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1. Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam [1]
concerning the stability of group homomorphisms. Hyers [2] gave a first affirmative partial
answer to the question of Ulam for Banach spaces. The Hyers theorem was generalized by
Aoki [3] for additive mappings and by Th. M. Rassias [4] for linear mappings by considering
an unbounded Cauchy difference. The paper of Th. M. Rassias [4] has provided a lot of
influence in the development of what we call generalized Hyers-Ulam stability of functional
equations. A generalization of the Th. M. Rassias theorem was obtained by Gavruta [5] by
replacing the unbounded Cauchy difference by a general control function in the spirit of
the Th. M. Rassias approach. Th. M. Rassias [6] during the 27th International Symposium
on Functional Equations asked the question whether such a theorem can also be proved for
p > 1. Gajda [7], following the same approach as in Th. M. Rassias [4], gave an affirmative
solution to this question for p > 1. It was shown by Gajda [7] as well as by Th. M. Rassias
and Semrl [8] that one cannot prove a Th. M. Rassias-type theorem when p = 1. ]. M. Rassias
[9] followed the innovative approach of the Th. M. Rassias theorem in which he replaced the
factor ||x||” + |ly||P by ||x||”-|ly||9 for p,q € R with p + g#1. During the last three decades, a
number of papers and research monographs have been published on various generalizations
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and applications of the generalized Hyers-Ulam stability to a number of functional equations

and mappings (see [10-18]).
Gilanyi [19] showed that if f satisfies the functional inequality

12f G +2f @) = fx =l < [ F G+, (1.1)
then f satisfies the Jordan-von Neumann functional equation
2f(x) +2f(y) = fx +y) + f(x ~y). (1.2)

See also [20]. Fechner [21] and Gildnyi [22] proved the generalized Hyers-Ulam stability of
the functional inequality (1.1).

In this paper, we investigate an A-linear mapping associated with the functional
inequality

[12f () +2f(y) + 2f (2) = f(x +y) - fly + 2)|| < [| f(x + 2| (1.3)

and prove the generalized Hyers-Ulam stability of A-linear mappings in Banach A-modules
associated with the functional inequality (1.3). These results are applied to investigate
homomorphisms in complex Banach algebras and prove the generalized Hyers-Ulam
stability of homomorphisms in complex Banach algebras.

2. Functional inequalities in Banach modules over a C*-algebra

Throughout this section, let A be a unital C*-algebra with unitary group U(A) and unit e and
B a unital C*-algebra. Assume that X is a Banach A-module with norm |-||x and that Y is a
Banach A-module with norm ||-||y.

Lemma 2.1. Let f : X — Y be a mapping such that

12uf () +2f (y) + 2 (2) = flux +y) = f(y + D)y < [| fwx +2) [y (2.1)

orall x,y,z € X and all u € U(A). Then f is A-linear.
Yy

Proof. Lettingx =y =z=0and u = e € U(A) in (2.1), we get
147 @y < £ Ol (22)

So f(0) =0.
Lettingu =e € U(A), y=0and z = —x in (2.1), we get

17 G+ f )y < £ Ol =0 (2.3)

for all x € X. Hence f(-x) = —f(x) for all x € X.
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Letting z=—xand u = e € U(A) in (2.1), we get

12f () +2f () +2f (=x) = f(x+y) = fy =) |ly = 12f W) = fly +2) = fly =0l
<[IfOly (2.4)
=0

forallx,y € X.So f(y +x)+ f(y —x) =2f(y) for all x,y € X. Thus
flx+y)=fx)+ f(y) (2.5)

forall x,y € X.
Letting z = —ux and y = 0in (2.1), we get

[|20f (x) = 2f (ux) || = [|20f (x) +2f (-uz)||,
<l fOll, (2.6)
=0

for all x € X and all u € U(A). Thus
f(uz) =uf(z) (2.7)

forall u € U(A) and all z € X. Now, let a € A(a#0) and M an integer greater than 4|a|. Then
la/M| <1/4 <1-2/3=1/3.By [23, Theorem 1], there exist three elements u1, up, uz € U(A)
such that 3(a/M) = u; + u + uz. So by (2.7)

flax) = f(%B%x)
- M~f<%~3%x>

56)

M
= ?f(ulx + UpX + U3X) 2.8)

= %(f(ulx) + f (uax) + f(usx))
- %(”1 + Uy +u3) f(x)

M _a
=5 351/ (¥)

=af(x)

forallx € X.So f : X — Y is A-linear, as desired. O
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Now, we prove the generalized Hyers-Ulam stability of A-linear mappings in Banach
A-modules.

Theorem 2.2. Let r > 1 and 6 be nonnegative real numbers, and let f : X — Y be an odd mapping
such that

[|2uf (x) +2f (y) +2f (2) = flux+y) = fy + 2) ||y < || fCux + 2|y +O(llxlk + Iyl + IIZ(IIQ))
29

forall x,y,z € X and all u € U(A). Then there exists a unique A-linear mapping L : X — Y such
that

1) - Lol < ey el 2.10)

forall x € X.

Proof. Since f is an odd mapping, f(-x) = —f(x) forall x € X. So f(0) = 0.
Lettingu =e € U(A), y = xand z = —x in (2.9), we get

12/ o) = f @)y = (|2 () + f(=22) [

(2.11)
< 30)|x]1%
for all x € X. So
x 3 ,
[reo-27(3)]. < Zomein 212)
for all x € X. Hence
m—1
Le( XN _ome( ] < j £_j+1<1)
2(3) 2f<2m)y‘§2f<2f> SRACTY] ®
(2.13)

I\)lo_)

m-1 2]
,
<5 ZI EQHXHX
]:

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.13) that the
sequence {2" f(x/2")} is Cauchy for all x € X. Since Y is complete, the sequence {2" f (x/2")}
converges. So one can define the mapping L : X — Y by

L(x) = lim 2" f(%) (2.14)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.13), we get (2.10).
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It follows from (2.9) that

||2uL(x) +2L(y) + 2L(z) - L(ux +y) — L(y + z) ||Y

- x v z\ [ uxty\  _(y+z
= im 2 (55) +20(55) 20 (55) - (5) (%)
o (2.15)
3 n ux+z . & r r r
< tim 2| () |+ tim T el + I+ 1)
[ee) Y n— oo
= ||L(ux + 2)||,
forall x,y,z € X and all u € U(A). So
|l2uL(x) + 2L(y) + 2L(z) - L(ux + y) - L(y + 2) ||, < || L(ux + 2)||, (2.16)

forall x,y,z € X and all u € U(A). By Lemma 2.1, the mapping L : X — Y is A-linear.
Now, let T : X — Y be another A-linear mapping satisfying (2.10). Then, we have

) 7(z)

|L(x) - T(x)||,=2"

Y
<2(|e(z) @G -G, e
PR TN
(2" -2)2

which tends to zero as n — oo for all x € X. So we can conclude that L(x) = T(x) for all
x € X. This proves the uniqueness of L. Thus the mapping L : X — Y is a unique A-linear
mapping satisfying (2.10). O

Theorem 2.3. Let r < 1 and 0 be positive real numbers, and let f : X — Y be an odd mapping
satisfying (2.9). Then there exists a unique A-linear mapping L : X — Y such that

| f(x) = L(x)|, < [l (2.18)

30
2-2r
forall x € X.

Proof. 1t follows from (2.11) that

|re0- 370

< 26l (2.19)
Y
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for all x € X. Hence

31’" 12r
5 9||x||X (2.20)

/@0 = f@)| |55 -5

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.20) that
the sequence {(1/2")f(2"x)} is Cauchy for all x € X. Since Y is complete, the sequence
{(1/2")f(2"x)} converges. So one can define the mapping L : X — Y by

L(x) := lim zln f(2"x) (2.21)

for all x € X. Moreover, letting I = 0 and passing the limit m — oo in (2.20), we get (2.18).
The rest of the proof is similar to the proof of Theorem 2.2. O

Theorem 2.4. Let r > 1/3 and 0 be nonnegative real numbers, and let f : X — Y be an odd
mapping such that

|2uf (x) +2f (y) +2f (2) = f(ux +y) = f(y + 2)||y < || f(ux +2)||y + O-llxl-lyll%-NzI%
(2.22)

forall x,y,z € X and all u € U(A). Then there exists a unique A-linear mapping L : X — Y such
that

1) - Loy < gl 2.23)
forall x € X.

Proof. Since f is an odd mapping, f(-x) = —f(x) for all x € X. So f(0) =0
Lettingu =e € U(A), y = x,and z = —x in (2.22), we get

12/ () = F@0ly = (|2 (0) + f (=22l

(2.24)
< 0|x||3

forall x € X. So

[reo-21(3)| < gt 2



Choonkil Park et al. 7

for all x € X. Hence

1(z) (e )

m—

Z

() o()

el
2]
Z ¥

j=1

'Y

(2.26)

°°|
m

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.26) that the
sequence {2" f(x/2")} is Cauchy for all x € X. Since Y is complete, the sequence {2" f (x/2")}
converges. So one can define the mapping L : X — Y by

L(x) = lim 2" f<21n) (2.27)

for all x € X. Moreover, letting | = 0 and passing the limit m — oo in (2.26), we get (2.23).
The rest of the proof is similar to the proof of Theorem 2.2. O

Theorem 2.5. Let r < 1/3 and 0 be positive real numbers, and let f : X — Y be an odd mapping
satisfying (2.22). Then there exists a unique A-linear mapping L : X — Y such that

1) - LGy < 5o Il 229)

forall x € X.

Proof. It follows from (2.24) that

0

s~ 3r@0| < S 229

for all x € X. Hence

1., 1 (=i R 1,
Ef(zx)—z— SZ:: Ef(zx)——zjﬂf@ x) y
(2.30)
- 8 3r
< EZ 2—||x||x

j=1

for all nonnegative integers m and [ with m > [ and all x € X. It follows from (2.30) that
the sequence {(1/2")f(2"x)} is Cauchy for all x € X. Since Y is complete, the sequence
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{(1/2™)f(2"x)} converges. So one can define the mapping L : X — Y by
N e
L(x) := lim z—nf(Z x) (2.31)

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (2.30), we get (2.28).
The rest of the proof is similar to the proof of Theorem 2.2. O

3. Generalized Hyers-Ulam stability of homomorphisms in Banach algebras
Throughout this section, let A and B be complex Banach algebras.

Proposition 3.1. Let f : A — B be a multiplicative mapping such that

[[206f () +2f () + 2f (2) = f(ux +y) = fly + 2) || < || f(px + 2) | (3.1)

forallx,y,z€ Aandall p € T := {A € C | |\| = 1}. Then f is an algebra homomorphism.

Proof. Every complex Banach algebra can be considered as a Banach module over C. By
Lemma 2.1, the mapping f : A — B is a C-linear. So the multiplicative mapping f : A — B
is an algebra homomorphism. O

Now, we prove the generalized Hyers-Ulam stability of homomorphisms in complex
Banach algebras.

Theorem 3.2. Let r > 1 and 0 be nonnegative real numbers, and let f : A — B be an odd
multiplicative mapping such that

[126f (x) +2f () + 2f (2) = flux +y) = fFly+2) | < || f(px + 2) [ + OCUxI" + llylI" + l1z11")
(3.2)

forall x,y,z € Aand all p € T. Then there exists a unique algebra homomorphism H : A — B such
that

£ () - Ho < =2

< sl (33)

forall x € A.

Proof. By Theorem 2.2, there exists a unique C-linear mapping H : A — B satisfying (3.3).
The mapping H : A — B is given by

H(x) := lim 2" f(%) (3.4)

for all x € A.
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Since f : A — B is multiplicative,

H(xy) = lim 4"f<Z—]n/>

n— oo

I AW (35)

=,im, 2 f(zn) 2 f<2n>

= H(x)H(y)
for all x,y € A. Thus the mapping H : A — B is an algebra homomorphism satisfying
(3.3). O
Theorem 3.3. Let r < 1 and 0 be positive real numbers, and let f : A — B be an odd multiplicative

mapping satisfying (3.2). Then there exists a unique algebra homomorphism H : A — B such that

30
”f(x) _H(x)” < 2 _0or

[l (3.6)

forall x € A.
Proof. The proof is similar to the proofs of Theorems 2.3 and 3.2. O

Theorem 3.4. Let r > 1/3 and 0 be nonnegative real numbers, and let f : A — B be an odd
multiplicative mapping such that

120 (x) + 2f (y) +2f (2) = f(ux +y) = f(y + 2)|| < || f(ux + 2| + O llxl" Nyl =" (3.7)

forall x,y,z € Aand all p € T. Then there exists a unique algebra homomorphism H : A — B such
that

1) - H < gyl 38)

forall x € A.
Proof. The proof is similar to the proofs of Theorems 2.4 and 3.2. O

Theorem 3.5. Let r < 1/3 and O be positive real numbers, and let f : A — B be an odd
multiplicative mapping satisfying (3.7). Then there exists a unique algebra homomorphism H : A —
B such that

If () - HE)|| < —

< g Il (39)

forall x € A.

Proof. The proof is similar to the proofs of Theorems 2.5 and 3.2. O
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