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1. Introduction

Let Qbe a bounded domain in R”, and let f be a nonnegative, nondecreasing, and C ! function
on R*.
We study here the asymptotic boundary behaviour of solutions for the problem

Apu=g(x)f(u), x€8Q, u(x)— oo, asdist (x,0Q) — 0, (1.1)

where Q C R" is a bounded domain with C? boundary. In additional conditions, the
uniqueness of solutions is also discussed. For further details, see [1, 2].

Here, Apu = div(|Vu(x)|p(x)_2Vu(x)) is the p(x)-Laplacian, a function defined on
R" with 1 < p(x) < oo.

First, Bieberbach in [3], considered the problem

Au=g(x)f(u), x€Q, u(x)— oo, as dist (x,0Q) — 0. (1.2)

He shows that (1.2) admits a unique solution if Q is a smooth planar domain, f is the
exponential function, and g is constant 1. Rademacher [4] extended the results to the three-
dimensional domains; Keller [5] and Osserman [6] gave a necessary and sufficient conditions
to solve the problem (1.2) in the n-dimensional case if the domain satisfies inner and outer
sphere conditions.
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Bandle and Marcus [7] found the boundary asymptotic of solutions for (1.2), when g
is continuous and positive, and f satisfies f(mt) < m'*f(t) forall0 < m < 1and all t > to/m.
Cirstea and Rddulescu [8-10] prove the uniqueness and asymptotic behavior of solutions for
problem (1.2), when f is regularly varying, and g € C%*(Q) is a nonnegative function which
is allowed to vanish on the boundary.

In the study of p-Laplacian equations, the main difficulty arises from the lack of
compactness, but here the p(x)-Laplacian possesses more complicated inhomogeneous
nonlinearities, so we need some special techniques. Problems of this type arise in many
areas of applied physics including nuclear physics, field theory, solid waves, and problems of
false vacuum. Zhang in [11] gives the existence and singularity of blowup solutions for the
problem

“Apu+h(x,u)=0, x€Q, u(x)— oo, asdist (x,0Q) — 0, (1.3)
where Q = B(0,R) C RY, p(x) and f(x,u) satisfy the following.
(H1) p(x) € C! (ﬁ) is a radial symmetric function and satisfies

1<p <p"<N, wherep = igfp(x), p* =supp(x). (1.4)
Q

(H2) h(x,u) is radial with respect to x, h(x,-) is increasing, and h(x,0) = 0 for any x € Q.

(H3) h: Q xR — Ris a continuous function and satisfies

If (x,8)] < C1 + Co[t|¥™1, for every (x,t) € QxR, C; >0, C; >0, a € C(Q),

(1.5)
1<a(x) <p*(x):= ]\]T\I—p—r(j(cg)c)

2. Preliminaries

We recall in what follows some definitions and basic properties of the generalized Lebesgue-

Sobolev spaces LP™) (Q), W™ (Q), and WS’P(X) (), where Q is an open subset of R". In that
context, we refer to the book of Musielak [12] and the papers of Kovatik and Rékosnik [13]
and Fan et al. [14-16].

Set

L2(Q) = {h; heL*(Q), essinfh(x)>1Vx e ﬁ} (2.1)

For any h € L?(L2), we define

h* = esssup h(x), h™ =ess ingf2 h(x). (2.2)
XE

xeQ

For any p(x) € L?(Q), we define the variable exponent Lebesgue space

LPO(Q) = {u; u is a measurable real-valued function such that f |u(x)|p(x) dx < oo}.
Q

(2.3)
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We define a norm, the so-called Luxemburg norm, on this space by the formula

u(x) p(x)

|[t]p(x) = inf {,u > 0; j dx <1 } (2.4)
Q

Variable exponent Lebesgue spaces resemble classical Lebesgue spaces in many
respects: they are Banach spaces [13, Theorem 2.5], the Holder inequality holds [13, Theorem
2.1], they are reflexive if and only if 1 < p~ < p* < oo [13, Corollary 2.7], and continuous
functions are dense if p* < oo [13, Theorem 2.11]. The inclusion between Lebesgue spaces
also generalizes naturally [13, Theorem 2.8]. If 0 < |Q| < oo and ry, r; are variable exponents
so that 1(x) < 7 (x) almost everywhere in €, then there exists the continuous embedding
L»™)(Q) — L™ (Q), whose norm does not exceed |Q| + 1.

We denote by e (Q) the conjugate space of LP®¥)(Q), where 1/p(x) +1/p (x) = 1.
Forany u € L™ (Q) and v € LV ®)(Q), the Holder type inequality

f uv dx
Q

1 1)
<=+ = ) lubpoly (2.5)
<p 7 p() Plp )

holds true.
An important role in manipulating the generalized Lebesgue-Sobolev spaces is played
by the modular of the LP™(Q) space, which is the mapping pp(x) : L (Q) — R defined by

Pp) (u) = f lulP® dx. (2.6)
Q

If u € LP™(Q) and p* < oo, then the following relations hold true:

p+
p(x)’

|u|p(x) >1= |u|§(x) < ,Dp(x) (u) < |u|
p* P
|u|P(x) <l= |u|p(x) < Pp(x)(u) < |u|p(x)’ (27)
[ty — ulp) — 0 & pp) (Uy —u) — 0.
Next, we define the variable Sobolev space:

WY@ (Q) = (u € LPW(Q); |Vu| € LD (Q)). (2.8)

On W™ (Q), we may consider one of the following equivalent norms:

lutllpeo) = [ulpe) + 1 Vulp), (2.9)
or
p(x) p(x)
|||u|||:inf{/4>0; j ( Vu(x) + ux) >dx§1}. (2.10)
Q H H

We also define Wg’p(x) (Q) as the closure of CZ(Q) in W™ (Q). Assuming p~ > 1, the spaces
WP (Q) and Wé’p (=) (Q) are separable and reflexive Banach spaces.
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Set

Iy (u) = J (V™ + uP™) dx. (2.11)
Q

Forallu € WS PO (Q), the following relations hold true:

lell > 1= ullP < Ty () < ™, 012
lall < 1= ull”” < Ty (1) < Jlull””.

Finally, we remember some embedding results regarding variable exponent Lebesgue-
Sobolev spaces. For the continuous embedding between variable exponent Lebesgue-Sobolev
spaces we refer to [15, Theorem 1.1]. If p : Q — R is Lipschitz continuous and p* < N, then
for any g € LY (L2) with p(x) < g(x) < Np(x)/ (N - p(x)), there is a continuous embedding
WP (Q) — LI®)(Q). In what concerns the compact embedding, we refer to [15, Theorem
1.3]. If Q is a bounded domain in R", p(x) € cQ), p" > N, then for any g(x) € L (Q)
with essinf _s5((Np(x)/(N - p(x))) —q(x)) > 0 there is a compact embedding WP (Q) —
LI®(Q).

Our aim is to find the asymptotic boundary behaviour to the problem

Apu=g(x)f(u), x€Q, wu(x)— oo, as dist (x,00) — 0. (2.13)

Suppose p € L¥ and limgist(x00)—0p(x) = p*. Consider g € C(Q) nonnegative, and f
satisfies

fe CY([0, ), f(0)=0, f(t) >0, and f is nondecreasing on (0, o0), (2.14)

o 1 t
L Wdt < oo, where F(t) = Ji)f(s)ds. (2.15)

We will refer to condition (2.15) as the generalized Keller-Osserman condition. Allow
g to be unbounded on Q or to vanish on 0€.

3. Boundary asymptotic and uniqueness
Let f satisfy the Keller-Osserman condition. Consider ¢ as a function defined on (0, o0) such
that
o= [ s (1)
@)
where g* is the Holder conjugate of p*, that is, 1/g* + 1/p* = 1. The function ¢ is decreasing

so ¢ has an inverse ¢ : (0,¢(0+)) — (0,00). Moreover, ¢ is a decreasing function with
lim;_o, ¢ (t) = o0, and some computations give us

# 4 #
¢ = (¢ () == F@ON", 1@t = %f(sb(t)). (3.2)
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Now we will see that

PO _p @ Fem)”
FO ¢ FeO)

Definition 3.1. A positive measurable function defined on [a, o0), for some a > 0 is said to be
regularly varying (at infinity) of index g € R, written f € RV, provided that

flez) _
f@)

Remark 3.2. Let f € RV44q (0 +2 > p) be a nondecreasing and continuous function. Then,
F € RV,., and therefore F7V/? ¢ RV (_4-2)/p. Since (-0 - 2)/p < -1, the observation made
in [1] allows us to conclude that F7/? € L!([1,0)) and hence f satisfies the generalized
Keller-Osserman condition.

(3.3)

im # VYt 0. (3.4)

Remark 3.3. Let f € RV4,1. By the change of variable s = tz, we infer that

z 1
F(z) = Io f(s)ds = J;) zf (tz)dt. (3.5)

Because f € RV, is continuous, there exists an € > 0 such that for every z > e we
have (f(tz)/ f(z)) < t°*! + 1. Hence, using Lebesgue’s dominated convergence theorem, the
limit shifts with the integral and so

_Fz) (Y f2) (e,
e ‘fo LTe) ”“‘fot = (36)

Lemma 3.4. Consider f satisfies the Keller-Osserman condition, then one has

_(F(s)YT

Proof. We sketch the proof only in the context of regularly varying functions. For
further details regarding general case, see [17]. Let f € RVyy (0 > p* - 2). From
f(z)/F(z) = (1/z)(zf(z)/F(z)) and using lim,_..,(F(z)/zf(z)) = 1/(c + 2), then there
exists a constant C > 0 such that lim,_,(F(z)/z°") = C. Finally, lim,_(f(z)/z°") =
lim, .o, (F(z)/z°*?)(zf(z)/F(z)) = C(c + 2). It remains to consider the limit

# 1/q*
i F@YT L (F@/27) T ey _

T AR f(z)/zon 0, (3.8)

because —(1/p*)(c +2) +1 < 0.
Another way to prove the lemma is to consider the derivative

(F)'P) = %f(z)(P(Z))‘”q# > 0. (3.9)

If ((F(s))l/’”#), is bounded then there exists M > 0 such that 0 < ((F(s))l/p#), <
M, ¥Vt > 1. By integrating from 1 to f, it follows that 0 < (F (s))l/ P < Mt and also
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1/Mt<1/ (F(s))l/’”# < oo, Vt > 1.If we integrate again from 1 to oo, we obtain a contradiction
with the Keller-Osserman condition.

In conclusion, the derivative of (F (s))l/ 4" is unbounded.

Using L'Hospitals rule, we should obtain much more

1/q"
lim F@) =0

Z—00 z

(3.10)

The following lemma will be useful later; see [1].

Lemma 3.5. Let g € R be the Holder conjugate of p* > 1. If f € RVoy (0 > p* = 2), then
lim oo (F(2)) / £ (2) [ (F(s))™/"" ds) = (0 +2 - p*) /p*(2 + 0)).

Proof. By applying L'Hospitals rule, we obtain

o zZ(F)YVP 71 zf(2) _o+2-pt
i s nGre ) e

In conclusion,

1/4" -1/p* 2 _pt
FE) A FE) _or2opt
= f(2) [7(F(s)Wds = [ (F(s)) P ds 2f(2) - p'2+0) N
Corollary 3.6. Let f € RV (0 > p*) be a continuous function. Then,
(¢ p#—Z /(¢ # # )
P OF "¢ (1) g o+p’ -2 (3.13)
t—0  tf((t)) p* o+2
Proof. See [1, Corollary 3.2]. O

We say that u € Wllof(x) (€2) is a continuous local weak solution to the equation A,u =
g(x) f (u) on the domain Q if and only if

f IVulP2VuVpdx = -f () f(u(x))pdx, ¢eW,"™(D), (3.14)
D D

for every subdomain D & Q.
Define L : W7®(Q) — (W,7™(Q)) " as

(Lu, ) = fQ |VulP 2V uVpdx + fg g(x) f(u(x))pdx, (3.15)

for every u € W*™(Q), v € W;’p(x) (Q).

Lemma 3.7 (Comparison principle). Let u,v € W"*®)(Q) satisfy Lu — Lv > 0 in (Wg’p(x)(Q))*

and consider ¢(x) = min{u(x) — v(x),0}. If p(x) € Wg’p(x)(Q) (ie., u>von o), then u > v a..
in Q.

Proof. See [18]. O
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Remark 3.8. L defined below satisfy the condition from [18]. Here, we use Lu > Lv in the form

f |Vo|P®)2VoVpdx +f 2(x) f(v(x))pdx < f |Vu|P(")"2Vthpdx+j 2(x) f(u(x))pdx.
Q Q Q Q (3.16)

Given a real number b, let A, be the class of all positive monotonic functions k €
L'(0,v) N CY(0,v) that satisfy

, "k(s) , \

We will let A stand for the union of all Ay as b ranges over [0,00). For k € A, we use the
notation A(t) = j(t) k(s)ds.

Remark 3.9. Observe that lim;_g- fé(k(s)/ k(t))ds = 0 for any k € A. Moreover, in (3.17),
0 < b < 1if k is nondecreasing and b > 1 if k is nonincreasing. This is true because

[o(k(s)/K(£)ds = (1/k(t)) [yk(s)ds = t(k(¢)/k(D)), for an & € (0,¢).

Let z be a C? function on a domain Q in R”, f satisfies the Keller-Osserman condition
and v = ¢(z).
A direct computation show that

A0 = (p(x) = DIP @2 (2)| V2P + ¢ (2)P 2 (2) A 2

+1¢' ()P In(|¢' (2)]) [V 2lPD 2 Vp (x) Vz(x).

(3.18)

Theorem 3.10. Suppose f € RVyy1, (0 > p* - 2) satisfies (2.14). Let Q C R" be a bounded C>
domain and let g € C(Q) be a nonnegative function such that

g(x)

e o

for some positive constant A and some k € Ap. Then, any local weak solution u of (2.13) satisfies

i u(x) ~ p# +b(2+0 - P#) 1/(2+0-p") (3:20)
d(x)—0p(Md(x))) A2 +0) '
Proof. Consider p > 0 and
Q,={xeQ:0<d(x)<p}. (3.21)

We know that Q is a C? bounded domain, so there exists positive constant p,
depending only on Q, such that

deC*(Q,), |Vvdl=1 onQ, (3.22)

where d(x) = dist(x, 0Q). The existence of such a constant is given by the smoothness of the
domain Q. For p € I' := (0, 4/2), let

Q =000, Q) =Q, (3.23)
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The proof concerns two cases which discuss the monotonicity of the function k.

In the first case, we take k € A}, for some b and k nonincreasing on (0,v) for some
v > (. Without loss of generality, we can consider v > p.

Let

z5(x) == Md(x)) £ A(p), for x € Q3. (3.24)
Some computations give us
|Vzi|rl(X) — kP(x)(d)|Vd|P(x),
Ap 2t = (p(x) = DEPO2(A)K ()| VAPS + kPO (d) Ay d (3.25)
+ kPO (d) In(k(d))| VAP D2V p(x) Vd(x).
Using these computations in (3.18) with v* = ¢(z*), we find that
Ap* = (p(x) = DIP (2P 2" (%) V2D + ¢ (%) P2 (2) Ao 2*
+ 1§/ ()P (¢! (24) DIV P2V (x) V2* (%)
= (p(x) - DKPO ()¢ (z*) P 29" (%) | VP
+ (p(x) = DKPO2 (@)K ()P (%) PO (%) | v (3.26)
+ kPO (@) ()PP () Ao d
+ kP07 (d) In(k(d) [ VAPD 2 Vp(x) Vd ()¢ () P72 ()
+ kPO ()| VAP 2 Vp(x) Vd(x)[¢' (24) P In(|¢' (24)))-
Given 0 < € < A/2, we define two numbers 3+ by

[P +b2+0-p") 1/ @o=p")

%= (Ax26)(2+0) ’

(3.27)

where A is the limit in (3.19).

Let w*(x) = 0*¢(z*(x)), x € Q. For simplicity, let Lz := —=Apx)z + g(x) f (2).

In order to apply the comparison principle, we have to prove that for p € I'and y > 0
sufficiently small, we have

Lw™ >0 onQ, Lw* <0 on Q. (3.28)
From (3.26), recalling that p(x) — 1 = p(x)/q(x) and |Vd| = 1 on Q,, we find
Lw* = g(x) f (w*) = Ap (w™)

Lw* = (0%)P k"™ (d) f (p(2*)) (3.29)

g(x)f(ﬂ-i(i)(zi) + + + +
X < (0i)p(X)—1kp(x) (d)f((i)(zi)) + D1 (x) + D2 (X) + D3 (X) + D4 (.X')),
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where
. ~ |¢:(Zi)|p(x)—2¢/(zi)
PO =@ gy et
ey P K@) 9P ()| VP
P00 =" @) )
e ) 19 (FHPY g (z%)
D50 =-0 T @)
1§ (z4) P2 (¢ (2%) In (k(d)d*) + |¢' ()| In (|¢' (z%)])) .
D¥(x) = — VdP®2Vp(x)Vd(x).
(%) R@F ) vd| p(x)Vd(x)
(3.30)
Recalling that ¢' < 0 and z*(x) < 2A(d(x)), we infer
o @ EHP 2 (2
S Ty rTEs
(3.31)

L Ad(x) ¢ (=) P2 ()
: 2k(d(x)) z+(x)) f(P(z%)) |Apodl-

Since d € C?(Q,,), limgisi(x,00)-0p(x) = p*, by Lemma 3.5 and Remark 3.9 from below,
we obtain

lim Di(x) =0. (332)
QpxI'3(d(x),p)—(0",0%)

Using limgist(x,00)—0p(X) = p" and Corollary 3.2, we have

9N qfor2-pt

s 00 ) @) P o2 (3.33)
With the same argument, we obtain
. Md(x) . k(d)d* | ()P (z*)
P2 @) " e @i @) (339
Next, we prove
Md(x)) . k(d)d*
Qs -0 k(@d00) )] (3.35)
Recall that
#(z) = (" F@@N"" =) A)p(z) 2, (3.36)

where A(z) = (F(¢(2))/$(2)") /7",
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If we integrate from O to ¢, we obtain

¢(t)—u+1

_ o [
S [ Aas, (337)

where a = (o +2)/p" > 1. Here, when x — 0, we have d(x) — p and z*(x) — 0.
Dividing by t and taking to the limit, we have

—a+1
im0

t—0 t

C, (3.38)

where C is a suitable positive constant.

From (3.36), it follows that lim_o(¢(t) /tF) = —=C1, where p = (1/(-a+1))((c+2)/p*) <
0, and C; is a positive suitable constant.

Now, it will be easy to infer that

Md(x)) , k(d)d* . Md(x)) | k(d)d*
1 = 1 1
03xr3(d()9) 00 K(Ad(x) 1P ()] @srsii -0 0 k(@) A (z2)] (339)
_ i /A ())

=0 k(t)/A(t)

Fmally, 11mQ§XF3(d(X),p)~>(0+,O+)Di:(x) =0.
Since k is nonincreasing, we have k'(d)z~ > k'(d)A(d) and k'(d)z* < k'(d)\(d).
Therefore,

_p() K(d) 1§/ px) ¢ (z)PY ()
q(x) K2(d)  f(p(z%)) qx)  f($(z)

L PO K@) 1)) p@) 1§17 5
T AW R@ = f@E) a0 fE) P

and similarly D; + D; < f)v; + D; .
From (3.19), we see that corresponding to ¢, there is 0 < 6, < A/2 such that

D; + D3 =
(3.40)

(A-e)kPW(d(x)) < g(x) < (A+e)kP(d(x)), 0<d(x)<b,. (3.41)

Suppose that the constant y in (3.22) is chosen such that y < 6.. Using (3.40) in the left
side of the inequality (3.29), we get

(A-e)f(0 p(z)
O )PI f(p(z0))

Lw™ > (8P kP@ (4) f(¢(z-))< + D5 (x) + Dj (x) + Dj (x) + D;(x)>.
(3.42)
Using the same method, we obtain

(A+e)f(0+(z")
O f($(z1))

Luw* < (8%)/01 kPt <d)f<¢<z+>>< + D} (x) + D3 (x) + DY(x) + Dz<x>).

(3.43)
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From (3.2), we infer

Cp@) 1P (=)

=-1. 3.44
QixT3(d(x),p)—(0°07)  4(X) f(@(z*)) (344
By Lemma 3.5, we have
—— F+b(2+0-pt
DE(x) + DE(x) = P F P2+ 0P (3.45)

lim
QpxT3(d(x),p)—=(0°,0") 2+o

Thus, as Qf, x> (d(x),p) — (07,0%), the expression in the bracket of (3.42) converges
to

(A—e) ()2 = -1 >0, (3.46)

_p#+b(2+a—p#)_[A—e p" +b(2+0-p")
2+0 A -2e 2+0

and the expression in the bracket of (3.43) converges to

# # # #
2ot _ P HDRHAO-p") [A+€ P +b2+o-ph)
(A +e)(dY) e -1 s <0. (3.47)

Therefore, for p € I'and p > 0 sufficiently small, we conclude that
Lw™ >0 onQ, Lw* <0 on Q. (3.48)
Thus,
—Apw” 2 -g(x)f(w”) onQ,,
(3.49)
-Apw’ < —g(x) f(w") on Q.

Suppose now that k is nondecreasing. Given 0 < € < A/2, from (3.19) we deduce

(A= e)k"™ (d(x) - p) < (A= e)k"™(d(x)) < g(x) < (A+e)kP™ (d(x))
(3.50)
< (A +e)kPX(d(x) + p).

Consider
w*(x) = 8*p(Md(x) £ p)) = 8*p(y*) for x € Q3. (3.51)

Here, y*(x) = Md(x) + p). For simplicity, we will use d* for d(x) + p. Similarly, we
obtain

Lw* = (0)P9 kP& (d) f ((yF))

y < g(x) f(O*p(y*))
(0P p @) (d) £ (p(y*))

(3.52)

FTE() + TE(x) + TE() +Tz<x>>,
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where
PPN [ 0 L S A0
i) == k(d+) f(p(y*)) Apd,
T:l:(x) _ _P(x) k' (d+) |¢I(yi)|P(x)—2¢/(yi)|Vd|p(x)
? EI(X) k2(d+) f(¢(y:{:)) ’
102N P(X)=2 20 &
To() = PO WGP 9" (y)

g fewE)

T:t(x) _ |¢/(yi)|}7(x)—2(¢/(y:t) ln(k(di)ﬁi) + |¢I(yi)| ln(l(pl(y:&)l))
! k(d£) f(@(y*))

VAP 2Vp(x)Vd(x).
(3.53)

By Lemma 3.5 and Remark 3.9, we obtain a similar inequality by replacing z* with y*:

lim Ty (x) =0,
Q5 xT3(d(x),p)—(0%,07)
lim TE(x) =0,
QixT3(d(x),p)—(0°,0%) (%) (3.54)
*+bQ2+0-p"
lim TE(x) + TE(x) = —-F @ro-p)
QEXT'3(d(x),0)—(07,0%) 2+0
Now, suppose u is a nonnegative solution of (2.13). We note that
u<w +Cu(p) onoQ,, (3.55)

where C,(¢) := max{u(x) | d(x) > u}. Since ¢ and k are nonincreasing follows w*(x) <
3 Pp(A(n)) for d(x) = u — p. Therefore,

w' <u+Cy(p) on oL, (3.56)
where Cy,(p) = 0"¢(A(y)). Furthermore, u and w* satisfy the hypothesis from comparison
principle on Q;; for G(x,t) = —g(x) f(t). Moreover, since f is nondecreasing, w~ + C,(4) and
u + Cy(p) satisfy the hypothesis from comparison principle on Q and Q, respectively, for
G(x,t) = —g(x) f(t). Therefore by comparison principle, we infer

u(x) <w (x) + Cy(p) x € 0Q, w(x) Su+Cyu(x)(u)x € OQ;;. (3.57)

Hence for x € Q;; N Q;,, we have

. Cuw (1) < u(x) <& 4 Cu(p)
P(A(d(x)) £A(p)) ~ p(A(d(x)) £ A(p)) ~ P(M(d(x)) £ A(p)) (358)
o Cuw(u) < u(x) o 4 Cu(p)

M) £p) T M) £p)) T PpM(d(x) £p))
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Letting p — 0, we see that

Colp) _ _ ulx) Cu(p)

¥ Faa@m = go@m) =° t pa@m)’ (35)
for all x € €2,,. On recalling that ¢(t) — oo as t — 0, we obtain
¥ < liminf w(x) < limsup ux) <d. (3.60)

-0 (Md(x))) ~ a0 PM(d(x))) ~

The claimed result follows if we take ¢ — 0. If we want to prove the uniqueness of
solutions for (2.13), we need additional condition on f; see [1]. The proof is similar to the
proof from [1]. O
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