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1. Introduction

The arithmetic-geometric mean inequality (in short, AG inequality) has been widely used in
mathematics and in its applications. A large number of its equivalent forms have also been
developed in several areas of mathematics. For probability and mathematical statistics, the
equivalent forms of the AG inequality have not been linked together in a formal way. The
purpose of this paper is to prove that the AG inequality is equivalent to some other renowned
inequalities by using probabilistic arguments. Among such inequalities are those of Jensen,
Holder, Cauchy, Minkowski, and Lyapunov, to name just a few.

2. The equivalent forms

Let X be a random variable, we define

EIX|")"", ifr #0,
E,|X|:= (EIXI") 7 2.1)
exp (E(In[X])), ifr=0,

where EX denotes the expected value of X.
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Throughout this paper, let n be a positive integer and we consider only the random
variables which have finite expected values.

In order to establish our main results, we need the following lemma which is due to
Infantozzi [1, 2], Marshall and Olkin [3, Page 457], and Maligranda [4, 5]. For other related
results, we refer to [6-19].

Lemma 2.1. The following inequalities are equivalent.

(E1) AG inequality: EX > eF™X where X is a nonnegative random variable.

(E2) ai’lagz ceal <aigr+axga+ e+ angn ifa; € (0,00) and g; € (0,1) fori=1,2,...,n
with 311 qi = 1. The arithmetic-geometric mean inequality is usually applied in a simple version of
(Ex) withgi =1/nforeachi=1,2,...,n.

(E3) a®b'™* <aa+ (1-a)bif0 < a < 1and a,b > 0, and the opposite inequality holds if
a>lora<0.

(Es) (y+1)* <1+ayif0<a<landy > -1, and the opposite inequality holds if & > 1 or
a<0andy > -1.

(Es) Siabb! < (Z1a)" () for ai, b € (0,00), i =1,2,...,nifp>0,q> 0 with
p +q > 1, and the opposite inequality holds if pg < O withp + q < 1.

(Ee) [Zii (@i +b)"1VP > (Sia)) VP + (Sb)) P if p < 1and ay,b; € (0,00) for i =
1,2,...,n, and the opposite inequality holds if p > 1.

(E7) (Xraib)'™ < (Shab) ™ (Sh,aibh)™" if ai, by € (0,00) fori = 1,2,...,n and
r<s<t.

(Es) Let (82, B, u) be a measure space. If fi : Q—[0, oo) is finitely p-integrable, i =1,2,...,n
and let g; >0, 3".q; = 1. Then T, f;" is finitely integrable and [ [T £ du < TTi ([ £ dp).

(E9) If a > b > cand f : Q—R is p-integrable, where (Q, B, u) is a probability space, then

([ 1f1edp) ™™ < ([ IfIedm) ™" ([ |f12dm)"™.
(E10) Artin’s theorem. Let K be an open convex subset of R and f : K x (a,b)—[0, oo) satisfy

(a) f(x,y) is Borel-measurable in y for each fixed x,
(b) log f(x,vy) is convex in x for each fixed y.

If p is a measure on the Borel subsets of (a,b) such that f(x,-) is p-integrable for each x € K, then
g(x) :=log fo(x, y)du(y) is a convex function on K.

(E11) Jensen’s inequality. Let Q be a probability space and X be a random variable taking
values in the open convex set A C R with finite expectation EX. If f : A—R is convex, then E f (X) >

f(EX).

Proof. The proof of the equivalent relations of (Ey), (Es), (E4), ..., (E7) can be found in [1, 2,
4,5].

The proof of the equivalent relations of (E1), (Ez2), (Es), (E9), (E10), and (Ei;) can be
found in [3]. O

Theorem 2.2. The following inequalities are equivalent.

(Ho) EIXY| < (Ep|X|)(E4lY]) if X, Y are random variables and 1/p +1/q = 1 withp > 1
and g > 1.

(Hy) E|Z|IX|"Y|F < (E|Z|IX)"(E|Z||Y))¥ if X, Y, Z are random variables and h + k = 1
with h > 0and k > 0.

(H,) E|Z||IX|"|Y|F > (E|Z|IX])"(E|Z||Y))* if X, Y, Z are random variables and h + k = 1
with hk < 0.
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(H2) EIX|"Y[* > (EIX|)"(E|Y)* if X, Y are random variables and h + k = 1 with hk < 0,
that is, E|XY| > (Ep|X|)(Eg|Y]) if 1/p+1/qg=1withO<p < 1.

(H3) E|X|"|Y[* < (EIX])"(E|Y))* if X, Y are random variables and h + k < 1 with h > 0
and k > 0.

(Hy) E|X|"|Y[* > (E|IX|)"(E|Y))* if X, Y are random variables and h + k > 1 with hk < 0.

(L1) (E|Z|IX])" < (E|\Z|IX|)* T (E|1Z||IX|")° if X, Z are random variables and r < s < t.

(Ly) (E|Z|IX])" > (E|\Z||IX|)* " (E|1Z||X|")"° if X, Z are random variables and s < r < t.

(Ls) (EIX|)Y" < (EIX|)® if X is a random variable and r < s, that is, (E|X|")"/" is
nondecreasing on r.

(Ly) (see [10, 18]) (E|X|P) > (E|X|)?, where X is a random variable if p > 1 or p < 0, and the
opposite inequality holds if 0 < p < 1.

(R1) (EIX|")P/(E|Y|")T < E(IX[P/|Y|9)" if X, Y are random variables and p > q + r with
p>0,g>0,r>0.

(R2) (EIX|")P/(E|Y|")T < E(IX[P/|Y|9)" if X, Y are random variables and p > q + r with
p<0,g<0, r>0.

(Rs) (EIX|")P/(E|Y|")T > E(IX[P/|Y|9)" if X, Y are random variables and p < q + r with
p>0,g<0, r>0

(Ry) (EIX|)P/(EIY))Pt < E(IX|P/|Y|PY) if X, Y are random variables and p > 1.

(Rs) (EIX|)P/(EIY))P' < E(X|P/|Y|PY) if X, Y are random variables and p < 0.

(Re) (EIX|)P/(EIY)P' > E(X|P/|YIPY) if X, Y are random variables and 0 < p < 1.

(C1) Cauchy-Bunyakovski and Schwarz’s (CBS) inequality: (E|XY])* < (E|X|?)(E|Y]?) if
X, Y are random variables.

(CY) (EIXYZ|)* < (E|ZIIXP)(EIZIIYP) if X, Y, Z are random variables.

(C2) [EZIXPIY")IEZIXI"*|Y)] < (EIZIXD(EIZIY]) if X, Y, Z are random
variables and s € (0, 1) (the inequality is reversed if s > 1 or s <0).

(Ca) [EQZIIXPIYPOIENZIXPTYP)] < [E(ZIXPrEYP)IEZIIXP[Y[P*)]
foranyp e Rif X, Y, Z are random variables and |r| < |s|.

(Co) [EQZIXI"YHIEZIXPFY)] < [EQZIXYI)HENZIXIPIYT)] if X, Y, Z are
random variables and either 0 < v <s<r<u, r+s=u+ovor0<u<r<s<v, r+s=u-+o.

(Cs) [EIZI|X|"TLEIZNX|] < [EIZIIXIPILE(|1ZI|X|™°] if X, Y, Z are random variables and
r| <sl.

(Co) [EQZIIXIPIY)IE(ZIIXFIYP)] < [EIZIXPTYIEIZIX[ Y] if X, Y, Z
are random variables and either p/2 <s<r <por0<r<s<p/2.

(C7) [E(ZIXPIYI)IEZIXFYP)] < [EIZIXPTIYIIEIZIXITYPTTif X, Y, Z
are random variables and either 0 <r<s<lorl<s<r<2.

(Cs) [E|Z||X|*| Y| [E|Z||X|<=5|Y|*!] increases with |s| if X, Y, Z are random variables
and k/1 =s/t.

(M) Minkowski's inequality: Ep|X +Y| < Ep|X|+ E,|Y|if X, Y are random variables, p > 1,
and the opposite inequality holds if p < 1.

(T) Triangle inequality: Ep|X = Y| < E,|X - Z| + E,|Z-Y|if X, Y, Z are random variables,
p > 1, and the opposite inequality holds if p < 1.

(J1) GzGI1 (EY) < EGZGI1 (Y) if Y is a random variable, G1 and G, are two continuous and
strictly increasing functions such that GoG;" is convex.

(J2) Ee™X > e'EX for any t € R if X is a random variable.

The above listed inequalities are also equivalent to the inequalities in Lemma 2.1.
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Proof. The sketch of the proof of this theorem is illustrated by the following maps of
equivalent circles:

(1) (E3) = (Ho) & (H1) & (H») & (Hj);
(2) (H1) = (L1) = (Ho) = (Ls3) = (Hs);

)
)
(3) (H2) = (L2) = (H;) = (Ha);
)
)

~ o~ o~ o~

(4) (L1) = (Ls) & (L4), (L2) = (L3) = (E1);

(5) (H3) = (R1) = (Ry) = (H3), (Hi) = (R2) = (R5) = (Ha), (Hy) = (Rs) =
(Re) = (H2);

(6) (Ho) & (M) & (T);

(7) (C1) = (Ho) = (Hp) = (C2) = (C3) = (Cq) = (Co) = (C7) = (Cr) & (C));
(8) (C4) = (C5) = (C3) & (Cs);

9) (En) = (J1) = (Ls), (En) = (J2) = (E1).

Now, we are in a position to give the proof of this theorem as follows.

(E3) = (Hy), see Casella and Berger [7, page 187].

(Hp) © (H,) is clear.

(Hy) = (Hy):If h < 0and k > 0, then —k/h > 0 and —h/k + 1/k = 1. This and (H;)
imply

h/k 1/k

E|Z|IX|M |y [VE < (E|1ZIIX[) ™" (E|1ZIIYT) (2.2)

Replacing |Y| by |X|"|Y|* in the above inequality, we obtain (H>).

Similarly, we can prove the case that h > 0 and k < 0.

(Hy) = (H;) is proved similarly.

(H2) & (Hj) is clear.

(H1) = (Ly). Letting |X|, |Y]|, h, and k be replaced by |X|!, |X|", (s —r)/(t-r) and
(t-s)/(t—r)in (H;), respectively, we obtain (L;).

(Hz) = (L) is similarly proved.

(L1) = (Hp): Leth=(t-s)/(t-r), k=(s=7r)/(t—-1). Thenh+k=1, h>0, k>0.1It
follows from (L) that

E(lX”Y') — E(|X|t/(t—s)|Y|—r/(s—r)(le—l/(t—s)|Y|1/(s—r))5)
< [E|X|t/(t—s)|Y|—r/(s—r)(|X|—1/(t—s)|Y|1/(s_r))r] (t-s)/ (t=r)
) (2.3)
% [Elet/(t—s)|Y|—r/(s—r)(|X|—1/(t—s)|Y|1/(s_r))t] (s-r)/ (t-1)
= E1/n|X|E1/k[Y].
That is, (Hp) holds.

(L2) = (H3J) is similarly proved.
(Hp) = (Ls) = (H3). Taking Y = 1in (Hp), we see that

EIX| < (EXPP)P, p>1, (2.4)
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which implies
(EIXI)"* <EXI7s, p=_. (2.5)
Replacing |X| by |X|*,
(EIX]°)"* <E|X|". (2.6)

Thus

(EIX|)* < (XY ifr>s>0,

(2.7)
(EIXP)Y* > (EIXI)Y" ifr<s<0.
This proves (L3).
Next,letp =h+ k. Then h/p +k/p =1and 0 < p < 1. This and (Hp) imply
EIXI"PY [P < (EIXI)"7 (EY)*". (28)

Replacing |X| and |Y| by |X|? and |Y|? in the above inequality, respectively, and using (L3),
we obtain

EIX|"YF < (E,IX)" (E,IY])* < (EIX])"(EIY])*. (2.9)

This proves (H3) holds.
(H3) = (Hy) is proved similarly.
(L1) = (L3). (a) Taking Z=1and t =0in (Ly),

E(IX]F) " <E(X|")™ ifr<s<0, (2.10)
which implies
~1/r \1/s .
(EIX|")'" < (EIXP)"* ifr<s<O. (2.11)
(b) Taking Z=1and r =0in (L1),
(EIXP)' < (EIX[))® if0<s<t, (2.12)
which implies

1/t

(EIXI)° < (EIX|)Y" if0<s<t (2.13)
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(c) Taking Z =1and s =0 in (L),
1< (EIXHT(EIX]) ifr<0<t, (2.14)

which implies

1/r 1/t

(EXIN)Y < (EIXHY" ifr<0<t (2.15)

(d) It follows from (a), (b), and (c) that (Ls) holds.

Thus, we complete the proof.

(L) = (Ls) is similarly proved.

(L3) = (Ly) is clear.

(Ly) = (L3) by using the technique of (Hy) = (L3).

(L3) = (E1). Letting r — 0 and s = 1 in (L3), we obtain (E;).

(H3) = (R). It follows from p > g+ rand p,q,7 € (0,0) that g/p + r/p < 1. This and
(H3) imply

EIX[9/P)y|"/P < (EIX)"P (E|Y])"?. (2.16)

Replacing |X| and |Y| by [Y|" and |X|P|Y|™ in the above inequality, respectively, we obtain
(Rq).

(Hy) = (R2) and (Hs4) = (R3) are similarly proved.

(R1) = (R4), (R2) = (Rs) and (R3) = (Rg) follow by takingg=p—-1andr =1.

(Ry) = (H), (R5) = (Hz) and (R¢) = (Hp) follow by takingp = h, k = 1 -p in
(R4), (Rs) and (Rs), respectively.

(Hp) = (M) Casella and Berger [7, page 188].

(M) = (Hp) (see [5]): Let1/p+1/g = 1 withp > 1and g > 1. It follows from Benoulli’s
inequality (E4) that

ptX|[Y] < (YYD 44X — [YP/®PD, for t > 0. (2.17)
This and (M) imply
ptE|X||Y| < [(E[YP/®D)P L t(EIXIP) /PP = E[YPP/®D,  for t > 0. (2.18)
Hence

o 1 —1)\1/p 1/p1p /(p-1)
E|X||Y| < lim inf = { [(E|Y[P/P"D)P 4 t(E|X|P —E|Y|P/®
P Jirm inf - {( ) (EIXF) ] } (2.19)

= pEp|X|Eq|Y].

This proves (Hp) holds.
(M) = (T) follows by replacing X and Y by X — Z and Z - Y in (M), respectively.
(T) = (M) follows by replacing Y and Z in (T) with Y and 0, respectively.
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(C1) = (Hp). Let F(x) = E|Y]9(|X|P|Y|™9)" for x € (0,1). Then, it follows from (C;) that

F<% + %) = E{ [|Y|q(|X|P|Y|‘Q)x1]1/2[|Y|q(|X|p|Y|—q)x2]1/2}

< (EIYI(XPIYFR)™) 2 BV (IXP ) ™) e

— F(x1)1/2 + F(xz)l/z.

Thus, In F is midconvex on (0, 1), and hence In F is convex on (0, 1). Hence

1nF<f+1;r) <Xinrm +Linra-n. (221)
P4 P q
Therefore,

p(% . ; r> <FYP(r)FYi(1-7). (2.22)

Letting r — 17 in the both sides of the above inequality,

E|XY| = F<%) < FYP(1)FY9(0) = (E,|X|) (E,[Y]) . (2.23)

This shows (Hp) (see [13]).
(H;p) = (Cy). First note that, as shown above, (H;) and (H;) are equivalent. It follows
from (H;) that, for s € (0,1),

E|Z||IXP Y™™ < (E|ZIIX])* (E|ZIIY])'"™,
- (2.24)
E|Z|IX["|Y [ < (EIZIIX[) " (ElZIY ).

These imply (C) for the case s € (0, 1).

Similarly, we can prove the case for s > 1 or s < 0 by using (H>).

(C2) = (C3) follows by replacing s, |X|, |Y|in (Cz) by (1/2)(1 + r/s) if rs > 0 or
(1/2)(1—r/s)ifrs <0, | X[P**|Y|P~5, | X|P~5|Y|P**, respectively.

(C3) = (Cy) follows by replacing p+r, p—1, p+s, p—sin (C3) by r, s, u, v,
respectively.

(C4) = (Cs) follows by replacing v, s, u, vbyp—-s,s, p—r,rors,p—s, r,p—rin
(C4), respectively.

(Cs) = (Cy) follows by taking p = 2 with r > 0 in (Co).

(C7) = (Cy) follows by taking s =1 and r = 0in (Cy).

(C1) & (C7) is clear.

(C4) = (Cs) follows by letting r+s=u+v =0, u=r, v=sand Y = 1in (Cy).

(Cs) = (C3) follows by replacing |Z| and |X]| in (Cs) by |Z|(|X]||Y])F and |X|Y[,
respectively.
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(C3) = (Cg). Replacing |X]| by |X[* and [Y| by [Y|” in (C3) and changing appropriately
the notation for the exponents, we obtain (Cs).

(Cg) = (C3) is clear.

To complete our proof of equivalence of all inequalities in this theorem and in
Lemma 2.1, it suffices to show further the following implications.

(E11) = (J1) follows by taking f = G,G;" in (E11).

(J1) = (L3): Let G1(Y) = |Y|", Go(Y) = |Y|?, where rp/r1 > 1 (hence r, > r; > 0 or
r2 < 11 < 0). Then it follows from (J;) that |[EY|?/™ < E|Y|"2/"1. Setting Y = |X|", we obtain
(L3), see [14, page 162].

(E11) = (J2) follows by taking f(x) = e’ in (E11).

(J2) = (Ey) follows by taking t = 1 and replacing X by In X in (/). O

Remark 2.3. Lettingr =p, s=p-1+h, u=p+h, v=p-landY =Z =1withh >0and
p € Rin (Cy4), we obtain the inequality (5) of [18]:

E(IXPP*ME(IXP) < E(X[PME(IXPT). (2.25)
That is,
_E(XP)
r(p) = E(|—X|P) (2.26)

is a decreasing function of Sclove et al. [18] proved this property by means of the convexity
of f(t) = In E(|X|"), see [14]. Clearly, our method is simpler than theirs.

Remark 2.4. Each H; (or H) is called Holder’s inequality, each (C;) (or (C7})) is called CBS
inequality, each L; is called Lyapunov’s inequality, each R; is called Radon’s inequality, each
(Ji) is related to Jensen’s inequality.
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