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We generalize and sharpen Aczél’s inequality and Popovicius inequality by means of
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inequality is given. As application, an integral inequality of Aczél-Popoviciu type is es-
tablished.
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1. Introduction

In 1956, Aczél [1] proved the following result:

n n n 2
(- 3at) (11 307) = (wut - Soam) .
i i=2

i=2

where a;, b; (i=1,2,...,n) are positive numbers such that a? —>" ,a? >0 or b —>", b? >
0. This inequality is called Aczél’s inequality.

It is well known that Aczél’s inequality has important applications in the theory of
functional equations in non-Euclidean geometry. In recent years, this inequality has at-
tracted the interest of many mathematicians and has motivated a large number of re-
search papers involving different proofs, various generalizations, improvements, and ap-
plications (see [2-11] and references therein). We state here a brief history on improve-
ment of Aczél’s inequality.

Popoviciu [12] first presented an exponential extension of Aczél’s inequality, as fol-
lows.
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TaEOREM 1.1. Let p>0, >0, I/p+1/q=1, and let a;, b; (i = 1,2,...,n) be positive
numbers such that a — > ,al >0and bl — 3, b > 0. Then

n /p n /g n
<a§’—za§’> (b?—Zb?) <aibi - > ab;. (1.2)
i=2 i=2 i=2
Wu and Debnath [13] generalized inequality (1.2) in the following form.

THEOREM 1.2. Let p >0, g >0, and let a;, b; (i = 1,2,...,n) be positive numbers such that
al =" al >0and bl - 3, b1 > 0. Then

n 1/p n 1/q n
(af ->.a ) (b? -> b?) < plimminlp Nl gy - N g b, (1.3)
i=2 i=2 i=2

In a recent paper [14], Wu established a sharp and generalized version of Popoviciu’s
inequality as follows.

THEOREM 1.3. Let p >0, ¢ >0, 1/p+1/q =1, and let a;, b; (i = 1,2,...,n) be positive
numbers such that al — 3", al >0 and b} — 3, b{ >0. Then

) n , 1/p ] n ] 1/q n albl n ap bq 2
— ; by — b; <apb;— ibi -+ - =L .
(“1 Z) ( Z) (Z> max{pq,l}@(a‘f bq»

(1.4)

In this paper, we show a new sharp and generalized version of Popoviciu’s inequal-
ity, which is a unified improvement of Aczél’s inequality and Popoviciu’s inequality. In
Section 4, the obtained result will be used to establish an integral inequality of Aczél-
Popoviciu type.

2. Lemmas

In order to prove the theorem in Section 3, we first introduce the following lemmas.

LEmMA 2.1 (generalized Holder inequality [15, page 20]). Leta;; >0,A; =0 (i = 1,2,...,
n, j=12,...,m),and let \y + Ay + - - - +A,, = 1. Then

m n ’\j n o m
H(Zau) >[4y 2.1)
i i=1

with equality holding if and only if ay1/a\j = an/azj = « -+ = an/anj (j = 2,3,...,m) for
AMAy -+, #0.

LEmMa 2.2 (mean value inequality [16, page 17]). Letx; >0, 1; >0 (i = 1,2,...,n) and let
)Ll +Az+ s +An = 1. Then

FM:

]_[ (2.2)

with equality holding if and only if x, = x, = -+ - = x.
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LEmMMA 2.3, Let py = py=---=py >0, I/py+1/py+---+1/pp=10<x;<1(j=
1,2,...,m), and let Xy41 = X1, Pme1 = p1. Then

m m y 1 m » » 5
[1x ]_[ IR B N P (2.3)
+1 :
=1 p 2P1 a ] ]
with equality holding if and only if " = x5 = - - - = xhr".
Proof. From hypotheses in Lemma 2.3, it is easy to verify that
i > ! > > i > i >0,
Pm Pm- P2 P
[EUNS U U U S BN S B

2
1 1 ( 1 1 ) 1 1 ( 1 1 ) 1
— ettt —t— [+t +
2p1 2pr 2p>  2p1 2p>  2p> 2ps  2p> 2Pm-2  2pm—2

A U R Y N O O IOV B
2Pm-1 2Pm-—2/) 2Ppm-1 2Ppm-1 \2Pm 2pm-1/ 2p1 2p1 \2pm 2p1

1 1 1
=—+—+- - +—=1
p1 P2 Dm
(2.4)
Hence, by using Lemma 2.1 we obtain
[ + (L) T+ (L)) o (1) 2
X [ (L) P [ (1)) [ (1) ]
m 'm 1/2pm—
X Loos + (L= )]
- -2\ 11/2Pm2 P i1\ 11/2Pm1~1/2pp-
ot (L= 3) 1P ooy o+ (L= o) P
X[ r};lm11+(1_x£lm)]1/zpm—1[xrf;m+(l zmll)]l/ZPm—l [xglm_'_(l_x%m)]l/zpmflﬂpm—l
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2 2 12p2=p2/2 2 -1/2Pm—2 _ Pm-1/2Pm-1—Pm-1/2Pm—2 _Pm-1/2Pm-
fol Plxgz Plxé?z P2—p2 P1x§2 P2 51711 Pm-2 51711 Pm—-1=Pm-1/2Pm-2 5’711 Pm-1

/2 Pm— m/2Pm—Pm/2Pm— m/2 /2 Pm—Pm/2 /2
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x (1— xﬁ{") 1/2pm-1 (1- xglm)l/zpm—l/zpm,l (1- xfn'")l/ZPl (1- x%m)l/me—l/Zpl

x (1—x") 2P
(2.5)
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which is equivalent to
[1= (e =) "] 1 = (e = )]
- m\211/2pm- m 21172
[ = Gl =) T = G =) (2.6)
= X1Xp " " -xm+(1—

YR (L= )P (1= by Ve

On the other hand, it follows from Lemma 2.2 that

1 1 2 1 2 3 l m—1 'm
z—pl[l—(xf - x5 )2]+E[1—(X§ - x4 )2]+"'+2pm71[1—(9€5171 —xh)’]
1 P P12 ( 1 1 1 1 )
— 1= (x0" — — —— 4 - — -1
+2P1[ (x x1 )]+ 2P2+2P3+ +2pm-1+pm 27)

>[1- (D _x52)2]1/2171 [1— (x> _x§)3)2]1/2p2
1= (B _xﬁlm)Z]l/szfl [1— (b — & )2]1/21;,’
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[1—(xfl_x§z)z]1/zp1 [1—(x§2_x§3)2]1/2172. (1= (xﬁ"‘jf _x%m)z]l/zpm,l [1- (xglm_xfl)z]l/ZPI

11 1 1 1
- (_+_+...+ )_ Z_(Xfl Ca) (k)

poop P/ 2p) 2p2
1 Pm-1 P2 L Pm P1y2
me71 (Xm,l Xm ) 2P1 (xm 1 )
1
=1 2_}71[(xf1 —ob) o (e =) e (e ) (e = 1)),

(2.8)

Combining inequalities (2.6) and (2.8) leads to inequality (2.3). In addition, from
Lemmas 2.1 and 2.2, we can easily deduce that the equality holds in both (2.6) and (2.8)

ifand only if x}' = x5” = - - - = xh", and thus we obtain the condition of equality in (2.3).
The proof of Lemma 2.3 is complete. O

3. Improvement of Aczél’s inequality and Popoviciu’s inequality

THEOREM 3.1. Let p1 = py > -+ 2Dy >0, 1/p1+1/ps+---+1/pm=1,a; >0, alf} —

Z;Lzaf}j >0 (i=1,2,...,n, j =1,2,...,m), and let pys1 = p1, dim1 = an (i=1,2,...,n).
Then one has the following inequality:

m n 1/pj m nom ana a m n apl apl*ll 2
Pj pj 11412 ° * * Aim ij ij+
[ alj_zaij <[lay =2 [lai- —> (2 P T P :
2p
i =1 i=2 j=1 1 j=1 \i=2 \@1j  a1j11
(3.1)

Equality holds in (3.1) if and only ifa‘f{/af} = 5;/a§;i == aﬁi/aﬁj- (j=2,3,...,m).
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Proof. Since by hypotheses in Theorem 3.1 we have

1/pj
P n Pj
(‘11; 22 aij])

0< 75
(a1)) "

<1 (j=1,2,...,m), (3.2)

it follows from Lemma 2.3, with a substitution x; = (a‘f} >t 2apf)I/PJ/(apf)l/pJ (j=
1,2,...,m) in (2.3), that

P Pi\ Up i 1/
“ al;‘ -2 aij] brom P az]] b
1_[ o + 1_[ Pj

pj n _Ppj Pir Pi1y 2

(“1;‘ -2 4ij A+ T pa 2a1]+1)
Pj Pj+ >
aij a1jt1

(3.3)

2

PJ Pij+
_ Gijn ))
Pj+1 >
‘11] a1+

(3.4)

050 f1(520) 2o § (54

i=2

where equalityholdsifandonlyif(Z, 2a‘uj)/a =(Xl,a 5’;11)/ fﬁll (j=1,2,...,m), that

is, if and only if al}/a}} = (X1, al )/(Si,al)) (j = 2,3,...,m).

On the other hand using Lemma 2.1 gives

m n /p; nom
[ ( zaf.;f) - S [Ta (3.5)
j=1 \i=2 i=2 j=1

where equality holds if and only if ab /a2] = a31/a == anl/ap’ (j= m).

Combining inequalities (3.4) and (3.5) leads to the desired 1nequahty (3 1) By means
of the conditions of equality in (3.4) and (3.5) it is easy to conclude that there is equality
in (3.1) if and only if afi/af} = agi/aé)} == anl/apj (j =2,3,...,m). This completes
the proof of Theorem 3.1. O

As a consequence of Theorem 3.1, puttingm = 2, py = p, p» = q, aj = ai, aip = b; (i =
1,2,...,n) in (3.1), we get the following.

CoROLLARY 3.2. Letp>q>0,1/p+1/q=1,andleta;, b; (i = 1,2,...,n) be positive num-
bers such that a) — 3" ,al >0 and b — X", bl > 0. Then

n 1/p n 1/q aby & :
(af—Zaf) <b?—2b?> salbl—(Zab) ( (-},—b—ﬁ1>> (3.6)
im2 i=2 P \in\a !

with equality holding if and only if at /b] = ab/b] = = ah/bl.
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A simple application of Corollary 3.2 yields the following sharp version of Popoviciu’s
inequality.

CorOLLARY 3.3. Let p>0,q>0, 1/p+1/q =1, and let a;, b; (i = 1,2,...,n) be positive
numbers such that al — 3", al >0 and b} — 3", b{ >0. Then

n l/p n 1/q n n p q 2
(-54) (o0 on-(5)- (51 -)
1 = i 1 = i = u1t] = iVi max{p q} < alf b’li 5

(3.7)

with equality holding if and only if at /b] = ab/b] = = ah/bl.

Obviously, inequalities (3.1), (3.6), and (3.7) are the improvement of Aczél’s inequality
and Popoviciu’s inequality.
4. Integral version of Aczél-Popoviciu-type inequality

As application of Theorem 3.1, we establish here an interesting integral inequality of
Aczél-Popoviciu type.

THEOREM 4.1. Let py = py>---2py >0, I/p1+1/py+---+1/pn=1,B; >0 (j=
1,2,...,m), let f; be positive Riemann integrable functions on [a,b] such that Bf-)j -

f f x)dx >0 for all j =1,2,...,m, and let By11 = Bi, pm+1 = P1> fme1 = fi. Then one
has thefollowmg inequality:

m b 1/pj
[ (ij J f (x)dx)
i=1

<l ) (T)on- 25 5 (] (B2 - L))

j=1 j+1
(4.1)
Proof. For any positive integer n, we choose an equidistant partition of [a, b] as
a<at+ "% icar i car " n-1)<b,
n n (4.2)
b-a .
Ax; = , i=1,2,...,n.
n
Since the hypothesis Bp ! f f x)dx >0 (j =1,2,...,m) implies that
n
P 1 i z(h a)
ij_liﬁizlﬂ]( - > —>0 (j=1,2....,m), (4.3)

there exists a positive integer N such that

Pj_n pj l(b a))
B; Zlf]( . - 250 V>N, j=1,2...,m (4.4)
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Applying Theorem 3.1, one obtains for any n > N the following inequality:

m n . 1/p;
; : (b—a)\b-
[1]o7 -2 (o 52) 52

n

< ﬁBj -y ﬁfj(lﬁ- i(b—a))) (b-a>1/171+1/}72+---+1/pm

n n

(7 (o 252 120

J

(a2

]+1

(4.5)

Note that 1/p; +1/p, + - - - + 1/pm = 1, the above inequality can be transformed to

m n . l/pj
»; : ib—a)\b—a
[ =S () 5

= n n
2 R i(b—a) ) b—a
<||Bj—- ila+
[1e- 3 (L (o 5502) ) (557) B
BBy - By, " (1 . ( i(b—a) '
a 2p1 ]21[11<sz>]}[; (a+ n )

|

]+1

where equality holds if and only 1ff a+i(b—a)/n) /Bp) pr“ (a+i(b— a)/rt)/Bj?fll for
alli=1,2,...,n(j =1,2,...,m).
In view of the hypotheses that f; are positive Riemann integrable functions on [a, b]

and p; >0 (j = 1,2,...,m), we conclude that ]_[;"Zlfj and fjpj (j = 1,2,...,m) are also
integrable on [a, b]. Passing the limit as n — oo in both sides of inequality (4.6), we obtain
the inequality (4.1). The proof of Theorem 4.1 is complete. O

Remark 4.2. Motivated by the proof of Theorem 4.1, we propose here a conjecture.

Conjecture 4.3. Suppose that py = p, = -+ = p,, >0, 1/p; + 1/p2 +-+1/pm=1B;>

0 (j =1,2,...,m), suppose also that f; € Lfi[a,b], Bp’ f Ifj(x)lpfdx >0 for all j =
1,2,...,m, let Byyi1 = By, Pms1 = P1> fme1 = fi. Then the following inequality holds true:

m b Up;
Il (-] 10 177ax)
s]ﬁlB,-—Lb (ﬁ |fj(x)|>dx Ble ﬁ (Jh ( SV |f"+1(p)f+)1|pjﬂ>dx>2

Pj
j=1 j=1 BJ’ BJ'+1

(4.7)
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with equality holding if and only if Ifj(x)lpf/BjJ = | firi(x |‘1’J*'/Bp’+l (j=12,...,m)al-
most everywhere on [a, b].

As a consequence of Theorem 4.1, puttingm =2, py = p, po=q,Bi =A,B, =B, fi =
f> f» =g in (4.1), we obtain the following.

CoroLLARY 4.4. Letp=¢g>0,1/p+1/qg=1,A>0,B >0, andlet f, g be positive Riemann
integrable functions on [a,b] such that AP — ff fP(x)dx >0 and B — fabgq(x)dx > 0. Then

b 1/p b 1/q
<AP—J fp(x)dx> (BQ—J gq(x)dx)

< [ peogeoae A2 ([ (120 _0),)

Further, from Corollary 4.4 we have the following.

(4.8)

CoROLLARY 4.5. Let p>0,g>0, I/p+1/g=1, A>0, B>0, and let f, gbepositive

Riemann integrable functions on [a, b] such that AP — f fP(x)dx >0andB1 — f g1(x)dx >
0. Then

b 1/p b 1/q
(AP—J fP(x)dx) (Bq—J gq(x)dx)

b AB (P (P g, )
sAB—L f(x)g(x)dx—max{p’q}<L< D )dx).
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