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1. Introduction

The so-called two-parameter mean or extended mean between two unequal positive numbers
x and y was defined first by Stolarsky [1] as

( ror 1/(r-s)
<M> , r#s’ rs7’_-0’

r(xs—y°)
xr_yr 1/r
() r7hesl
E(r,s;x,y) = 3 x° - y° s 0 0 (1.1)
<s(lnx—lny)> r=0s#0

x"Inx —y"In 1
exp<#—;>, T:S7£O,

VXY, r=s=0.
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It contains many mean values, for instance,

E(1,0;x,y) =L(x,y) = 1nx 1ny *rY (1.2)
xX=y;
1/(x Y)
E(1,Lx,y) =I(x,y) = P XFY (1.3)
xX=y;
E2,1;x,y) = A(x,y) = —; (1.4)
E<%,%;x,y) =h(x,y) = x+— ;W/ (1.5)

The monotonicity of E(r,s;x,y) has been researched by Stolarsky [1], Leach and
Sholander [2], and others also in [3-5] using different ideas and simpler methods.

Qi studied the log-convexity of the extended mean with respect to parameters in [6],
and pointed out that the two-parameter mean is a log-concave function with respect to either
parameter r or s on interval (0, +o0) and is a log-convex function on interval (—oo,0).

In [7], Witkowski considered more general means defined by

E(u,v;x",y") >1/(H)

1.6
E(u,v;x%,y°) (16)

R(u,v;r,s,x,y) = <
further and investigated the monotonicity of R.
Denote R* := (0,00) and let f(x,y) be defined on Q. If for arbitrary ¢+ € R* with
(tx,ty) € Q, the following equation:

fltx, ty) =t"f(x,y) (1.7)

is always true, then the function f(x,y) is called an n-order homogeneous functions. It
has many well properties [8-10]. Based on the conception and properties of homogeneous
function, the extended mean was generalized to two-parameter homogeneous functions in
[9], which is defined as follows.

Definition 1.1. Assume f : U(S R* x R*) — R* is an n-order homogeneous function for
variables x and y, continuous and first partial derivatives exist, (a,b) € R* x R* with a # b,
(p,9) ERxR.

If (1,1) ¢ U, then define that

=@@wmw=<%§%%yww (p#4,pq#0), )
*(p,pia b) =lim(a,bip,q) = Grp (p=q70),
where
Grp=G/P(a"b"),  Gylx,y) =exp (xfx(x'y) mf);;i{y(x’y) my), (1.9)

fx(x,y) and f,(x,y) denote partial derivatives with respect to first and second variable of
f(x,y), respectively.
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If (1,1) € U, then define further

far, o)\
Hs(p,0;a,b) = <W> (p#0,4=0),
a 1)\ _
H:(0,g;a,b) = <%> (p=0,9%0), (110)

#f(0,0;a,b) =lim H(a, b; p,0) = alxAD/fADRLADFAD - (p = g = 0).
p—)

Let f(x,y) = L(x,y). We can get two-parameter logarithmic mean, which is just
extended mean E(p, g; a,b) defined by (1.1). In what follows we adopt our notations and
denote by Hr(p,q;a,b) or Hr(p,q) or Hr.

Concerning the monotonicity and log-convexity of the two-parameter homogeneous
functions, there are the following results.

Theorem 1.2 (see [9]). Let f(x,y) be a positive n-order homogenous function defined on U(S
R* x R¥) and be second differentiable. If 0 = (In f),, < (>)0, then #(p, q) is strictly increasing
(decreasing) in either p or q on (—o0,0) and (0, +o0).

Theorem 1.3 (see [10]). Let f(x,y) be a positive n-order homogenous function defined on U(S
R* x R*) and be third-order differentiable. If

2=(x-y)(x0), <(>)0, where) = (lnf)xy, (1.11)

then K (p,q) is strictly log-convex (log-concave) with respect to either p or q on (0,+c0) and log-
concave (log-convex) on (—oo,0).

By the above theorems we have the following.

Corollary 1.4 (see [10]). The conditions are the same as Theorem 1.3. If (1.11) holds, then H ¢(p,1—
p) is strictly decreasing (increasing) in p on (0,1/2) and increasing (decreasing) on (1/2,1).

If f(x,y) is symmetric with respect to x and y further, then the above monotone interval
can be extended from (0,1/2) to (—o0,0) and (0,1/2), and from (1/2,1) to (1/2,1) and (1, +c0),
respectively.

Corollary 1.5 (see [10]). The conditions are the same as Theorem 1.3. If (1.11) holds, then for p,q €
(0, +o0) with p # q, the following inequalities:

Gf/(PW)/Z < (>)e1€f(p, q) < (>)\/Gf,pr,q. (1.12)

hold. For p,q € (—o0,0) with p # q, inequalities (1.12) are reversed.

If f(x,y) is defined on R* x R* and symmetric with respect to x and y further, then
substituting p + q > 0 for p,q € (0,+00) and p + q < 0 for p,q € (-o0,0), (1.12) are also true,
respectively.

Let f(x,y) = L(x,y), A(x,y), I(x,y), and D(x,y) in Theorems 1.2 and 1.3,
Corollaries 1.4 and 1.5, we can deduce some useful conclusions (see [9, 10]). These show
the monotonicity and log-convexity of L(x,y), A(x,y), I(x,y), and D(x,y) depend on the
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signs of J = (In f)xy and 2 = (x—-y)(x0),, respectively. Noting H.(r, s; x, y) contains L(x, y),
A(x,y),and I(x,y), naturally, we could make conjecture on the similar conclusion is also true
for £¢(p,q; a,b), where f(x,y) = HL(r,s; x,y). Namely, the monotonicity and log-convexity
of the function H#, also depend on the signs of 9 = (In f),, <0and 2 = (x - y)(x0), > 0,
respectively, which is just purpose of this paper.

2. Definition and main results

For stating the main results of this paper, let us introduce first the four-parameter mean as
follows.

Definition 2.1. Assume (a,b) € R*xR* witha#b, (p,q), (r,5) € RxR, then the four-parameter
homogeneous mean denoted by F(p, g; 7, s; a, b) is defined as follows:

L(aP,bP") L(a%,b)
L(ars,bbs) L(a,bi")

1/ (p=q)(r-s)
F(p,q;r,s;a,b) = < > , if pgrs(p—-q)(r—s) #0, (2.1)

or

gt _ pas\ 0
F(p,q;1,5,a,b) = <aPS — s g = b"r> , if pgrs(p—q)(r—s) #0; (2.2)

if pgrs(p —q)(r —s) =0, then the F(p, g; 7, s; a, b) are defined as their corresponding limits, for
example,

1(a, b7

1/p(r-s)
W> , if pTS(T—S) 7’50,]9:(],

F(p,p;r,s;a,b) =limF(p,q;1,s;a,b) = <
q-p
L(a’”’, b"”)

1/p(r-s)
W> , ifprs(r-s) #0,9=0;

F(p,0;1,s;a,b) = lirr(}F(p,q; r,s;a,b) = <
q—}

F(0,0;7,5;a,b) =limF(p,0;7,5;a,b) = G(a,b), ifrs(r-s)#0,p=94=0,
p—)
(2.3)

where L(x,y), I(x,y) are defined by (1.2), (1.3) respectively, G(a, b) = v/ ab.

It is easy to verify that F(p, g;7,s; a,b) are symmetric with respect to a and b, p and
g, r and s, (p,q) and (r,s), and then F(p, g;7,s; a,b) is also denoted by F(p,q) or F(r,s) or
F(p,q;r,s) or F(a,b).

The four-parameter homogeneous mean F(p, g; 1, 5; a, b) contains many two-parameter
means mentioned in [9], for example, (see Table 1).

InTable 1, F(2,1;71,s; a, b) is just the Gini mean (is also called two-parameter arithmetic
mean), F(1,0;7,s; a, b) is just the two-parameter mean or extended mean or Stolarsky mean
(is also called two-parameter logarithmic mean), F(1,1;r,s; a,b) is just the two-parameter
exponential mean, and F(3/2,1/2;r,s; a, b) is just the two-parameter Heron mean.

Our main results can be stated as follows.

Theorem 2.2. Ifr+s > (<)0, then F(p, q; 1, s; a, b) are strictly increasing (decreasing) in either p or
q on (—oo, +o0).
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Table 1: Some familiar two-parameter mean values.

(p.9) E(p,q;7,s;:a,b) (p.q) Fp.grs;a,b)
. o b 1/(r—s) 11 I(ar/Zlbr/Z) 2/(r-s)
@ (%) (3) @7, 57)
1(a,b)\ " 21 a3 4 pr/3\ Y
1,1 273 25/3 1+ bs/3
(L1 1(a,b°) <3’3> <as/3+bs/3>
<1 1> <ar/2+br/2>2/(r_s> <3 1> a’? 4+ (\/ﬁ)r/2+br/2 2/(r-s)
5 2+ b2 4’4 a5/ + (\/E)S/Z +bs/2

wo) sa’ b 1/(r-s) 41 a3 4 b3 g2/ L /3 3/5(’*5>G2/5
4 ras—bs 3" 3 as/3 + bs/3 g2s/3 4 p2s/3
. r 1/2(r-s

L] a2 1 b2\ 5)62/3 3 1 @+ (Vab) +b Jab)2
1_5 _5/2 b5/2 E’_E S s S ( a )

as/2 + as+ (Vab) +b
31 @+ (Vab) +b a +b\'3) 2/3
oy —— - avp) (V)

as+ (Vab) +b as +

Theorem 2.3. If r + 5 > (<)0, then F(p, g; 1, s; a, b) are strictly log-concave (log-convex) in either p
or q on (0, +o0) and log-convex (log-concave) on (-0, 0).

By Corollary 1.4, we get Corollary 2.4.

Corollary 2.4. If r + 5 > (<)0, then F(p,1 — p;1,s; a, b) are strictly increasing (decreasing) in p on
(=o0,1/2) and decreasing (increasing) on (1/2,+o0).
Notice for f(x,y) = Hi(r,s;x,Y),

Xfx(x,y)Inx +yfy(x,y) lny>
fx,y)

:exp< ! ( L >lnx+ ! (— L A— )lny)
r—=s xr_yr xS_yS r—=s xr_yr xS_yS

— 1/(r-s) x’ ro_ yr ry\ _ x° s _ ys s>>
exp ((xr_yrlnx xr_yrlny> <xs_yslnx xs_yslny

N A )
_ <I(x Y ))
I(x®, %)

by Corollary 1.5, we get Corollary 2.5.

Gr(x,y) = exp (

(2.4)
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Corollary 2.5. Let p#q. If (p +q)(r +5) <0, then

Gy, (pra)2 <F(p,q;7,5,a,b) <\/Gu, pGu, 4, (2.5)
where G, p = Gly! (a',b'), Gy, (x,y) = (I(x, y") /1(x%,y*)) "™, I(x, ) is defined by (1.3).

Inequalities (2.5) are reversed if (p + q)(r + s) > 0.

3. Lemmas

To prove our main results, we need the following three lemmas.

Lemma 3.1. Suppose x,y > 0 with x #y, define

xt_yt -
U(t) = xtyt<m> ;120 (3.1)
L*(x,y), t=0,

then one has
(M) u-t) =uf(),;
(2) U(t) is strictly increasing in (—oo,0) and decreasing in (0, +o0).

Proof. (1) A simple computation results in part (1) of the lemma, of which details are omitted.
(2) By directly calculations, we get

u'(t)

2(x'Inx-y'Iny) 2
u(ty T

xt -yt t

2 x'Inx -y'Iny
= ?<ln\/xtyt - <—xt =y - 1)) (3.2)

2
= ?(ln G(x',y") -InI(x,y")).

=Inx+Iny -

By the well-known inequality I(a,b) > v ab, we can get part two of the lemma immediately.
O

The following lemma is a well-known inequality proved by Carlson (see [11]), which
will be used in proof of Lemma 3.3.

Lemma 3.2. For positive numbers a and b with a # b, the following inequality holds:

A+2G  a+4vVab+b

L(a,b) < 3 g (3.3)
Lemma 3.3. Suppose x,y > 0 with x #y, define
xt+ yt xt— yt -3
tot .
vit)y=4%Y 3 (t(x—y)> , 170 (3.4)

L3(x,y), t=0,
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then one has
(1) V(-t) = V(t);
(2) V(t) is strictly increasing in (—oo,0) and decreasing in (0, +o0).

Proof. (1) A simple computation results in part one, of which details are omitted.
(2) By direct calculations, we get
V'(t)

dInx+y'lny 3(x'Inx-y'lny) L3
Vi) t

=lnx+Iny+

xt+yt xt—yt t

t t t 3t
=<1+L L)lnx+(1+ y Y )lny+%

t t ot t t t_ b
xt+yt xt-y xt+yt xt-y

2t toot 2t 2t toot 2t

x“ +4Axtyt + x + dxtyt + 3
T th Y Inx + T th Y Iny+—
xt -y xt -y t

(3.5)

3 x4 dytyt + 2
;——yyy(lnx—lny)

X2t

_32t(lnx-Iny) < X2 -y x? +dxtyt + y2t>
B 2t(Inx - Iny) 6 '
Substituting a, b for x*, y* in the above last one expression, then

Vi) 3 a+4vab+b
W = ?L (a,b) (L(a, b) T)’
in which L(a,b) — (a + 4Vab + b)/6 < 0 by Lemma 3.2, and L™'(a,b) > 0. Consequently,
V'(t) >0ift<0and V'(t) <0if t > 0.

The proof is completed. O

tox2 -y

(3.6)

4. Proofs of main results

To prove our main results, it is enough to make certain the signs of 9 = (In#y),,, and 2 = (x-
y) (.X'O)x because F(a/ b/ p.qr, S) = #e@L (ar bl | q)/ where JeL = °”eL(r1 5, X, ]/) = E(Tr 5,X, y) is
defined by (1.1).

Proof of Theorem 2.2. Let us observe that

InH#; = rlTS(ln s|+In|x" —y"| - In|r| - In|x® - y°|). 4.1)
Through straightforward computations, we have
J=(In JéL)xy
1 < Xyt sy >
Yr=)\(xr-y)* (e -y)
1 < Xy’ Sxy > (42)
Yr=s)\ (xr-y)* (x-y°)

1 U(r)-U(s)
xy(x-y)? r-s
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By Lemma 3.1,
U(r) - U(s) _ U(r) -U(sl) r+s 43)
r—s Irl=1Isl Irl+Isl’ '
which shows that ) < 0ifr +s >0 and 9 > 0if r + s < 0.
By Theorem 1.2, this proof is completed. O
Proof of Theorem 2.3. Let us consider that
2= (x-y)(xI),
_x-y [ rxy" (x" +y") . $x5yS (x° +y°)
xy(r—s) (x7 - yr)3 (x5 - ys>3 (4.4)
3 -2 V(r)-V(s)
xy(x—-y)? r-s
By Lemma 3.3,
V(r)-V(s) _ V(rl)=V(sl) r+s (45)
r—s rl=1Isl  Irl+lsl’ '
it follows that 2 >0ifr+s>0 and 2 <0ifr +s < 0.
Using Theorem 1.3, this completes the proof. O

Proof of Corollary 2.4. By the proof of Theorem 2.3, there must be 2 < 0 if r + s < 0. Note
f(x,y) = H#i(r,s;x,y) is symmetric with respect to x and y, it follows from Corollary 1.4
thatF(p,1-p;r,s;a,b) = H o, (a,b;p,1-p) is strictly decreasing in p on (-o0,0) and (0,1/2).
Because

F(0,1;r,s;a,b) = lirrb Fip,1-p;r,s;a,b)
p%
[/ L(a )\
- L(asl bs) (46)
- <S a’ — br>1/(7’—5)
“\ras-bs !
thus F(p,1 —p;r,s;a,b) is strictly decreasing in p on (—o0,1/2).

Likewise, F(p,1 - p; 1, s; a,b) is strictly increasing in p on (1/2, 00) if r + 5 > 0.
This proof is completed. O

Proof of Corollary 2.5. By the proof of Theorem 2.3, there must 2 < 0 if r + s < 0. Notice
f(x,y) = Hi(r,s;x,y) is defined on R* x R* and symmetric with respect to x and y, it follows
from Corollary 1.5 that (2.5) holds for p + g > 0. In this way, for r + s < 0 and p + g > 0 that
(2.5) are also hold by Corollary 1.5. Hence, that (2.5) are always hold for (p + q) (v + s) <0.
Likewise, (2.5) are reversed for (p + gq)(r +s) > 0.
The proof ends. O
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5. Chains of inequalities for two-parameter means

Let a and b be positive numbers. The p-order power mean, Heron mean, logarithmic mean,
exponential (identic mean), power-exponential mean, and exponential-geometric mean are
defined as

yi= M=AhLIZandY, (5.1)

MVP(aP,bP) if p#0,
G(a,b) ifp=0,
where L = L(a,b),I = I(a,b), A = A(a,b), and h = h(a,b) are defined by (1.2)-(1.5),
respectively; while the power-exponential mean and exponential-geometric mean are defined
by Z = a®/(@)pb/(a+b) and Y := Eexp(1 — G?>/L?), in which G = G(a,b) = Vab, respectively
(see [9, Examples 2.2 and 2.3]).
Concerning the above means there are many useful and interesting results, such as
L < Ay/3 (see [12]); I > A3 (see [13]); Z > A; (see [5]); h < I (see [14]); Ly < Ayy3 < I (see
[15]); L(a,b) < hy(a,b) < Ay(a,b) hold for p > 1/2, g > 2p/3 (see [16]).
Recently, Neuman applied the comparison theorem to obtain the following result. Let
p,q,1,s,t € R*. Then, the inequalities

L,<h <A <I (5.2)

hold true if and only if p < 2r < 3s < 2t (see [17]).

It is worth mentioning that the author obtained the following chains of inequalities
(see [9, 10]) by applying the monotonicity and log-convexity of two-parameter homogenous
functions:

G<L<Aip<I<A, (5.3)
Gl<Zip<Y<Z, (5.4)
L2<h<A2/3<I<Zl/3<Yl/2. (55)

Using our main results in this paper, the above chains of inequalities can be
generalized in form of inequalities for two-parameter means, which contain many classical
inequalities.

Example 5.1. By Theorem 2.2, for  + s > 0, we have

1
F(1,-1;r,s;a,b) < F(l,—z;r, s; a,b) <F(1,0;7,s;a,b)

, (5.6)
< F(l, E;r, s;a, b> <FQ1,1;r,s;a,b) <F(1,2;1,s;a,b),
that is,
C- (ar/2 + br/2>2/3("5)G2/3 3 <E a - br>1/(r—s)
as/2+bs/2 r as —bs
(5.7)

a2 4o 2N 1)\ s\ V09
<<W> ~\ (a5, 07) <<a5+b5> '
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which can be concisely denoted by

r r 2/3(r-s) —_— 1/(r-s)
G<<A(a 2 b /2)> G2/3<<L(a,b)>

A(a5/2, bs/Z) L(as, bs)

A(ar/Z, br/Z) 2/(r-s) I(ar, br) 1/(r=s) A(a’, br) 1/(r-s)
< —_— < _— < _— ;
A(as/?,b5/?) I(as,b%) A(as,b%)

where L, I, A are defined by (1.2)—(1.4).

(5.8)

In particular, puttingr =1, s =0;r =25 = 2, r = s = 1 in (5.7), respectively, we have
the following inequalities:

G< AiﬁGz/g <L<Aip<I<A, (5.9)
G< A2/3AI}43G2/3 <A< AZAI}Z </ < A2A_1, (510)
G< Z};;GQB <I<Zip<Y<Z, (5.11)

which contain (5.3) and (5.4). Here we have used the formula I(a?,b?)/I(a,b) = Z(a,b) (see
[9, Remark 3]).

Example 5.2. By Corollary 2.4, we can get another more refined inequalities. For r + s > 0, we
have

F(%, 1;r,s;a,b> >F<g 1;r,s;a,b) >F<E 1;r,s;a,b) >F(1,0;7,s;a,b)

2 3’3 474
4 1 3 1 612)
> F<§,—§;r, s;a, b> > F(E’_E;r' s;a, b) >F(2,-1;7,s;a,b),
that is,
I(ar/z, br/z) 2/(r-s) ar/3 + br/3 3/(r-s) a’/z a2 b’/z 2/(r-s)
I(as/?.,bs/?.) > <as/3+bs/3> > <a5/2+ as/2b5/2+bs/2>
(s a’ —pr\ /s a3 L /3 g2 /3 4 p2r/3 1’3/5(#5)(;2/5
ras—>bs as/3 + bs/3 g2s/3 4 p2s/3
1/2(r-s) _
N <a’ +Va'b +br> VG (ar+b’>1/3(r S>Gz/3,
as ++/asbs + bs as +bs
(5.13)

which can be concisely denoted by
I(ar/Zl br/Z) 2/(r=s) A(ar/3l br/3) 3/(r=s) h(ar/2, br/2) 2/(r-s)
1(a*/2,b°72) "\ A(@h, 07 >\ n(@2, 72

y <L(ar,br) >1/(r—5) § <A(ar/3,br/3) A(azr/3,b2r/3) >3/5(r—s)G2/5

L(as,bs) A(as/3,bs/3) A(a25/3,b2s/3)
1/2(r-s) 1/3(r-s)

. h(a’,b") /G A(a",b") c2/

h(a®, b?) A(a®,b%) ’

(5.14)
where L(x,y), I(x,y), A(x,y), and h(x, y) are defined by (1.2)—(1.5), respectively.
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In particular, putr=1,5s=0;r=2,s=1,r =1, s — 1in (5.14) and note

1/(r-s)
Ala’, b
lim<M> -7z,

r—s A(as, bs)
Vrs) (5.15)
r—s
tim (104 ) = /21
r—s h(as,bs) 3s/27s/2 7
we have
11/2 > A1/3 > h1/2 >L> Ai;gAg;ng/S > vhG > A1/3G2/3,
Zijp > A2 AL > PRy, > A> AYSADPGYS > i V2GY2 > ASPATYRGYS, (5.16)

3/21-1/2 1/5—>2/5~2/5 3/471-1/4,~1/2 1/3 2/3
Yi0> Zi3 > 13/411/4 >1> Z1/3Zz/3G > 13/211/2 G'/*>7"°G

respectively. Here we have again used the formula I(a?,b%)/1(a,b) = Z(a,b). This shows the
inequalities (5.14) contain (5.11)—(5.13) in [10] and (5.5).

Example 5.3. Puttingr =1,s = 0;r = 2,5 = 1;r = 1, s — 1 in Corollary 2.5, we have the
following inequalities:

qa’—bP 1/(p-q)
Iipgyr2 > <p 29— bq) >/ Iply,

aP + bP 1/(p-q)
Z(p+q)/2 > <m) > szq/ (5.17)

N I(a”’,b”) 1/(p-q) Yy
(p+a)/2 > <W> >\ dplq,

forp+q>0withp#g4.
On the other hand, puttingp =1,9=0,p=2,9=1;p =3/2, g =1/2 in Corollary 2.5,
we can get another inequalities

I(ar/zl br/Z) 2/(r-s) <S a —b >1/(r—s) I(ar, br) 1/2(T—S)G1/2
- > (= > ——~ ,
I(as/Z, bs/2) ras —bs I([Is, bs)

I<a3r/2 b3r/2) 2/3(r-s) < a’ + br)l/(r s) I(a2r’ bZr) 1/4(r~s) I(ar, br) 1/2(r-s)
> > ——£ —_— ,

T(@72, 0577 e 1(a2, b2) I(a, b2°)
W )\ e var e\
I(a®,b2°) a5+ Vasbs + b

I(a3r/2 bSr/Z) >1/3(T s)<I( a2 br/2)>1/<r s)

I(a3s/2 bas/z) I(as/z, bs/z)

(5.18)

forr+s>0.
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