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1. Introduction

Inequalities involving functions of n independent variables, their partial derivatives, integrals
play a fundamental role in establishing the existence and uniqueness of initial and boundary
value problems for ordinary and partial differential equations as well as difference equations
[1-10]. Especially, in view of wider applications, inequalities due to Agarwal, Opial, Pachpatte,
Wirtinger, Poincaré and et al. have been generalized and sharpened from the very day of their
discover. As a matter of fact, these now have become research topic in their own right [11-14].
In the present paper, we will use the same method of Agarwal and Sheng [15], establish some
new estimates on these types of inequalities involving higher-order partial derivatives. We
further generalize these inequalities which lead to result sharper than those currently available.
An important characteristic of our results is that the constant in the inequalities are explicit.

2. Main results

Let R be the set of real numbers and R" the n-dimensional Euclidean space. Let E, E'
be a bounded domain in R” defined by E x E' = [],[a;,bi] x [¢;,di],i = 1,...,n. For
x,yi € Ri=1,...,n (x,y) = (x1,...,Xn,Y1,...,Yn) is a variable point in E x E' and
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dxdy = dx;---dx,dy;---dy,. For any continuous real-valued function u(x,y) defined on
E x E', we denote by [..[u(x,y)dxdy the 2n-fold integral

by by pds d,
f f I j u(xl,...,xn,yl,...,yn)dxl---dxndy1---dyn, (2.1)
ai an Y1 Cn

and for any (x,y) € ExE, | E(x) fE,(x)u(s, t)dsdt is the 2n-fold integral

X1 Xn (Y1 Yn
f j f f u(s1, ..., Sn b1, ... ty)dxy---ds,dty - - dty. (2.2)
ay anp YC1 Cn

We represent by F(E x E') the class of continuous functions u(x,y) : E x E'— R for which
D*u(x,y) = Dy -+ Dayu(x,y), where

0 0 0 0
Di=—,...,D,=—,Dpi1=—,...,Dy, = 2.
1 aX1, s axn +1 ay1 2 ayn ( 3)
exists and that foreach i, 1 <i<n,
u, Y| =0, utyl,_, =0 ulxyl,, =0 uxyl, =0 (@=1...n)
(2.4)

the class F(E x E') is denoted as G(E x E’).

Theorem 2.1. Let yu > 0, A > 1 be given real numbers, and let p(x,y) > 0, (x,y) € Ex E bea
continuous function. Further, let u(x,y) € G(E x E'). Then, the following inequality holds

f f p(x,) |, y)|Fdx dy
EJE'

< [ [ peeypaceypaxan( [ [ 10 lavay)”, -

where

n u/A
q(x,y,\ 1) = <2711—+1H [(xi = ai) (bi = xi) (yi = ¢i) (di = yi)] (H)/z> : (2.6)
i=1

Proof. For the set {1,...,n},letor = AUB, &' = A’ UB' be partitions, where A = (ji,...,jkx), B=
(ks1s---sjn), A" = (i1,...,ik), and B' = (ik41,...,in) are such that card A = card A’ = k and
cardB = cardB' = n -k, 0 < k < n. It is clear that there are 2"*! such partitions. The set
of all such partitions we will denote as Z and Z', respectively. For fixed partition o, 7' and
x € E, y € E', we define

J‘ J‘ u(s,t)dsdtzJ’ j j f u(s,t)dsdt, (2.7)
Ez(x)E,(y) A(x)/B(x)/ A'(y) /B (v)
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where [, ., [ () denote the k-fold integral, Iy I () Tepresent the (n — k)-fold integral. Thus
from the assumptions it is clear that for each or € Z, 7' € Z'

|u(x, y)| < f f |D*u(s, t)|ds dt. (2.8)
Ex(x)E,(y)

In view of Holder integral inequality, we have

(A-1)/A
|u(x,y)| < <1_[(xi —a)[[Wi-x)[ [(vi—e)] [(di- yl‘))

i€A i€eB i€ A’ ieB’

| 1/1
X <I j |D*u(s, t)| ds dt> .
E.0d B ()

A multiplication of these 2"*! inequalities and an application of the Arithmetic-Geometric
mean inequality give

n u/A
lu(x, y)|" < <H[(xz —a;) (bi — xi) (yi — ¢i) (di — yi)] ()‘_1)/2>
i=1

1/2n+1 ‘u//\
x< IT <j f |D2"u(s,t)|)‘dsdt> >
weZ,w'eZ! Ex(x) ',,/(y)

X /A
<2nl+1 1?1[ [(xi —a;)(bi — x;) (yi — ¢i) (di - yi)] ()‘_1)/2) (2.10)

u/x
><< 3 j f |D2"u(s,t)|*dsdt>
weZ, el Ex(x) ',,:(y)

A wA
=q(x,y,\, p) (II |D*u(s,t)| ds dt> .
EJE

Now, multiplying both the sides of (2.10) by p(x, y) and integrating the resulting inequality on
E x E', we have

u/r
f f p(x, y)|u(x,y)|“dxdy < f f p(x,1)q(x, y,\, p)dx dy (f f |D¥u(s, 1)|"ds dt) ,
EJE' EJE' EJE'

(2.9)

IN

(2.11)
where
1 n ()l_l)/z [4//\
q(e,y, A ) = ( g I T1Cxi = @) (b1 = x) (vi = ) (di = i) : (2.12)
i=1

O

Remark 2.2. Taking for p(x,y) = 1in (2.5), (2.5) reduces to

u/x

LL’ |u(x, y)|“dx dy < K| <J‘EJ‘E, |D*u(x, y) |Adx dy> , (2.13)

where

' A O N A S AN Leppe/ A
KO_ <<§> B <1+E_ﬂ,1+§_ﬂ>> g[(bi—ai)(di—ci)] , (214)

and B is the Beta function.
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Taking for A = p = 2 in (2.13) reduces to

jf |u(x, y)| dxdy < ( > M'2<I J‘/|D2”u(x y)| dxdy> (2.15)

L (bi—ai)(di—ci
M’=1=_1[( a)4( i) (2.16)

where

Let u(x, y) reduce to u(x) in (2.15) and with suitable modifications, then (2.15) becomes the
following two Wirting type inequalities:

2 T " > n 2
L|u(x)| dx < <4> M (L|D u(x)| dx>, (2.17)
where
M = f[ (bi—ai) (2.18)
i=1
Similarly

f |u(x)| dx < < 6> M4<J‘ | D™ u(x)| dx> (2.19)

where M is as in (2.17).

For n = 2, the inequalities (2.17) and (2.19) have been obtained by Smith and
Stredulinsky [16], however, with the right-hand sides, respectively, multiplies (4/ x)? and
(16/3)*. Hence, it is clear that inequalities (2.17) and (2.19) are more strengthed.

Remark 2.3. Let u(x,y) reduce to u(x) in (2.5) and with suitable modifications, then (2.5)
becomes the following result:

u/r
j p(x) |u(x)|"dx < f p(x)q(x, )L,,u)dx<J‘ | D™ u(x) |)‘dx> , (2.20)
E E E

where

1 H
q(x, A, p) = <2_ [(x - a) (b = x;)] WWZ) : (2.21)
i=1

This is just a new result which was given by Agarwal and Sheng [15].

Theorem 2.4. Let p(x,y) > 0, (x,y) € E x E' be a continuous function. Further, let for k =
1,...,7, p 20, A > 1, be given real numbers such that 3 _, (ux/Ak) = 1, and ui(x,y) € G(Ex E').
Then the following inequality holds

J’j p(x, y)H|uk x, )| dx dy

" (2.22)
ff P(x/y)l_[q(x/y, ke, pic) dx dyZ ff | D" (x, )| dx dy.
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Proof. Setting p = pi, A = ¢ and u(x,y) = ur(x,y), 1 < k < r in (2.10), multiplying the r
inequalities, and applying the extended Arithmetic-Geometric means inequality,

r /1 r m
Ha’,ﬁk <MY a, ar>0, (2.23)
k=1 k=1

to obtain

T T Ilk/)tk
[ Tl e | < T Ta(x v, Ak ) <J‘ J‘ | D> ui(s, )| *ds dt>
k=1 k=1 EJE

(2.24)

< Hq(x, Y, )‘k’/lk)zl;_:j II|D2”uk(s, t) |)‘kds dt.
k=1 k=1 EJE

Now multiplying both sides of (2.24) by p(x,y) and then integrating over E x E', we obtain
(2.22). O

Corollary 2.5. Let the conditions of Theorem 2.4 be satisfied. Then the following inequality holds

II p(x,y H|uk(x y)|*dxdy < K IJ‘ p(x, y)dxdy %J‘J’ | D>y (x, y) | ¥ dax dy,
eJe = M JEJE
(2.25)

where

1 Skt _n B
Ki=(gm)  TIIG-a)ma)) = @26)

This is just a general form of the following inequality which was established by Agarwal
and Sheng [15]:

f p(x)H|uk(x) |“*dx < Kl,[ p(x)dxz%f |D”uk(x)|l"dx, (2.27)
E k=1 E k=1"k/E
where
Stk _n
K = <7> . H(b — a;) ks (2.28)

Remark 2.6. For p(x,y) = 1, the inequality (2.22) becomes

II H|uk(x y)|*dxdy < K’Z‘ukff | D" (x, y)| “dx dy, (2.29)

where

1 1
KIZ — <%B2< +sz l.uk’ +Zk 1#k>> H[(b a)(d —C)]Zk 1,Mk (230)

For u(x,y) = u(x), the inequality (2.29) has been obtained by Agarwal and Sheng [15].
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Theorem 2.7. Let A and u(x,y) be as in Theorem 2.1, u > 1 be a given real number. Then the following
inequality holds

J’ j |u(x, y)|'dx dy < Ké()t,#)J‘ j llgrad u(x, v) ||\ dx dy, (2.31)
ele ee a

where

K,(.)L #) _B2<-/\;‘1,A;1>K<£)H[(bi_ai)(di_Ci)])t/n,
IIgradu(x,y)ll,f(Zl: ooy y)|>

and where K(A/p) = 1if A > p, and K(\/p) = n' Y #if0 <A /p < 1.

(2.32)

Proof. For each fixed i, 1 <i < n,in view of

u, Y| =0 ux Y, =0 ulcyl, 4 =0 uxyl, =0 (@G=1..,n),

(2.33)
we have
Xi (Vi 52 d d
u(x,y) —I_ | mu(x,y,si,ti) si dt;,
(2.34)
u(x,y) = I f u(x y; si, ti)ds; dt;,
where
u(x,y;si,ti) = u(x1, ..., Xic1, Si, Xist, - X, Y1, -+ o, Yict ki Yisds - Yn) - (2.35)
Hence from Holder inequality with indices A and A/ (1 — 1), it follows that
X, A
|u(x, ]/)|)L < [(xi—ai)(yi— di)]i_l Y u(x,y;si,t;)| ds;dt,
) L o \ (2.36)
|u(x, )|” < [(bi —xi) (di —yi)] j f ——u(x,y;s;,t;)| ds;dt;.
xi Jy, aSiati

Multiplying (2.36), and then applying the Arithmetic-Geometric means inequality, to obtain

1_1 A-1)/2 '
|u(x,y)|" < > [(xi —ai) (yi — ci) (bi — xi) (di — ]/i)]( E u(x,y;si t;)| ds;dt,
(2.37)
and now integrating (2.37) on E x E', we arrive at
1 bi i q (A-1)/2
[ [ tucenrady < [ [ 5160- ) (1 ) b= 20 (e )]ty
(2.38)

A
dxdy.

gt

ox i 6yl
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Next, multiplying the inequality (2.38) for 1 < i < n, and using the Arithmetic-Geometric
means inequality, and in view of the following inequality:

n n @
> af < K(a) (Zal) , a;>0, (2.39)
i=1 i=1

where K(a) =1ifa>1,and K(a) =n'"*if 0 < a < 1, we get

n b pd; 1/n
). i 11 )t_ /
[ tuenpaxay < TT([ [ 3100 @) () (- et ) et
i=1 a; vci

x ﬁ([ J‘, )dedy>1/n

< TT([ [ 5100- a) e -x -y asa)

3.
< EBz<A+1 A+1>H[(b a:) (ds = )]V

x LL’ |grad u(x, y) ||;l\dx dy,

dx dy

62
axlayl u(x,y)

< Kg(A,MLLI ||grad u(x, y) ||i:dx dy,

(2.40)
where
1 A+1 A+1 M\ 1= n
Ki(, p) = 2—B2<—, —>K<—>H[(bi - a) (di = )] ",
n 2 2
., 1/p (2.41)
||gradu(x,y)||” = <§1 iy > ’
and where K(A/p) = 1if A > y,and K(A/p) = n'MHif 0 <A/pu < 1. O

Remark 2.8. Let u(x, y) reduce to u(x) in (2.31) and with suitable modifications, and let A > 2,
u =2, then (2.31) becomes

j |u(x) |}‘dx < Kj(4A, Z)J’ ||grad u(x) ||/); dx. (2.42)
E E
This is just a better inequality than the following inequality which was given by Pachpatte [17]

J‘|u(x)| dx < — < > f”gradu x)|| dx. (2.43)

Because for A > 2, it is clear that K’ (\,2) < (1/n) (,6/2))‘, where ff = maxi<i<, (b; — a;).
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On the other hand, taking for y =2, A =2 or p =2, A = 4in (2.31) and let u(x, y) reduce
to u(x) with suitable modifications, it follows the following Poincaré-type inequalities:

J‘ |u(x)|2dx < %ﬂzf ||grad u(x)||§dx,
(2.44)

f () | dx < T ﬁ4f ||gradu(x)||2dx

The inequalities (2.44) have been discussed in [18] with the right-hand sides, respectively,
multiplied by 4/sr and 16/3sr. Hence inequalities (2.44) are more strong results on these types
of inequalities.

If u > 1, in the right sides of (2.31) we can apply Holder inequality with indices p/ A and
u/(u — 1), to obtain the following corollary.

Corollary 2.9. Let the conditions of Theorem 2.7 be satisfied and p > \. Then

A p
[ [ueewtaxdy < i ( [ [ lsracucemlfaray) (2.45)

where

K, (A, p) = K5 (A, ﬂ)f‘[ [(bi - a;) (d; - ;)] “™V7F (2.46)

i=1

Remark 2.10. Taking u(x,y) = u(x) and with suitable modifications, the inequality (2.45)
reduces to the following result which was given by Agarwal and Sheng [15]:

A p
L|u(x) |)‘dx < Kg(A, p) <L||grad u(x) ||/’j dx> , (2.47)

where

K6(/\/ l’l) = K5(~)t/ M)H(bl - ai)(,“_/\)/,ul

1 /1+1 141 (249
_ + + _ )./n
KS()L/,u) - n < > ’ > < >H(b
and K(A/p) is as in Theorem 2.7.

Taking A = 1, p = 2 the inequality (2.45), (2.45) reduces to

2
<I j lu(x, y)|dx dy> < Kﬁl(l,Z)j f l|lgrad u(x, y) ||2dx dy. (2.49)
EJE EJE

This is just a general form of the following inequality which was given by Agarwal and Sheng
[15].

2
<J' |u(x)|dx) < [K6(1,2)]zf ||grad u(x)||3dx dy. (2.50)
E E

Similar to the proof of Theorem 2.7, we have the following theorem.
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Theorem 2.11. For ux(x,y) € G(E x E'), ux > 1, 1 < k < r. Then the following inequality holds

n 1/r
II <H|uk(x,y)|ﬂk> dx dy < ngf Z”graduk(x y)||kdx dy, (2.51)
EJE \i=1 E

where

Ky - gL U/DB Lo ) S
5 onr 2 ! 2

> (b1 = ) (di - )| 5/ 252
i=1

Remark 2.12. Taking u(x,y) = u(x) and with suitable modifications, the inequality (2.51)
reduces to the following result:

1/r
L(Hluk(x) |”k> dx < Kgf Z”grad u(x) ||£Z dx, (2.53)
-1

i=1

where

2.54
2nr 2 ! 2 (2.54)

K, LB<1 +(1/7) X pe 1+ (1/r)Z£=1#k>li[<bi gy St
In [19], Pachpatte proved the inequality (2.53) for px > 2, 1 < k < r with Kg replaced by
(1/nr) (ﬁ/Z)ZZ:WH, where f is as in Remark 2.8. It is clear that Ky < (1/nr) (,6/2)22:1’”/’, and
hence (2.53) is a better inequality than a result of Pachpatte.
Similarly, all other results in [15] also can be generalized by the same way. Here, we omit
the details.
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