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Let p be a nonnegative Radon measure on R which only satisfies the following growth condition
that there exists a positive constant C such that u(B(x,r)) < Cr" for all x € R%, r > 0 and
some fixed n € (0,d]. In this paper, the authors prove that for suitable indexes p and A, the
parametrized g} function /” is bounded on LP(u) for p € [2,00) with the assumption that the
kernel of the operator /" satisfies some Hormander-type condition, and is bounded from L' ()
into weak L! () with the assumption that the kernel satisfies certain slightly stronger Hérmander-
type condition. As a corollary, /,” with the kernel satisfying the above stronger Hérmander-type
condition is bounded on LP(p) for p € (1,2). Moreover, the authors prove that for suitable indexes
pand A, ,/Ii}’P is bounded from L* (u) into RBLO(y) (the space of regular bounded lower oscillation

functions) if the kernel satisfies the Hormander-type condition, and from the Hardy space H' ()
into L!(p) if the kernel satisfies the above stronger Hérmander-type condition. The corresponding
properties for the parametrized area integral _/Ilg are also established in this paper.

Copyright © 2008 H. Lin and Y. Meng. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

Let s be a nonnegative Radon measure on R? which only satisfies the following growth
condition that for all x € R and all > 0:

u(B(x,1)) < Cor", (1.1)

where Cy and n are positive constants and n € (0,d], and B(x,r) is the open ball centered
at x and having radius r. Such a measure y may be nondoubling. We recall that a measure
u is said to be doubling, if there is a positive constant C such that for any x € supp(u) and
r >0, u(B(x,2r)) < Cu(B(x,r)). It is well known that the doubling condition on underlying
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measures is a key assumption in the classical theory of harmonic analysis. However, in
recent years, many classical results concerning the theory of Calderén-Zygmund operators
and function spaces have been proved still valid if the underlying measure is a nonnegative
Radon measure on R? which only satisfies (1.1) (see [1-8]). The motivation for developing
the analysis with nondoubling measures and some examples of nondoubling measures can
be found in [9]. We only point out that the analysis with nondoubling measures played a
striking role in solving the long-standing open Painlevé’s problem by Tolsa in [10].

Let K be a p-locally integrable function on R% x R4\ {(x, y) : x = y}. Assume that there
exists a positive constant C such that for any x, vy € R? with x £y,

|K(x, )] < Clx =y, (12)

and for any x,y,y' € R,
! ! 1
f [|[K(x,v) - K(x,y)| + |K(y,x) - K(y, x) || ——dpu(x) < C. (1.3)
[x-y=2ly-y'| lx -yl

The parametrized Marcinkiewicz integral M7 (f) associated to the above kernel K and the
measure y as in (1.1) is defined by

S (f) (x) = (fm

where p € (0,00). The parametrized area integral /% and g} function /" are defined,
respectively, by

1/2

> , xeRY, (1.4)

1j K(x,y)

tP Joc— y|<t|x y|1 °

_((” 1 K(y,2) 2wwmtm
)@= ([ LM« t—pfly I CLTC I ) oxem, as)
. _ Eo\" K(y,2) 2du(y)dt )"
200 =[] o () 5y o[ ] e

(1.6)

where R¥*! = {(y,t) : y € R4, t > 0}, p € (0,00), and A € (1, 00). It is easy to verify that if y is
the d-dimensional Lebesgue measure in R, and

(1.7)

with Q homogeneous of degree zero and Q € Lipa(Sd‘l) for some a € (0, 1], then K satisfies
(1.2) and (1.3). Under these conditions, ¥ in (1.4) is just the parametrized Marcinkiewicz
integral introduced by Hérmander in [11], and _/fl’; and ,/Il;’p asin (1.5) and (1.6), respectively,
are the parametrized area integral and the parametrized g} function considered by Sakamoto
and Yabuta in [12]. We point out that the study of the Littlewood-Paley operators is motivated
by their important roles in harmonic analysis and PDE [13, 14]. Since the Littlewood-Paley
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operators of high dimension were first introduced by Stein in [15], a lot of papers focus on
these operators, among them we refer to [16-21] and their references.

When p = 1, the operator M as in (1.4) is just the Marcinkiewicz integral with
nondoubling measures in [22], where the boundedness of such operator in Lebesgue spaces
and Hardy spaces was established under the assumption that #? is bounded on L?(u).
Throughout this paper, we always assume that the parametrized Marcinkiewicz integral
with nondoubling measures #* as in (1.4) is bounded on L?(x). By a similar argument in
[22], it is easy to obtain the boundedness of the parametrized Marcinkiewicz integral #*
with p € (0,00) from L'(u) into weak L!(y), from the Hardy space H'(p) into L!(u), and
from L*(pu) into RBLO(p) (the space of regular bounded lower oscillation functions; see
Definition 2.5 below). As a corollary, it is easy to see that #* is bounded on LP(u) with
p € (1,00).

The main purpose of this paper is to establish some similar results for the parametrized
area integral ,/Il‘; and the parametrized g} function _/Il}’p as in (1.5) and (1.6), respec-
tively.

This paper is organized as follows. In the rest of Section1l, we will make some
conventions and recall some necessary notation. In Section2, we will establish the
boundedness of ,/Iljl’p as in (1.6) in Lebesgue spaces L”(y) for any p € (1,0). And we
will also consider the endpoint estimates for the cases p = 1 and p = oo. In Section 3,
we will prove that ,/IIK’P as in (1.6) is bounded from H'(p) into L!'(x). And in the last
section, the corresponding results for the parametrized area function ,/flg as in (1.5) are
established.

For a cube Q C R we mean a closed cube whose sides parallel to the coordinate
axes and we denote its side length by [(Q) and its center by xg. Let « > 1 and > a™. We
say that a cube Q is an (a, §)-doubling cube if u(aQ) < pu(Q), where aQ denotes the cube
with the same center as Q and I(aQ) = al(Q). For definiteness, if & and f are not specified,
by a doubling cube we mean a (2,29!)-doubling cube. Given two cubes Q C R in R,
set

NQ,R k
#2°Q)

Kor=1 - = 1.8
Qr=1+ kz:; 1) (1.8)

where Ng r is the smallest positive integer k such that l(ZkQ) > I(R) (see [23]).

In what follows, C denotes a positive constant that is independent of main parameters
involved but whose value may differ from line to line. Constants with subscripts, such as Cj,
do not change in different occurrences. We denote simply by A < B if there exists a positive
constant C such that A < CB; and A~B means that A < B and B < A. For a y-measurable
set E, yr denotes its characteristic function. For any p € [1, oo], we denote by p' its conjugate
index, namely, 1/p+1/p’ = 1.

2. Boundedness of JILK’P in Lebesgue spaces

This section is devoted to the behavior of the parametrized g} function ;" in Lebesgue
spaces.

Theorem 2.1. Let K be a p-locally integrable function on R4 x R4\ {(x,y) : x = y} satisfying (1.2)
and (1.3), and let JI{K’p be as in (1.6) with p € (0,00) and A € (1, 00). Then for any p € [2,00), ,/ilz’p
is bounded on LP (p).
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To obtain the boundedness of ,/il:’P in LP(u) with p € [1,2), we introduce the following
condition on the kernel K, that is, for some fixed o > 2,

o]

! , 1
sup > ZUJ‘ “K(X,y)—K(x,yﬂ+|K(y,x)—1<(y,x)|]ﬁd‘u(x)SC’
r>0,y,y'€R? I=1 2lr<|x-y|<21r Py
ly-y'I<r

(2.1)

which is slightly stronger than (1.3).

Theorem 2.2. Let K be a p-locally integrable function on R4 x R4\ {(x,y) : x = y} satisfying (1.2)
and (2.1), and let ,/f(I’P be as in (1.6) with p € (n/2,0) and A € (2,00). Then ,/KI’P is bounded from
L(p) into weak L' (p), namely, there exists a positive constant C such that for any p > 0 and any
feLll(w),

pl(x R A0 > ) < Sl 22)

By the Marcinkiewicz interpolation theorem, and Theorems 2.1 and 2.2, we can
immediately obtain the L? (4)-boundedness of the operator /” for p € (1,2).

Corollary 2.3. Under the same assumption of Theorem 2.2, JIlK’P is bounded on LP(u) for any p €
(1,2).

Remark 2.4. We point out that it is still unclear if condition (2.1) in Theorem 2.2 and
Corollary 2.3 can be weakened.

Now we turn to discuss the property of the operator ,/Il;”) in L®(u). To this end,
we need to recall the definition of the space RBLO(y) (the space of regular bounded lower
oscillation functions).

Definition 2.5. Let 17 € (1,00). A p-locally integrable function f on R is said to be in the space
RBLO(y) if there exists a positive constant C such that for any (77, 7%*!)-doubling cube Q,

mq(f) —ess glf f(x) <C, (2.3)

and for any two (17, 7%*!)-doubling cubes Q C R,

mq(f) —mr(f) < CKgr. (2.4)

The minimal constant C as above is defined to be the norm of f in the space RBLO(i) and
denoted by || f|lreLO()-

Remark 2.6. The space RBLO(p) was introduced by Jiang in [24], where the (17, 7%*!)-doubling
cube was replaced by (4v/d, (4\/H)n+1)-doubling cube. It was pointed out in [25] that it is
convenient in applications to replace (4v/d, (4\/H)n+l)—doubling cubes by (17, 7%!)-doubling
cubes with 7 € (1, 00) in the definition of RBLO(p). Moreover, it was proved in [25] that the
definition is independent of the choices of the constant 7 € (1, 00). The space RBLO(y) is a
subspace of RBMO(p) which was introduced by Tolsa in [23].
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Theorem 2.7. Let K be a p-locally integrable function on R% x R\ {(x,y) : x = y} satisfying
(1.2) and (1.3), and let _/Il;’p be as in (1.6) with p € (0, 00) and A € (1, 00). Then for any f € L*(u),
,/Ilj:p (f) is either infinite everywhere or finite almost everywhere. More precisely, if ,/llj:p (f) is finite
at some point xg € RY, then _/Itz’p (f) is finite almost everywhere and

”’/’Z)Lp(f)”RBLO(‘u) < C||f||L°°(;4)/ (2.5)

where the positive constant C is independent of f.

We point out that Theorem 2.7 is also new even when y is the d-dimensional Lebesgue
measure on R

In the rest part of Section 2, we will prove Theorems 2.1, 2.2, and 2.7, respectively. To
prove Theorem 2.1, we first recall some basic facts and establish a technical lemma. For 77 > 1,
let M,y be the noncentered maximal operator defined by

M) f(x) = s P Q)f lf)|duly), xeR% (2.6)

chbe

It is well known that M, is bounded on LP(u) provided that p € (1,00) (see [23]). The
following lemma which is of independent interest plays an important role in our proofs.

Lemma 2.8. Let K be a p-locally integrable function on RY x R4\ {(x,y) : x = y} satisfying
(1.2) and (1.3), and 1 € (1, 00). Let MP be as in (1.4) and ,/Il;’p be as in (1.6) with p € (0,00) and
A € (1, 00). Then for any nonnegative function ¢, there exists a positive constant C such that for all
f € LP(u) withp € (1,0),

[ el scf en@PMy@@dw. @)

Proof. Notice that

[ e pmauc

t An
_Imd.[ng+l<t+lx—yl> y—z|'r

SBAT SL‘%DURd<t+|a:—y|>m¢t(f)d”(x)]d”(y)

1 K(y, z)
t J‘Iyz|<t f(z )dﬂ(z)
- 2 t \"9w)
—IW [ () ()] Sff%’“w( ) = d,u(x):ld‘u(y).

2du(y)d

tn+1

¢()d()

1 K(y, z)
— z)d
tP J‘|y—z<t| f( ) ( )

ly —z|'°

t+|x -yl
(2.8)
Thus, to prove Lemma 2.8, it suffices to verify that for any y € R,
ol () Ean) < Mo 29
o) () T S M@, -
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For any fixed y € R? and t > 0, write

IRd<t+ |;_y|>m¢t(f)d#(x)

- Jx_ylgt<t . |; - >)m qb::) du(x) + Ix_y|>t(t - |; — >)m qb::) () (2.10)

EE1 +E2.

Let Q, be the cube with center at y and side length [(Q,) = 2¢. Obviously, {x : [x-y| <t} C Q,,

which leads to
P(x)
E < —d
e J‘Ix—ylst ¢ ,u(x) ( Qy)

As for E,, a straightforward computation proves that

f P(x)dp(x) < Mapd(y). (2.11)

&28

t An b (x
E, f < r > ¢(n )dy(x)
k=07 2kt<|x—y|<2k+1t + |x - ]/| t
< ) 1 J‘ (2.12)
7 (x)dpu(x)
Z <2k > (2k+1t) |x—y|szk+1t¢ g
< M (@) (y)-

Combining the estimates for E; and E, yields (2.9), which completes the proof of Lemma 2.8.
O

Proof of Theorem 2.1. For the case of p = 2, choosing ¢(x) = 1 in Lemma 2.8, then we easily
obtain that

[ L pelane < ), 213)

which, along with the boundedness of M? in L?(u), immediately yields that Theorem 2.1
holds in this case.

For the case of p € (2, ), let g be the index conjugate to p/2. Then from Lemma 2.8
and the Holder inequality, it follows that

1A Ty = sup [ (F) ()] p(x)dpu(x)

$20, 1Bl <1 R
S ot ,[ [ (F)(2)]* My () dpa ()
$20, [Bla <1 ) R

: 2.14
Sllﬂp(f)”mmwlsup M@l s @14)

L=<l

”f”LP(#) sup ||¢||L’4(y)
$20, ()|l <1

S
which completes the proof of Theorem 2.1. O
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To prove Theorem 2.2, we need the following Calderén-Zygmund decomposition with
nondoubling measures (see [23] or [26]).

Lemma 2.9. Let p € [1,00). Forany f € LP(u) and A > 0 (A> 2d+1||f||L1(#)/||‘u|| if |||l < o0), one
has the following.

(a) There exists a family of almost disjoint cubes {Q; }]. (ie., 2 xo; < C) such that

,u(2Q]-) |f(x)|pd‘u(x) 2d+1’

(2.15)

1 ) w
- d
u(2nQ)) f anlf(x” HEO S qa T2

If(x)| <A p-ae. on R\ U;Q;.

(b) For each j, let R; be the smallest (6,6™")-doubling cube of the form 6*Qj, k € N, and
let wj = xq;/ Xk XQi- Then, there exists a family of functions ¢; with supp(¢;) C R;

satisfyjing
[ pwdpeo - | SO, Sloio] <5 216)
(where B is some constant), and when p =1,
ol (R) <[ Iroleuto: 1)

when p € (1,0),

C

| I%(x)l”dﬂ(X)] k(R < o

|f ()] du(x). (2.18)

Remark 2.10. From the proof of the Calderén-Zygmund decomposition with nondoubling
measures (see [23] or [26]), it is easy to see that if we replace R; with R;., the smallest

(6v4d, (6\/H)n+1)-doubling cube of the form (6\/3)ij (k € N), the above conclusions (a) and
(b) still hold. Here and hereafter, when we mention R; in Lemma 2.9 we always mean R;..

29| £l / llll, the estimate (2.2) obviously holds). Applying Lemma 2.9 to f at the level §,
we obtain f(x) = g(x) + b(x) with

8(0) = fOxrnye () + X9 (%), b0) = X [w;(0)f(x) - p;(0)] = 3bj(x),  (219)
j j i

Proof of Theorem 2.2. Let f € LY(u) and p> 2d+1||f||L1(H)/||y|| (note that if 0 < p <

where wj, ¢;, Qj, and R; are the same as in Lemma 2.9. It is easy to see that ||g||=(,) < pand
lgllzi gy S N fllzr - By the boundedness of ,/f(;’p in L?(u), we easily obtain that

u({x € R MG (9)(x) > B)) < M7 (@12 S B 1f o (2.20)
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From (a) of Lemma 2.9, it follows that
1020) £ S I lduco <7 _lreolanco, @21)
and therefore, the proof of Theorem 2.2 can be deduced to proving that
Pl € RN\URQ;: M D)) > ) <7 [ |l auco). e2)
For each fixed j, let R = 6v/dR;. Notice that

#({x e R4 \ UjZQj : ./’lilp(b)(x) > ﬂ})

. . (2.23)
<p { > f M (b)) () dp(x) + 3 f M (b)) ()l (x) }
7 rar; 7 rg
Thus, it suffices to prove that for each fixed j,
[ e < [ (reolduco, (224)
RA\Ry Qj
[ e < [ 1760l du), (225)
RA\2Q; Qj
To verify (2.24), for each fixed j, let B; = B(xg,, 2+/dl (Rj)), and write
[ @ @due
RA\R:
/2
Eo\™ K(y,2)b;(2) 2du(y)dt |’
[ g YN e
Rd\R;f [y—2x|<t + |x - yl ly—z|<t |y - Zl t
[ : K, 2b() ,  Pdudt]
t n Y,z)bi(z d dt
e Woplermem) |, et o] | aweo
]Rd\R;f | yeB; xX—-y ly—z|<t |y_Z|

_ 1/2
t An K(y,2)bj(z) 2du(y)dt
+J ff e <—t+| |> f — S EE 1]_p dp(z) :;ZM dp(x)
RA\R! v X—-y ly—z|<t ly -zl

=F +F, +F;.
(2.26)
For each fixed j, further decompose
1/2
K(y, z) 2 dp(y)dt
Fs [ ol e | L duo
RI\R! Yeag, 17 ly-ist ly - z| t
1/2
2.27)
K(y,2) dpu(y)dt (
N e [ @) TR due
RA\R JeRI\IR, ly-z|<t ly - z|

=H; + H,.
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Itis easy to see that for any x € Rd\R;‘, y € 4R; with |[y-x| <tand z € R;, |x—ij|—2\/Hl(R]-) <
|x—y| <tand |y - z| < 4V/dl (R;). This fact along the Minkowski inequality and (1.2) leads to

1/2

, K(y, 2)I* du(y)dt
s f Rd\RJR]_IbAz)I ”w—xl« dp(z)dp(x)

Iy _ Z|2—2p fr+2p+1

ly—z|<t
YE4R;
[ 1
S b;(z) f —
fRd\R;JRj| i)l | ly-zieavairy ly — 2%
(] dat )d()md()du
X _— z X
\x—ij|—2\/Hl(Rj)tn+2p+1 HYy H H
1 1z 1
<[ ol e d)| e[ du()
Ile ] |[ |y—z\<4\/HI(R]-) |y_ Z|2n—2p Hy H ]Rd\R;f |.X' _ijl(n+2p)/2 I
S bl -
(2.28)
As for Hy, first write
1/2
K(y, z) 2dp(y)dt
f 4 Jf ly—x|<t, yeRd\4R f | _Z|1—p b]-(z)d/,t(z) pr+2p+1 d‘u(x)
FAR 7 ety g leavaimy) = V721! y
2 12 (2.29)
K(y, z) du(y)dt
+.[Rd\R;* H ly=xl<t, yeRN\IR; Iy zatly — 2! = 2 BUE)| dp(x)

t>ly—xq [+2VdI(R;)

=]+,

Notice that for any z € R;, x € RY\ R;f and y € R%\ 4Rj, ly — z|~ly — xq;|, and |x — xg;| <
5vdly - xq,|- Thus, by (1.2) and the Minkowski inequality, we obtain that

1 ly-xq;[+2Val(R) 1/2
" I Rd\RJ 51 U riar, [y = 2 <f -2 vz >dﬂ<y>] dp(z)dp(x)
g'[ J 1) I:'[ : n+1/2 X ]2n+1/2 P‘(y)]l/zdﬂ(z)d.”(x)
RAR R; RA4R; |y — xQ.| |y - xo, |

( )1/2 1/2 ( )1/4
Sijlbi(Z”I:J‘ ]—M/z du(y) dﬂ(Z)f W du(x)

iR [y~ x| ek [ -

S ”bj ||L1(;4)'
(2.30)
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On the other hand, it is easy to verify that for any y € R \ 4Rjand t > |y — xq,| + Zx/al(R]-),
Rjc{z:|ly—-z| <t}and |x - xq,| < 2t. Choose 0 < € <min{1/2,(A-2)n/2,p-n/2,0/2 -1}
(we always take e to satisfy this restriction in our proof). The vanishing moment of b; on R;
and the Minkowski inequality give us that

2 Rd\R; |y—x|<t,y€R*\4R;

t>[y-xo; [+2V/dI(R;)
< b K(yrz) K(y’ij)
= | j(z)l _ 1p T—p
RAR:J Ry ri\4R; | 1Y — 2 ly - xq,|

= [log (/1(R;))]**at ] }“2
X d d d
[f|yxgj|+z Vaiw) e log (t/1(R )P uy)p  du(z)dp(x)

1/2

“du(y)dt } du(x)

K(y/ Z) K(y, ij) ]
_ be(2)d
J‘Iy—zlg [Iy —z|[l-p |y - xq, |1—p j(z)dp(z)

pr+2p+1

1
IRd\RE Jxc = xg,|" [log (| = x| /1(R;))]

gl
R4\4R;

<

~

) e

Ky,z)  K(yxg)
ly -zl ly - ijllip

3} | 1(R:) Y122 172
U [log (t/1(R}))] dt]d#(y)} dpu(2)dp().

ly-=o, +2Vall(R;) el
(2.31)
It follows from [27, Lemma 2.2] that for any y € R9 \ 4R;,
© 2+2¢ 2+2¢
f [log (/1R 1o (ly = x0,|/1(K;) +2) o)
[y-si0, |+ 2VAI(R;) g2 T lly x| +2vai(R)] "
which, together with (2.1), leads to
1
]2 5 ’[ n 1+e
RAR; |x = xq, | [log (|x = xq, | /1(R;))]
K( 7 Z) K<y’ .X'Q.
xf |b,-(z)|U 2 )
R; RA4R, | |y — 2| ly —xq,| "
2+2e¢ 1/2
lo - x,|/1(R;) +2vd
1108 (y = x| /(R 2,,23 dﬂ(y)] dp(z)dp(x)
[ly - xq,| +2vdl(R;)]
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1
< - =
Rd\R}('“x_xQ;‘l) [10g(|x—ij|/l(Rj))]l

2+2¢
f |b (2)| {Z&

S RAR))

2
Al [K(y,2) - K(y,%0)|
2MI(Ry)<ly-xq, <2 I(R;) ly —z|*%

+|K(y, XQ;

2 1/2
2 1

- d d d
)|'|y-z|w 0|7 #<y>]} p(z)dp(x)

1
sf _ ~
R (| - xg, )" [log (|x - xg, | /1(R;))]

© 2+42¢
f |b() {Z&

H ARy

) f 1 |K(y,2) - K(y,xq,)|
2kl(R]-)§|y—ij\<2k”l(R]~) [zkl(Rj)]"_zp Iy - z|

I(R;)* v
s #(y)]} dp(z)dp(x)

|ly - xq,|

1 (k )2+2€

<f g e z>|[ S " audnco
=R, |x — xg,|" [log (|~ xq, | /1(R;))] 2
S ”b]' "Ll(y)'
(2.33)
Combining the estimates for Hy, J;, and J, yields
B 5 ol < [ 151k 234
j

To estimate F,, first notice that forany y € B;j, x € Rd\R;f, and z € R, [y—x| = |x-xq,[/2,

ly—z| < 4VdI(R;), and |x—y|~|x—xg,|. Thus, by the Minkowski inequality and (1.2), we easily
obtain that

1/2

2n+2e K(]/rz) Zd ( )di’
k< f J |bj(z)] jfy x|>t<t+|x y|> ly—Z|2_2|’7 tl;1[+ZJ+1 du(z)dp(x)

ly—=|<t
yeB;
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1
S I |b](Z)| [I 2n+2e _
RA\R: R, ly-zI<4val(R) | x — xq, | ly — z|n—e
1/2

x(ffx'te‘ldt)dy(w] dpu(z)dp(x)

1/
1 1

<[ e f ()] d <z>f S

JR;' ] |[ B e B i [x—xg "
< ”bf"Ll(y)
sf £ ()| dpu(0).

Qj

(2.35)

It remains to estimate F3. By (1.2), we can write
1/2

N1 du(ydt
<
FSNIW\RJ o1 [Jisssspan(mrm) G pr | @

t<ly—xg; [+Cel(R;)
[x=xq; [<2ly-xg|

1/2

N1 du(y)dt
f Rd\R;f o) [z yeR"\Bf<t+|x J) T | WEE

t<ly-xg, [+Ccl(R))
[x=sgy P2l

¢ An
S [ s (1)

ly— xQ; [+Cel(R; )<t

) 1/2
du(y)dt
Y dp(x)

fr+2p+1

[ D @)

ly—z|<t |y - Z|1 P

= L1 + L2 + L3,
(2.36)

where C. = 8v/de®?9/¢. Note that for any y € R? \ B; and z € R; with |y - z[ <t < |y — x|,
then |y — z|~|y — xg,| and |y — xq;| <t + \/Hl(Rj). Consequently,

| | ‘y—XQ].|+Csl(Rj) dt
u<[ fmel] e (] -
R R, ] y€eR\B; Iy—ijl—\/Hl(Rj)tn+2p+1

|-, [<2ly-xg|
1/2

x ——d du(z)d
=P u(y) u(z)dp(x) -

1/2

I(R))
S IW\R}IR,- |b]-(z)| j yeR\B; 3nil PE——— ) du(z)dp(x)

[x=xq;<2ly-xg| |y |

S b5l -
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A trivial computation involving the fact that |x — y| > [x — xg,|/2 for any x € RY \ R;f and
y € R?\ B, satisfying |x — xq;| > 2|y — xq,| proves that

t 2n+2e 1
Ly < f f b;i(z) J‘ ( )
RAR R, | ] | yeRN\B; E+|x - y| |y — Z|2n72p

IX—XQ]- |>2|y_xQ]‘ |

1/2
ly-xg;[+CI(R) gy
X f et )W) [ du(z)dp(x)
ly-2xg;l-Vall(R;) t
J‘ I | | ly—xq; [+Ccl(R;) 1
< bi(z) J‘ J‘ ———dt
~ ] RY\B; 2p-n-2e+1
RAR; Ry Ix—xy;\>2|\yixgjl ly=segyl=Vali(Ry) P
1/2

1
x |x — y|2n+26|y _ Z|2n—2p

du(y)|  dpu(z)du(x)

1 I(R;) 1z
N bi(z) f ] du(y) du(z)du(x)
:[Rd\R;‘J‘Rj| / | [ R4\B; |y — ZI"‘25+1 |x _ ij |2n+26 Hy H U

S ”b]' ”Ll(ll)'
(2.38)

Finally, let us estimate Ls. It is easy to see that for any y € R? \ Bjand t > |y — x¢,| + CcI(R)),
Rjc{z:|ly-z[<t}andt+|x - y| > [x - xq| + Cl(R;). Thus, from the vanishing moment of
b; on R;, eit follows that

¢ An
S S R ey
’ RA\R! R;l @) e t+lx -yl

t>|y—xQ]. [+Cel(R;)
ly—z|<t<|y-x|
1/2

2
du(y)dt

pn+2p+1

X'IK(]//Z) 3 K(y,xq,) dp(z)dp(x)

y—z|1—F‘ |y_ij|1_P

t)ﬂ’l
- i@ [[ e . -
fRd\R}fRf oty Loy (£ + 1 = y1) ™" [log (¢ + e = y1) /1(R;)) ]

ly—z|<t<|y—x|

2+2e
 [og ((t+Ix ~y1)/1(R;))]
(t+|x_y|))m—2n
1/2
2
K(y,z)  K(yxg) | du(y)dt
I]/ _ Z|1—p |]/ _ ij |1—p pn+2p+1

dpu(2)du(x)
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S 1b;(2)
T RAR T R (2= xg | + C(R;))" [log (| — xg,] + Cel(R;)) /1(R;))] ™

K(yrz) _ K(y’ij)

Rd\B. _ 1- 1-
|y—x|z|§§xefl+’csl<Rj> ==y —xg [
fly_x 7 [log ((t+|x = yl) /1(R;))]**
X
ly—xq; [+Cel(Ry) (t+]x~ y|)lniz’1
1 1/2

X g dtdp(y)| - dp(z)dp(x)

- f f |b;(2)]
T rar R [|x = xg, |+ CA(R)] " [log (|x = xg, | + Cel(R))) /1(R;))] ™

|
R7\B;

K(y,z) K(y,xq)
ly -z Iy_ijll_P

242¢ 172
 [og ((ly - x| + CI(R)) /I(R)))] dﬂ(y)] dp(z)du(x),

[ly -~ xq | + CI(R)I*™

(2.39)
where in the penultimate inequality, we have used the following inequality
€ 2+2e
I'y"‘ [log ((t+1x =) /IR)]™™ _ [log ((ly —%g | + Cel(R))) /1(R)))]™
ly-xol+C(R) (b + |x — y|) " pr2prizin (Jly - xq,| + C(R))*™
(2.40)

which can be proved by the same way as in [28, page 357]. Thus, by an argument similar to
the estimate of (2.33), we obtain that

Ls < 165l (2.41)

Combining the estimates for L, Ly, and L3 yields that

Fs < (165l g < fQ_If (x)|dpu(x), (2.42)

which along with the estimates for F; and F, leads to (2.24).
Now we turn to prove the estimate (2.25). Observe that if supp (h) C I for some cube
I, then by (1.2), we have that for any s > 1 and any x € R? \ sI,

. N 1 duyat]'”?
s o], (i) s 28] s

< f M)+ Ma() + My(2)] (),

(2.43)
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where
- | 1/2
t " 1 du(y)dt
w@ =[] o () g e ] ’
L 2ly-z>lx—z]
- | q1/2
t " 1 d dt
Ma(z) = jfly—2|st,\y—XI<t<t +]x - yl) ly — z|>"2p t“f:EzyP)Jr1 ’ 244
L " 2ly-zl<x—=| .
_ | q1/2
t " 1 du(y)dt
M; (Z) = J‘J‘|y*Z|St,\y*x|2t<t n |x — y|> |y _ Z|2n—2p tl;zl+2y;7+1
L 2ly-zl<lx—z| .
Some trivial computation leads to that for any x € R? \ sl and z € I,
1 ©dt 1z
wers [, (ol
! 2y—zspx—z 1Y = 2P \J ez 2 71 H
1 1 1/2 (2.45)
<= e duy) -
[Ix - Z|n I2|yz>xz |y - Z|2n H
< 1 .
- xg ]

As for M,(z), notice that for any x,y,z € R? satisfying |y — x| < t and 2|y — z| < |x - z|,
|x — z|/2 < t. From this fact and p € (n/2, ), it follows that for any x € R% \ s and z € I,

Ma(2) < U ;qw i)d W] <! (2.46)
B 2y—zlix—z 1Y = 2P \J (1/2) ez 177201 HY ~ x| '

To estimate M3(z), we first have that for any x, y, z € R? satisfying 2|y - z| < |x - z|, 2|y — x| >
|x — z|, and |y — x| < 3|x — z|/2. Consequently, for any x € R? \ sI and z € I,

M;(z) < Aty
@ [J‘z|y_z|5|x_z| ly — z|"=¢ |x — z|2n+2e <I0 fle 1)

_ “‘ ly — x| 1 dﬂ(y)] 12 (2.47)
<

1/2

2fy-z|<x—z| |x — Z|2n+2e |y — Z|nfe

1
~x = xg|t”

Combining the estimates for M; (z), Ma(z), and M3(z), we obtain that for any x € R4\ sI,
%, 1
A @) < [ [hE]ducz) (2.48)
-l
On the other hand, it follows from [26, Lemma 2.3] (see also [23, Lemma 2.1]) that

f ;nd‘u(x) <1 (2.49)
R\20; | x = xq|
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This fact together with (2.48) tells us that

[ o @nman < | du(x)f |f<y>|du<y><f F W)l du().

j J R; \ZQJ |x
(2.50)
The last estimate and the following trivial estimate that
% * 2 12 1/2
[ et < [[ 150 Puco)] ()

S|[ weoPaue)|  ury @51)

R

]

<[ 1relduco,
Qi
which is obtained by the Holder inequality and the L?(u)-boundedness of ,/Il}’p , imply the
inequality (2.25). This finishes the proof of Theorem 2.2. O

Proof of Theorem 2.7. Recalling that the definition of RBLO(y) is independent of the choices of
the constant 7 € (1, 0), we choose 77 = 16+/d in our proof. Hence, to prove Theorem 2.7, it is
enough to prove for any f € L*(u), if ,/Il)Lp (f)(x0) < oo for some point xy € R9, then for any

(16Vd, (16\f)d+ )-doubling cube Q 3 xj,

mo [ (f)] = essinf M (F)(x) 5 I flli=go, (252)

and for any two (16vd, (16\/3)d+1)—doubling cubes R D Q,

mo [P ()] = mg [ ()] < Korllfllee - (2.53)

We first verify (2.52). For each fixed cube Q, let B be the smallest ball which contains
Q and has the same center as Q. Denote by r the radius of B. Decompose f as

f(x) = f(x)xsp(x) + f(x) xra\s(x) = f1(x) + f2(x), (2.54)
and write
M K2) ‘]
A () < U J (=) 18], =it o
> ! an g K(y,z) 2du(y)dt]"?
* |:J‘r IRd<t+|x_y|> t_pJ‘|yz|<t|y_ I1 pr( )d ( ) tn+1 ]

Mo (f2) () + M (f2) ().
(2.55)
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Thus,
mo A7 ()] - essinf A () ()

<mQ[/nf<f1>]+mQ[m p(f2)] +sup [MGZ () - ML (5 5

0| SR L) (0 A (52) () o)

By the Holder inequality and L? (y)—boundedness of My #, we obtain that
op 1/2
mo [ M, (f1)] <
Q) 1 / 2

[ br ) elaue] S iilw. @
From (1.2) and the fact that for any x € Q C B, z € R\ 8B, y € R? satisfying |x — y| < r, and
t<r,{zeR%:ze (RY\8B)}n{zeR?:|y-z| <t} =g, it follows that

! r ! ! 2 du(y)dt
A x) < f f _r f v dpy)dt )
Y (fZ)( ) [ 0 |x-y|>r |x - ]/IM ly—z|<t |y - Zln_f7 ”( ) tn—/\n+2p+1 ”f”L ()
1 r 1 1/2 (2_58)
S [ L7
['[IX—yIZr |x - y“n ﬂ(y) Otn—/\n+1 ||f||L ()
S Wl ),
which gives us that
mo [ MY (f2)] S I flle=o- 2.5

Obviously, for any x' € Q, z € 8B, and y € R with |x' - y| > 167, |x' - y|~|y — z|. Some
computation involving this fact and (1.2) yields that

sup |G (f2) (%) = () ()]

n 1/2
< sup J‘°°J‘ ( t )* lf K(%Z)ﬁ(z)dﬂ(z)zdy(y)dt
“weo \Jr Jra\t ¥ -y /)y Ty -2l =

/2
f1(2)] 2du(y)dt
ssup(jj = lfl L e iy
x'eQ [x'— |<16r yz\<ty Z| t
1/2
1A@| 2du(y)dt
+i};g <J‘ J‘\x y|>16r tp J‘Iy z\<t|y Z|n—p ‘H(Z) prl
o (2.60)
+su f ( g 1AL et
X’Eg ‘x yl>16r x' y|M ) y- z|<t|y z|"P # gr-An+l
1/2
* | f1(2)] 2du(y)dt
< fllimgo +su fj f )
f b x’eg rJw—yl<tl)gB T P # tr+2p+l
/ 1/2
1 f"“y' f 2dt du(y)
+su _— Mdu(z
x’eg <J‘|x'—y>1ér|X—y|A"+Z" r 8B|f1( du(z) fr-tn+l

Sl -



18 Journal of Inequalities and Applications

Thus, the proof of the estimate (2.52) can be reduced to proving that for any x,x’ € Q,
|3 (F2) () = M (f2) ()] S = (261)

For any x,x' € Q, write

|7 (f2) () = M7, (f2) ()]

© t An t An
< - _
_<frj|x—y|>8r <t+|X—y|> <t+|x’—y|)

1 f K(y, 2) Zd#(y)dt>m

tP ly— z|<t|y_ I1 p gl

< t >)Ln_< t ))m
t+|x -yl t+ |x =y

1, [2(2)du(z)

(2.62)

([

1/2
1 ,2) 2du(y)dt
gl S | Y
ly-zl<t 1y = 2l t
=U; + U,.
It follows from the mean value theorem that for any x, x' € Q C Band y € R% with |x-y| > 8,
An An o An+1
(mra) () |+ ) oo
t+|x -yl t+ |x' -y ot t+]x -yl

which, along with (1.2), tells us that

e ([t
13 —_—
le-yl>8r (£ + |x — y|))‘"Jrl y-zi<t |y — 2["P

< r -yl 1 i o . . . 1/2
t t .
~ l[|x—y|>8r |x - yl/\TlJrl J‘r fn=An+l /’l(y) + Jr f|x_y5t 2 #(y) ||f||L (1)

fn+2p+1-ni

2 duepydt \'?
SEVE) Il

S Il o
(2.64)
As for Uy, first note that for any x, v € R satisfying |y — x| <8rand t > 7, t + |y — x| < 9, and
then
t An t An X — x’
(=) -Gy < b=l (2.65)
t+lx -yl t+|x -yl t
Therefore,
/2
® 1 1 2du(y)de\ '
U §<J J x-x —f ————du(z) —> w
2 . |x—y|§8r| | )y ly -2 " H 2 £ llze o)
w1\ 12 (2.66)
([ ) 1l

Sl -
The estimates for U; and Uy yield (2.61).
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Now we prove that ,/II;’P (f) satisfies (2.53). Let Q C R be any two (16v4d, (16\/3)‘1*1)—
doubling cubes. Set N = Ng g + 1. For any x € Q and any y € R, write

MCP(F) () < MG (fr) () + MG (f2) (%) + M7 (f xao) (%)
Nor
+ M < 2. f X2"”Q\2"Q> (x) + M (f xpaong) () (2.67)

+ [0, (f xraang) (x) = ML (f Xranang) ()]
By (1.2), we obtain that for any x € Q,

* NQ’R
'/ﬂJ\,,Zo < Z fXZkHQ\ZkQ) (x)
k=2
NQR ik £
o t+|x i) 7)) wae ozt
2 Q €2k+1Q\2kQ

NQR t Anpq (z)
f [ e N P e
k2g\ok10 \E+ X — Y| t y-zst |y — z|

ZezkﬂQ\sz
Nogr | poo ¢ n
+ —
kz:; Ir de\2k+2Q<t+|X—y|>

1 |f(2)]
t_pJ‘ ly=zlst ]y — z|n__p du(z)
= V1 + V2 + Vg.

1/2
2d#(y)dt]

tn+1

tn+1

1/2
2d#(y)alt]

fn+l

1/2
Zdu(ymt]

ZezkﬂQ\sz

(2.68)

The Minkowski inequality involving the fact that for any y € 2k"1Q and z € 21Q \ 2KQ,
ly — z|~|z — xg| and t > |y — z| > 25-21(Q) gives us that

& 1/2
Vi e kZ J‘Zk”Q\ZkQ |Z le (J‘zk ZI(Q)J‘ZI( 19 i+l dﬂ(y)dt) du(z)
S ||f||Lw(#)]§RJ‘ ————du(z) (2.69)
k=2 7 21Q\2kQ |z - xQ|

S Korll fllze -

It is easy to verify that for any y € 28*2Q \ 2k"1Q and x € Q, |y — x|~|y — xgl|, which leads to

Nor o 1/2
V2 S LZZ LMQ\ML = dtdﬂ(y)] 1 =g
Nor 1 -yl q 172
' [kZ_Z jzkﬂQ\zle lx - yl*" «[0 e dﬂ(y)] 71l (2.70)

1/2

NQ,R 1
< f —ndmy)] T
[kz:ﬂ 2k+2Q\2k—1Q |y — le #

S KorIlfllze -
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To estimate V3, we first have that for any x € Q, z € 21Q \ 2¥Q, and y € R4\ 2K2Q,
ly — xol~ly — x|~y - z| and |z — xg| < 2¥I(Q). This fact and the Minkowski inequality state
that

Nor 1 - 1 12
Vos ”f”LOO(#) kZ=2 J'2"”(2\2"(2{ U‘R”’\T‘*ZQ |y - Xlen J‘Iy—xltnjdtL dﬂ(y)]
+ J‘ 1 J‘ly—x 1 it d‘u(y)] 1/2 }dﬂ(z)
RA\2k2Q) |]/ - X0 |2n+/\n 0 fr—An+1
NQ,R

Sl D, du(z)
k=2

[
_ 2k+1Q\2kQ |Z - XQ|

S Korllfllze -

(2.71)
Combining the estimates for V1, V,, and V; yields that
Ngr
MY ( kz; fX2k+1Q\2kQ> (x) S Korllfll=go- (2.72)
An argument similar to the estimate of (2.60) shows that for any y € R,
M (fxzaovg) (W) < AP F) W) +Cllf - (2.73)
By some estimate similar to that for (2.61), we easily obtain that for any x,y € R,
[ (fxmnang) (x) = M (fxmaane) )] S I lli=o- (2.74)
Therefore, forany x € Qand y € R,
JCE(F) () = M (F)(y) S M (f1) (%) + M (f xag) (%) + Kol fll=o- (2.75)
Taking mean value over Q for x, and over R for y, then yields
mo A7 (f)] = mal A (D] S mol A3 (f)] + mo MG (Frae)] + Kol hmwo

S Korllfllee=y,

where we used the fact that mq [ (f1)] S |Iflle=(o and mo[ M7, (fx40)] S lIfll=(o, which
can be proved by a way similar to that for the estimate (2.57). This finishes the proof of
Theorem 2.7. O

Remark 2.11. From the proofs of Theorems 2.2 and 2.7, we can see that if we replace the
assumption that ¥ as (1.4) is bounded on L?(u) by the one that ,/ll;’p is bounded on L?(u),
then Theorems 2.2 and 2.7 still hold. Therefore, applying the interpolation theorem (see
[23, Theorem 7.1]) between the endpoint estimates that ,/Il;’p is bounded from L*(u) into
RBLO(u), which is a subspace of RBMO(y), and the boundedness of ﬂ;’ﬂ in L2(p), we can
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obtain that ﬂ;’p as in (1.6) is bounded on L (u) for p € [2, o0) with the kernel satisfies (1.2)
and (1.3). On the other hand, it follows from the Marcinkiewicz interpolation theorem that
M as in (1.6) is also bounded on L? () for p € (1,2) with the kernel satisfying (1.2) and
(2.1).

3. Boundedness of ,/Iiz’p in Hardy spaces

In this section, we will prove that the operator _/III’P as in (1.6) is bounded from H'(u) into
L'(p). To state our result, we first recall the definition of the space H'(p) via the “grand”
maximal function characterization of Tolsa (see [29]).

Definition 3.1. Given f € L! (u), set

loc

Mg f(x) = sup
(p~x

[ swewmdn)| 61)

where the notation ¢~x means that ¢ € L' (1) N C'(R?) and satisfies

@) el <1,
(i) 0< (y) < 1/|y — x|" for all y € R,
(iii) Ve (y)| < 1/|y — x|™*! for all y € R

Definition 3.2. The Hardy space H'(u) is defined to be the set of all functions f € L'(u)
satisfying that [, f du = 0and Mo f € L' (). Moreover, we define the norm of f € H'(u) by

Il gy = N f Nl + ||Mcpf||L1(#)' (3.2)

Theorem 3.3. Let K be a p-locally integrable function on RTx R4\ {(x,y) : x = y} satisfying (1.2)
and (2.1), and ,/Il;’p be as in (1.6) with p € (n/2,0) and A € (2,00). Then, ,/Il}’p is bounded from
H(u) into L' (p).

We begin with the proof of Theorem 3.3 with the atomic characterization of H®(u)
established by Tolsa in [23].

Definition 3.4. Let 7 € (1,00) and p € (1, 0]. A function b € Llloc(‘u) is called to be an atomic
block if

(i) there exists some cube R such that supp(b) C R;
(ii) [pab(x)dp(x) =0;

(iii) there are functions a; with supports in cubes Q; C R and numbers A; € R such that
b=3;1jaj, and

[|aj ||L°°(;4) < [#(mQ))] v [Ko,.r] o (3.3)

Then, we define |b|H1,p(#) =3 A
atb
A function f € L'(p) is said to belong to the space H;t’g (u) if there exist atomic
blocks b; such that f = 3% b; with 3, |bil ;s w < The H;t’g (1) norm of f is defined by
atb
£l e W = inf 3, |bil ur W’ where the infimum is taken over all the possible decompositions
atb atb
of f in atomic blocks.
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It was proved in [23] that the definition of Halt’g (p) is independent of the chosen
constant 77 € (1,00), and for any p € (1, 0], all the atomic Hardy spaces H;;l’: () are just
the Hardy space H' (1) with equivalent norms.

Proof of Theorem 3.3. By a standard argument, it suffices to verify that for any atomic block b
as in Definition 3.4 with 7 = 2 and p = oo,

”.MI’P (b)”Ll () S |b|H;u:°(#) (34)
Let all the notation be the same as in Definition 3.4. Write

fﬂﬁ@mwm=f .M%mwmwf.ﬁ%WWMFW”W‘
R Vi 6VdR

R4\6vVdR
(3.5)
By (2.24) and Definition 3.4, we have
Wi < lcsgo < [blygieg- (3.6)

To estimate the term W5, let b = >, j Aja; be as in (iii) of Definition 3.4, and further write
W2 < Z|M|J‘ M () (x)dp(x) + ZIMII M (a)(X)dp(x).  (37)
i 2Q; i 6vVdR\2Q;
The LZ(,u)—boundedness of _/Il;’p via the Holder inequality states that for each fixed j,

LQ_/"I'p(aj)(x)d#(x) <A @) g DT S Ml or(2Q) S 1. (38)

On the other hand, it follows from (2.48) that

* 1
M (a;)(x)d (x)gf — du)|ai],.
J‘6x/3R\2Q/- (@) (X)dp 6var20; |* - Xg,| el ]”L(#)
3.9
SKQJ'/R||“1'||L°°(#)P‘(Q7) (3.9)
<1.
Thus,

W2 S 2] = Blisiz o, (3.10)

j

which completes the proof of Theorem 3.3. O
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4. Boundedness of _(; in Lebesgue spaces and Hardy spaces

In this section, we will investigate the boundedness for the operator _/fl’; as in (1.5) in
Lebesgue spaces and Hardy spaces.
It is easy to verify that for any p € (0,00), L € (1,0), and x € R4,

ME(F)(x) < M (), 4.1)

which, together with Theorems 2.1 and 2.2, gives us the boundedness of the operator % in
LP(u) for p € [1, o) as follows.

Theorem 4.1. Let K be a p-locally integrable function on R4 xR\ {(x,y) : x = y} satisfying (1.2)
and (1.3), and Jfl‘; be as in (1.5) with p € (0, o). Then, for any p € [2, o), Jflg is bounded on LP (p).

Theorem 4.2. Let K be a p-locally integrable function on R4 xR\ {(x,y) : x = y} satisfying (1.2)
and (2.1), and _/fl’; be as in (1.5) with p € (n/2, o). Then, ,/fl’; is bounded from L' (u) to weak L' (u).

By the Marcinkiewicz interpolation theorem, and Theorems 4.1 and 4.2, we easily
obtain the LP (u)-boundedness of the operator Y for p € (1,2).

Corollary 4.3. Let K be a p-locally integrable function on R? x R4\ {(x,y) : x = y} satisfying
(1.2) and (2.1), and ,/Ilg be as in (1.5) with p € (n/2, ). Then, /Ilg is bounded on LP(u) for any
pe(l,2).

For the case of p = oo, we also obtain the similar result for the operator ,/Il:p .

Theorem 4.4. Let K be a p-locally integrable function on R x R4\ {(x,y) : x = y} satisfying (1.2)
and (1.3), and ,/Ilg be as in (1.5) with p € (0, c0). Then, for any f € L*(u), _/Il’;(f) is either infinite
everywhere or finite almost everywhere. More precisely, if _/ll‘; (f) is finite at some point xo € RY, then
ME(f) is finite almost everywhere and

”-/’lg(f)”RBLO(y) < Cllf L= (4.2)
where the positive constant C is independent of f.

As for the behavior of the operator % in Hardy spaces, we have the following
conclusion.

Theorem 4.5. Let K be a p-locally integrable function on R4 xR\ {(x,y) : x = y} satisfying (1.2)
and (2.1), and M, be as in (1.5) with p € (n/2, o0). Then, ML is bounded from H*(y) to L' ().

We point out that Theorems 4.4 and 4.5 can not be easily deduced from (4.1), and
Theorems 2.7 and 3.3. However, using the same method, we can prove the above results
more easily than the corresponding results for ,/llj"p . Here, we omit the proofs for brevity.
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