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1. Introduction

Let # be the class of analytic functions in the open unit discD = {z € C | |z| < 1} and #[a, n]
be the subclasses of # consisting of the functions of the form f(z) = a + a,z" + ay12™ -+ -.
Let 4 (p, n) denote the class of functions f(z) normalized by

f(z) =z + Z az" (pmneN:={1,23,...}) (1.1)
k=n+p
which are analytic in the open unit disc D. In particular, we set
A(p,1) = A, HA(1,1) := A = A. (1.2)

If f(z) and g(z) are analytic in D, we say that f(z) is subordinate to g(z), written symbolically
as

f<g or f(z)<g(z) (z€D). (1.3)
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If there exists a Schwarz function w(z) which is analytic in D with w(0) = 0, |w(z)| < 1 such
that f(z) = g(w(z)), z € D.

For two analytic functions f(z) and F(z), we say that F(z) is superordinate to f(z) if
f(z) is subordinate to F(z).

For integer n > 1, let Q(n) denote the class of functions w(z) which are regular in D
and satisty the conditions w(0) = 0, |w(z)| < 1, and w(z) = z"¢(z) for all z € D, where ¢(z)
is regular and analytic in D and satisfies |¢(z)| < 1 for every z € D. Also, let P{(p,n) denote
the class of functions p(z) = p + 352, p, z* which are regular in D and satisfy the conditions
p(0) = p, Rep(z) > 0 for all z € D. We note that if p(z) € P(p,n), then

p(z) = 1-w(z) 1-z"¢(z)

~P7 +w(z) 1+z"¢(z) (14)

for some functions w(z) € Q(n) and every z € D.

Definition 1.1. Let f(z) € HA(p,n) form € Ny = NU {0}, A > 0, I > 0, one defines the multiplier
transformations 0, (m, A, 1) on &4 (p, n) by the following infinite series:

oo Ak —p) +1\"
0, (m, L, 1) f (2) 1= zr’+k§+n<’”+;—+lp)+> apzk. (1.5)

It follows that
92,(0,1,1) f(z) = f(z2),
(p+D0,(2,\,1)f(z) = (p1-A) + Z)Op(l,)L, Df(z)+ /\z(Op(l,)L,l)f(z))', (1.6)

Op(m1, X, 1) (Op (M2, 4,1) f (2)) = D) (m2, A, 1) (Op (11, 4,1) f (2))
for all integers m;, m,.

Remark 1.2. This multiplier transformation was introduced by Cétas [1]. Forp=1,1=0,1>0,
the operator D" := J;(m, A, 0) was introduced by Al-Oboudi [2] which reduces to the Sildgean
differantial operator [3]. For A = 1, the operator ;" := 01(m, 1,1) was studied recently by Cho
and Srivastava [4] and Cho and Kim [5]. The operator 9, := 9:(m, 1, 1) was studied by Urale-
gaddi and Somanatha [6] and the operator J,(m,[) := 0,(m, 1,1) was investigated recently by
Sivaprasad Kumar et al. [7].

Definition 1.3 (see [1]). Let ¢(z) be analytic in D and ¢(0) = 1. A function f(z) € 4 (p, n) is said
to be in the class «4,(m, A, 1, n; ) if it satisfies the following subordination:

Op(m+1,1,1)f(2)
OP (m/ -)L/ l)f(Z)
Definition 1.4. The radius of starlikeness of the class «#,(m, A, 1, n, ¢) is defined by the following.

For each f(z) € o#4,(m, A, 1,n;¢), let r(f) be the supremum of all numbers r such that
f (Dy) is starlike with respect to the origin. Then the radius of starlikeness for «4,(m, A,1,n; ) is

<¢(z) (zeD). (1.7)

rse(HAp(m, N, 1,1;)) = s (irgglw)r(f)- (1.8)
p\N, AL,
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Theorem 1.5. Let f(z) € H#(p,n) and A > O, then f(z) belongs to the class HA,(m, A, 1, n; x) if and
only if F(z), defined by

p+l (p(-1)+1)/A-1 _r. < p+l k
F2) = b /Jé foa=2+ 3 (i )ast a9

belongs to the class Ay,(m +1,1,1,n; x).

This theorem was proved by Catas [1].

2. Main result
Theorem 2.1. The radius of starlikeness of the class A,(m, \,1,n, §) is

1/n

I
ro = PT . 1)

Mp +m) + /X 2(p+ 1)+ (p+ 1) (p +1 - 21p)

This radius is sharp because the extremal function is

L 2ZP(c+p+(c—-p)z") C:p(l—)u)+l

prl o (1)t | 22)

f(2) =

Proof. If we take ¢ = (p(1 — A) + 1)/, then the function F(z) in Theorem 1.5 can be written in
the form

l z
P& = [ @ 23)

If we take the logarithmic derivative from (2.3) and after simple calculations, we get

Fl(z) 2°f(2) —c[3¢" f(0)dg

= 24
F@ T e fO4 24
Since F(z) is starlike, hence there exists a function w(z) € Q(n) such that
Fi(z)  2°f(2) =c[87 f(Q)de 1 -w(z)
FO T ger@a e @5)
Solving for f(z),
_(c+p) +(c-plw(z) (%,
Fe) = ] ek 26
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Taking the logarithmic derivative from (2.6), we get
Zf’(z) _ Pl - w(z) zw'(z)
f(z) 1+w(z) (1+w(2))(1+bw(z))’
where b = (¢ — p)/(c + p). To show that f(z) is starlike in |z| < ry, we must show that

Re <z§.((zz))> >0 2.8)

+(b-1)

(2.7)

for |z| < rg. This condition is equivalent to
! 1 _
(1- b)Re< zw(z) ) < Re <pﬂ>. (2.9)
(1+w(z))(1+bw(z)) 1+ w(z)
On the other hand, we have the following relations:

Re( 1—w<z>> 1-|w(z)|*

T+w(z)) 11 +w(z)|2’

2w (2) ) . (-bfz'(z)] (2.10)

(1 —b)Re<(1 +w(2))(1+bw(z))/ ™ [1+w(@)][1+bw(z)]’

(1~ @)l

(Golusin inequality, [8]). Therefore, the inequality (2.9) will be satisfied if

|z (z)| <

) e IO ) O]
[1+w(2)||1+bw(z)| 1-|z" ~ |1+w(z)|2'

(2.11)

Simplifying and writing |z| = r, we obtain
n(l1-b)r" < 1+ bw(z)
1-—r2n 1+w(z)
Since |w(z)| < |z|* =", p|(1 + bw(z))/ (1 + w(z))| > p((1 + br™) /(1 + r")) so that (2.12) will be
satisfied if

_ (2.12)

n(l-b)r - 1+br

T P (2.13)
The inequality (2.13) can be written in the following form:
p—(1-b)(p+n)r" - bpr* >0, (2.14)

which gives the required root ry of the theorem.
To see that the result is sharp, consider the function F(z) = z/(1 + z")?/"_ For this
function, we have

A ZP((c+p) + (c—-p)z")
f*(Z) - P+l (1+Zn)2p/n+1
(2.15)
_fiz) _p-(1-b)(p+mz" -~ pbz>"
f*(Z) (1 + Zn>2p/n+1 :

So that z(f,(z)/ f«(z)) = 0 for |z| = ry. Thus, f(z) is not starlike in any circle |z| < rifr > ry. 0O
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Remark 2.2. 1f we give special values to m, A,1,n, we obtain the radius of starlikeness for the
corresponding integral operators.
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