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1. Introduction

Let E be a real Banach space and let ] denote the normalized duality mapping from E into 2F
given by

J(x) = {x* € E*: (x,x*) = ||x|I* = ||«*||*}, (1.1)

where E* denotes the dual space of E and (-, -) denotes the generalized duality pairing. If E* is
strictly convex, then ] is single valued. In the sequel, we will denote the single-value duality
mapping by j.

Let C be a nonempty closed convex subset of E. Recall that a self-mapping f : C — Cis
said to be a contraction if there exists a constant 6 € (0,1) such that

|f(x) - f)| <6llx-yl, Yx,yeC. (1.2)

We use Ilc to denote the collection of all contractions on C. Thatis, Ilc = {f : f : C —
C a contraction}.
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A mapping T with domain D(T) and R(T) in E is called pseudocontractive if, for all

x,y € D(T), there exists j(x — y) € J(x — y) such that
(Tx =Ty, j(x-y)) <llx -yl (1.3)
We use Fix(T) to denote the fixed point set of T, that is, Fix(T) = {x € C : Tx = x}.

Recently, Xu and Ori [1] have introduced an implicit iteration process below for a finite
family of nonexpansive mappings. Let T;,T>,..., Ty be N self-mappings of E and suppose
that ﬂgl Fix(T;) # @, the set of common fixed points of T;, i = 1,2,..., N. An implicit iteration
process for a finite family of nonexpansive mappings is defined as follows with {t,} a real
sequence in (0,1), xo € E:

X1 = tle + (1 - tl)Tlxl,

Xy =thx1 + (1 - t2)T2X2,

(1.4)
XN = INXN_1 + (1 - tN)TNxN,
N = EneaxN + (1 = tne1) Tixne,
which can be written in the following compact form:
Xp = tpxpo1 + (1= ty)Tuxn, n>1, (1.5)

where T, = Ty, mod N -

Xu and Ori proved the weak convergence of the above iterative process (1.5) to a
common fixed point of a finite family of nonexpansive mappings {T, )., in a Hilbert space.
They further remarked that it is yet unclear what assumptions on the mapping and/or the
parameters {t,} are sufficient to guarantee the strong convergence of the sequence {x,}.

Very recently, Osilike [2] first extended Xu and Ori [1] from the class of nonexpansive
mappings to the more general class of strictly pseudocontractive mappings in a Hilbert space.
He proved the following two convergence theorems.

Theorem O1. Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let
{Ti}N, be N strictly pseudocontractive self-mappings of C such that Y, Fix(T;) # @. Let xo € C and
let {a, ),y be a sequence in (0,1) such that lim,_..a, = 0. Then the sequence {x,},., defined by

Xp = AnXpo1 + (1= ay)Tuxn, n>1, (1.6)
where Ty = Tyymod N, cOnverges weakly to a common fixed point of the mappings {T;}~,.

Theorem O2. Let E be a real Banach space and let C be a nonempty closed convex subset of E. Let
{Ti}N, be N strictly pseudocontractive self-mappings of C such that N\, Fix(T;) # @, and let {a,}>

n=1
be a real sequence satisfying the conditions 0 < a, <1, $2,(1 - at,) = oo and 3%, (1 - a,)* < 0.

Let xo € C and let {x,},., be defined by
X = 0pXn1 + (1= ay)Tyx,, n>1, (1.7)

where Ty, = Tymod N~ Then {x,} converges strongly to a common fixed point of the mappings {T; )%, if
and only if liminf, . d(x,, F) = 0.
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Remark 1.1. We note that Theorem O1 has only weak convergence even in a Hilbert space and
Theorem O2 has strong convergence, but imposed condition lim inf,,_,..d(x,, F) =0

In 2005, Chidume and Shahzad [3] also proved the strong convergence of the implicit
iteration process (1.5) to a common fixed point for a finite family of nonexpansive mappings.
They gave the following theorem.

Theorem CS. Let E be a uniformly convex Banach space, let C be a nonempty closed convex subset
of E. Let {T;}Y, be N nonexpansive self-mappings of C with (Y, Fix(T;) # @. Suppose that one of
the mappings in {T} -, is semicompact. Let {t,} C [6,1 — 6] for some & € (0,1). From arbitrary
xo € C, define the sequence {x,} by (1.5). Then {x,} converges strongly to a common fixed point of the

mappings {T; }f-\zfl.

Remark 1.2. Chidume and Shahzad gave an affirmative response to the question raised by Xu
and Ori [1], but they imposed compactness condition on some mapping of {T;},.

In this paper, we will consider a process for a finite family of pseudocontractive
mappings which include the nonexpansive mappings as special cases. Let f : C — C be a
contraction. Let {a,}, { .}, and {y,} be three real sequences in (0, 1) and an initial point xy € C.
Let the sequence {xn} be defined by

x1 = a1 f(x0) + prxo + y1Tix1,

x = ar f (x1) + Pox1 + 12 Toxa,

(1.8)
xn = anf(xn-1) + Pnxn-1 + ynTNXN,
XN+1 = aN+1f(xN) + NN + YN 11N,
which can be written in the following compact form:
Xn = anf(xn—1> + ﬁnxn—l + YnTnxn; n>1, (19)

where T), = T); mod N-

Motivated by the works in [1-6], our purpose in this paper is to study the implicit
iteration process (1.9) in the general setting of a uniformly smooth Banach space and prove the
strong convergence of the iterative process (1.9) to a common fixed point of a finite family of
pseudocontractive mappings {T; i} N, The results presented in this paper generalize and extend
the corresponding results of Chidume and Shahzad [3], Osilike [2], Xu and Ori [1], and others.

2. Preliminaries

Let E be a Banach space. Recall the norm of E is said to be Gateaux differentiable (and E is said
to be smooth) if

x+ty|| - ||x
N

t—0 t (21)
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exists for each x, y in its unit sphere U = {x € E : [|x|| = 1}. It is said to be uniformly Frechet
differentiable (and E is said to be uniformly smooth) if the limit in (2.1) is attained uniformly
for (x,y) € U xU. It is well known that a Banach space E is uniformly smooth if and only if the
duality map ] is single valued and norm-to-norm uniformly continuous on bounded sets of E.

Recall that if C and D are nonempty subsets of a Banach space E such that C is nonempty
closed convex and D € C, thenamap Q : C — D is called a retraction from C onto D provided
Q(x) = x for all x € D. A retraction Q : C — D is sunny provided Q(x + t(x — Q(x))) = Q(x)
for all x € C and t > 0 whenever x + t(x — Q(x)) € C. A sunny nonexpansive retraction is a
sunny retraction, which is also nonexpansive.

We need the following lemmas for proof of our main results.

Lemma 2.1 (see [7]). Let E be a uniformly smooth Banach space, C a closed convex subset of E,
T : C — C anonexpansive with Fix(T) # @. For each f € I1c and every t € (0,1), then {x;} defined by

Xt = tf(xt) + (]. — t)Txt (22)

converges strongly as t — 0 to a fixed point of T.
In particular, if f = u € C is a constant, then (2.2) is reduced to the sunny nonexpansive
retraction of Reich from C onto Fix(T),

(Q(u) —u, J(Q(u) —p)) <0, peFix(T). (2.3)

Lemma 2.2 (see [8]). Let E be a real uniformly smooth Banach space, then there exists a nondecreasing
continuous function b : [0,00) — [0, o0) satisfying
(i) b(ct) < cb(t) forall c > 1;
(ii) limy—o.b(t) = 0;
(iid) [lx + y* < [lx]? + 2(y, j(x)) + max{[lxll, 1} [y lb(yll), for all x,y € E.
The inequality (iii) is called Reich’s inequality.

Lemma 2.3 (see [9]). Let {a,}; be a sequences of nonegative real numbers satisfying the property
an1 < (1= Yu)an + YuOn, 1> 0, where {y,},o C (0,1) and {0y}, are such that

(i) XnoYn = oo/
(ii) either limsup, 0, <007 372 0]yn0u| < co.

Then {ay},. converges to 0.

3. Main results

Theorem 3.1. Let E be a uniformly smooth Banach space and let C be a nonempty closed convex subset
of E. Let {T;) Y, be N pseudocontractive self-mappings of C such that N\, Fix(T;) # @. Let {a,}, {Bn),
and {y,} be three real sequences in (0,1) satisfying the following conditions:

(i) ap+Pp+yn=1;
(11) lirnn—mo,ﬁn = 0 ﬂnd limn—wo (“n /ﬁn) = O,'
(iil) Yo (@n/ (an + fn)) = 0.
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For f € Ilc and given xo € C arbitrarily, let the sequence {x,} be defined by (1.9). Then {x,}
converges strongly to a common fixed point p of the mappings {T;}Y,, where p = Q(f) is the unique
solution of the following variational inequality:

N
(f-DQ(f),j(z=Q(f))) <0 Vze[Fix(T;). 3.1)
i=1

Proof. First, we observe that {x,} is bounded. Indeed, if we take a fixed point p of T, noting
that

Xn—Pp

- (1) (72 1

Pn
1— Yn xnl) + YnTnxn p

_ (1_Yn)[ (f(rf)yn p) ﬁn(fn 1Yn P) + Yu(Tun = p).-
(3.2)
It follows that
0 - plI°
= (1 _Yn)<1tjn an(.]f:(_r)z,n_ p> + ﬂn(icn__lyn_ p>’]<x1’l _p)>
+Yu(Tnxn =P, j(Xn = P))
< (13| 72 (1 o) = ) + DD P ol -,
(3.3)
which implies that
an(f(xn1) = f(P)  an(f()=p)  Pu(xn1-p)
||xn_p||S 1_Yn * 1—Yn - 1_Yn ”
P
(3.4)
(1 O)ay ”f(P) P” [ (1- 6)“71] ” _ ”
= " 1-6 Xn-1—P
Smax{w/ - _P"}'

Now, an induction yields

= pl < ma { WPy ). 69

Hence {x,} is bounded, so are { f(x,)} and {Tix,} foralli=1,2,...,N.
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Observe that
|27 = Tuxu|| < an| f (xn-1) = Tuxu|| + Bul|%n-1 — Tuxs|| — O. (3.6)

Set A, = (2I — Tn)_1 foralln =1,2,...,N, it is well known that {An},Z:]=1 are all nonexpansive
mappings and Fix(A,) = Fix(T,) as a consequence of [10, Theorem 6]. Then we have

|0 = Anxu|| = | AnAy %0 = Anxal| < |30 = Tuxa|- (37)

It also follows from (3.6) that lim,_.||x, — Ayx,| = 0.
Next, we claim that

N
limsup(f(p) ~p,j(xu=p)) <O pe[\Fix(Ty), (38)

n—oo i=1

where p = Q(f) = lim;_oz; with z; being the fixed point of z — tf(z) + (1 — t)A,z (see
Lemma 2.1).
Indeed, z; solves the fixed point equation

zi=tf(z) + (1 - 1) Apzs. (3.9)
Then we have
zt =X = (1= t) (Anze — xn) + £(f (2¢) — x0). (3.10)
Thus we obtain

lze = 2ll” < (1= £ [[| Azt = Awica]| + [l = Awxa|]°

(3.11)
+2t(f(zt) =z, j (2t — xn) ) + 2t ||z — xn||2.
Noting that
(f(zt) =20, (20 = xn)) = (f (2t) = f(0), j (2t = x0) ) + (f (D) = 20, j (21 = %)) 512
< 6|z = pllllze = xull + (f () = 2, j (2t = xn) )
Thus (3.11) gives
2= 5l (= 02 20l [0 = Awa ]+ 260] 20 pll]z - ]
+26(f(p) = 21, (2t = %)) + 21|21 = x|
(3.13)

<(1-t)?|z - xn”2 + an(t) + 26t||ze — p|||| z¢ = xn|

+2H(f(p) = 24, j (2 = %) ) + 21|21 = 2 ||

7

where

an(t) = (2||ze = x| + ||xn = Anxa||) || %0 = Anxu|]| — 0 as n — co. (3.14)
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It follows that

. t 1
(2= f(p), =zt = x)) < 5|20 = xall” + 5 a(t) + 6|20 = pll | z¢ — x| (3.15)

Letting n — oo in (3.15) and noting (3.14) yields

. . t
limsup(z; — f(p),j(zt —x5)) < EM +6M||z: - p||, (3.16)

n—oo

where M > 0 is a constant.

For (3.9), since z; strongly converges to p, then {z;} is bounded. Hence we obtain
immediately that the set {z; — x,,} is bounded. At the same time, we note that the duality
map j is norm-to-norm uniformly continuous on bounded sets of E. By letting t — 0 in (3.16),
it is not hard to find that the two limits can be interchanged and (3.8) is thus proven.

Finally, we show that x,, — p strongly.

Indeed, using Lemma 2.2 and noting that (3.4), we obtain

s = pII”

< |2 -m 5

Yn(xn—l_
< (7Y ol 42 ﬁy) (F (xr) =P, (51 =)

T-y (1-
= (i
1_Yn 1_Y

1
1l

:( P > e S [C o)

+max{

L=y (1-7a)
o Yn)2<f(xn 1) = f(p),j(xna - p))
+max{ ‘1 1) J}”f(x;;—i)};?’”“n <||f(xnll)ynpllan>
3[1 a'é(ic"—;:f")]ll -l %5”""—1”“”2
; %mp) i (51— p)
. { '1 f e ,1} If (x;:z gnpllan ( |If (x;nlz ﬁnpllan>
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_ [1 (@ +2(1-6)pn) ty(a +2(1 = 6)f)
(“n + ﬁn)z ((Xn + ﬁn>2

]nxn_l Ll

5 {ﬁ(ﬂp) P, (X1 - P))

’1} | f (xn-1) = || (2n +,6n)b<||f(xn_1) —P||an>}

+max{ tn+2(1-6)pn tn + P

[T =)

= (1= 1) s~ plF + Lo

(3.17)
where A, = a,(a, +2(1-8)B,)/ (an + B)* and
2 n . n\An-1"7
On = mg(lﬂ) ~p,j(Xn-1-p)) +max{ [5(16_—1%1;7) /1}
(3.18)

W) =plen ) 1) =l
an +2(1-06)p, &y + P ’

We observe that lim, .. ((an + 2(1 — 6)Bn)/(an + Bn)) = 2(1 — 6), then > A, = oo and
max{[|(Ba/ (1 = 1)) Gt = P 1HUf Gen) = pll(@n + B) /(@ + 2(1 = 6)B,)) is bounded. At
the same time, from lim,_. (a0, / (@, + B)) = 0, we have that b(|| f (x,-1) — pllan/ (@n + Bn)) — O.
This implies that limsup,_, o, <0.

Now, we apply Lemma 2.3 and use (3.8) to see that ||x, — p|| — 0. This completes the
proof. O

Remark 3.2. Theorem 3.1 proves the strong convergence in the framework of real uniformly
smooth Banach spaces. Our theorem extends Theorem O1 to the more general real Banach
spaces. Our result improves Theorem O2 without condition liminf, ,,d(x,, F) = 0 and at
the same time extends the mappings from nonexpansive mappings to pseudocontractive

mappings.

Corollary 3.3. Let E be a uniformly smooth Banach space and let C be a nonempty closed convex subset
of E. Let {T;) Y, be N pseudocontractive self-mappings of C such that Y, Fix(T;) # @. Let {a,)}, {.},
and {y,} be three real sequences in (0,1) satisfying the following conditions:

(i) an+Pn+yn=1
(ii) limy—oofn = 0 and limy, .o (ay/ Pn) = 0;
(iii) 3520 (an/ (an + fn)) = oo
For fixed u € C and given xo € C arbitrarily, let the sequence {x,} be defined by
Xn = Apl + PruXp + YuTnXn, n>1. (3.19)

Then {x,) converges strongly to a common fixed point p of the mappings {T;}Y,, where p = Q(u) is
the unique solution of the following inequality:

(u-Q(u),j(z-Qu)))<0 Vze ﬁFix(Ti), (3.20)
i=1

where Q is a sunny nonexpansive retraction from C onto (Y, Fix(Ty).
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Corollary 3.4. Let E be a uniformly smooth Banach space and let C be a nonempty closed convex subset
of E. Let {T;} N, be N nonexpansive self-mappings of C such that N\, Fix(T;) # @. Let {a,}, {Bn), and
{Yn} be three real sequences in (0,1) satisfying the following conditions:

(@) an+pPntyn=1
(ii) limy—eofBn = 0 and limy—o. (an/Pn) = 0;

(iif) aZo(ctn/ (et + fn)) = 00

For f € Ilc and given xo € C arbitrarily, let the sequence {x,} be defined by (1.9). Then {x,}
converges strongly to a common fixed point p of the mappings {T;}~,, where p = Q(f) is the unique
solution of the following variational inequality:

N
(f-DQ(f),j(z-Q(f))) <0 Vze()Fix(T;). (3.21)
i=1

Corollary 3.5. Let E be a uniformly smooth Banach space and let C be a nonempty closed convex subset
of E. Let {T;} Y, be N nonexpansive self-mappings of C such that N\, Fix(T;) # @. Let {a,}, {Bn), and
{yn} be three real sequences in (0, 1) satisfying the following conditions:

(i) an+Pn+yn=1
(i) limy—o0fn = 0 and lim, o0 (ay, /) = 0;

(111) Zf;o(an/(an + ﬁn)) =0

For fixed u € C and given xy € C arbitrarily, let the sequence {x,} be defined by
Xn = QpUh + PuXp + YuTnXn, n>1. (3.22)

Then {x,) converges strongly to a common fixed point p of the mappings {T;}Y,, where p = Q(u) is
the unique solution of the following inequality:

N
(u-Q)p,j(z-Qw))) <0 Vze(Fix(Ty), (3.23)
i=1

where Q is a sunny nonexpansive retraction from C onto (Y, Fix(Ty).

Remark 3.6. Corollary 3.5 improves Theorem CS without compactness assumption of map-
pings.
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