfwf(x)(l—C(x—a)+c(y—a))l/2<x_a>1/4

a (x+y—201)1/2 y-a

2

} f<y><1—c<x—a>+c<y—a>>”2<y—a)l/4dxdy}

1/2

(x+y-2a) x-a
<,
(2.12)
where
= (A -cx-a)+c(y-a) [x-a 1/2
]1‘JL x+y-2a <y—cx> dxdy,
(2.13)

7o ”‘”F(y)(l —c(x—a) +c(y - a)) <y—fx>”2dxdy.

. xX+y-2a xX-—a

In the first place, we consider ]~1:

[t () |
[

() oot [ {[ G (520) o) oo

= ﬂ{famf2(x)dx + LoocTJ(x)fz(x)dx},

(2.14)

where

~o 1 1 x—a\?
w(x) = ;L {(x—a) " (y—a)(y—a> (c(y—a)—c(x—a))}dy. (2.15)

We need only to compute the weight function c.
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Let us select still c(x) = vx/(1 + v/x). Thenc(y—a) —c(x—a) = J/y—a/(1 + /Yy —a) -
Vx—a/(1 + +/x—a). Using (1.4), we have

wix) = %Lm{u-a)1<y—a><;:z>l/z<1%_ 157%)}@

et () (55

1 1 x-—a\"?/ Vx-a (2.16)
{(x Tramals) <1+W—a>}dy

2 — (" 1 . Vx-a

_;( x a){J; (x - oc)+u2 ((x a) +u?)(1+u) } 1+vx—a

. Xx-a (Vx —a)In(x — a) Vx-—a
T 1+x-a  x(l+x-a)  1+/x-a

Notice that lim,_.,0(x) = 0. Hence, the function defined by (2.11) is just. So,we attain

Ti= Jf(ijz(x)dx + J:o(ﬁ(x)fz(x)dx) (2.17)
Similarly, we have
T2 = WU:O f2()dx — J:O(TJ(x) fz(x)dx>. (2.18)

We obtain from (2.12), (2.17), and (2.18) that

{ff J{ix;f(g()x dxd }2 < yrz{ (J‘:Ojﬂ(x)dx>2 - <J:ocv(x)f2(x)dx>2}, (2.19)

where the weight function cw is defined by (2.11).
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Secondly, consider the case for f # g. We can apply Schwarz’s inequality to estimate the
left-hand side of (2.10) as follows:

{ M}

([ (I sosinsean)erae) |

([ (F s [ s w>dy>du>2}2

[ ([ sl ([ s o]

["(J[ resroaxay ez "([[gtgdxdy )2 du}z

(Jf F e (I £ geaman) |

It follows from (2.19) and (2.20) that the inequality (2.10) is valid. O

{
{
|
|
{ (2.20)

3. Applications

As applications, we will give some new refinements of Hardy-Littlewood’s theorem and
Widder’s theorem below.
Let f(x) € L?(0,1) and f(x) #0 for all x. Define a sequence {a,} by

1
a, = I x"f(x)dx, n=0,12,.... (3.1)
0

Hardy-Littlewood [1] proved that

s 1
Z a < .n'J;) fz(x)dx, (3.2)
n=0

where o is the best constant that the inequality (3.2) keeps valid.

Theorem 3.1. With the assumptions as the above-mentioned, define a sequence {a,} by a, =
f(}x"’l/zf(x)dx, n=1,2,.... Then

1/2

[oe] 2 0 2 [©e] 2
(Z ai) <Jf{(2 ai> —(Zw(n)ai) } f:ﬁ(x)dx, (33)
n=1 n=1 n=1

where w(n) is defined by (1.6).
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Proof. By our assumptions, we may write a> in the form of: a2 = fol anx™ V2 f(x)dx.
Apply Schwarz’s inequality to estimate the left-hand side of (3.3) as follows:

0 2 oo 2
<Z ai) = (Z J;lanx"l/2 f(x)dx)
n=1 n=1
1/ 2 1/ o 2 .
= {j <Z anX"—l/Z)f(X)dx} SI <Z anxn—l/2> de‘ fZ(x)dx (34)
0 n=1 0 o 0

< m+n—1d ! 2 dx = < mln ! 2 d
(8 S e (3 525 o

m=1 n=1 m=1

It is known from (2.8) and (3.4) that the inequality (3.3) is valid. Theorem is therefore proved.
O

Leta,>0(n=0,1,2,...), A(x) = D20 anx", and A*(x) = >,7° y(a,x"/n!). Then
1 0
f A2(x)dx < Jrf (e A*(x)) dx. (3.5)
0 0

This is the famous Widder theorem (see [1]).

Theorem 3.2. With the assumptions as the above-mentioned, then

([ ([ e oowte-man) - ([ onea-ay .

(3.6)
where (o is defined by (2.11).

Proof. First, we have the following relation:

J;ooe_tA*(tx)dt J’ —tz an(Xt) dt = Z anXx J. e tdt = Z a,x" = A(x) (37)
0

Let tx = s — a. Then we have
2

1 1 ) 1 o 2 1
j A%(x)dx = ( {j e_tA*(tx)dt} dx =I <f e_(s_“)/xA*(s—a)ds) — dx
0 Jo Uo 0 \Ja X
© ) 2 ) © 2
= ( <J‘ eIV A (s - a)ds> dy = f (I e~ (smMu=(s=m) p* (5 — a)ds) du
/1 a 0 a

_ J[:o ( J:Oe—(S—a)u f(s)ds>2du - ”w% ds dt,

where f(x) = e"®™% A*(x - a). By using (2.19), the inequality (3.6) follows from (3.8) at once.
O

(3.8)
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