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1. Introduction

Ifp>1,1/p+1/q=1, f,g = 0, satisfy 0 < [;° fP(t)dt < 00 and 0 < [, g?(¢)dt < o0, then
the well-known Hardy-Hilbert’s integral inequality is given by (see [1, 2])

I iy ] ][]

where the constant factor 71/sin(7/p) is the best possible. Its equivalent form is

Jow ( : mdx>de< (Sin(z/},))pjomf"(x)dx, (1.2)

where the constant factor (7/sin(7/p))? is still the best possible.

Hardy-Hilbert integral inequality is important in analysis and applications. During
the past few years, many researchers obtained various generalizations, variants, and ex-
tensions of inequality (1.1) (see [3-9] and the references cited therein).



2 Journal of Inequalities and Applications

Hardy et al. [1] gave a Hilbert-type integral inequality similar to (1.1) as

H""lnx/y 0g(y)dxdy < (Sm(ﬂ/p> <J o dx)l/P(J gi(x dx)l/q) (1.3)

where the constant factor (/sin(7r/p))? is the best possible.
Recently, Yang gave a generalization of (1.3) as (see [9])

H‘” In(x/y) f (x)g(y) (x ) i dy

Xy

(mm P00 ) )‘“’(L DN g (X)dx)“{

where the constant factor (7/Asin(7/p))? is the best possible. Its equivalent form is

J, (], de)de <(rsmtrp )2P | oo roar )

where the constant factor (n/Asin(n/p))?? is the best possible.

At present, because of the requirement of higher-dimensional harmonic analysis and
higher-dimensional operator theory, multiple Hilbert-type integral inequalities have been
studied. Hong [10] obtained the following. If

(1.4)

a>0, > —=1, pi>1, ri= p,np“ )L>*<n—1—*>, i=12,...,n (1.6)
i i=1

then

I I (s ))ﬁ (x;)dxidxy - - - dx,
(/o

0o oo ]

(1.7)

Yang and Kuang, and others obtained some multiple Hilbert-type integral inequalities
(see [5, 11, 12]).

The main objective of this paper is to build multiple Hilbert-type integral inequalities
with best constant factor of (1.4) and (1.5).

For this reason, we introduce signs as

={x = (X1,%20,...,X) 1 X1,X25...,%, >0},

1/« (1-8)
lxllg = (xF+x5+---+x5)", a>0,

and we agree with [|x||, < ¢ representing {x € R} : [|x|l4 < c}.
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2. Lemmas
First we give some multiple integral formulas.

LemMa 2.1 (see [13]). If p; >0,i=1,2,...,n, f(7) is a measurable function, then

1 1 n—1
J flht+tat -+t o andt, - - - dt,
ol sty 05t Hp 4o oo+, <1

(2.1)
RIS
1 2 n
LemMa 2.2. Ifr >0, p; >0,i=1,2,...,n, f(7) is a measurable function, then
1ttt )t L 1dty -
J fti+t L) de - - - dt,
Hobayeensbn S05t +Eo 4+ - -+ <7
(2.2)
T T .
- r((f)ll)Jr;I:zl- “+pn) J floygbripreir,
n
J ¢ Of(t1+tz+"'+tn)tfl_ltgz_l' th 1dt1dt2 -dt,
t1,b n >
(2.3)

_ L(p)T(p2) - - I prpates+pa—1
CT(pitpat-- +pn fa)r dr.

Proof. Setting t;/r = u; (i =1,2,...,n) on the left-hand side of (2.2) we obtain (2.2) from
Lemma 2.1. O

From (2.1) and (2.3), we have the following lemma.

LEMMA 2.3.

J flti+tat- -+t ande, - - dt,
totasentn >0t Hp+ -+ >1

(2.4)

_ r(pl)r(PZ)' pr+pat-tp,—1
= T prt +Pn J f(o)r dr.

Setting t; = (xi/a;)% (i = 1,2,...,n) in (2.1), (2.2), (2.3), (2.4) we have the following
lemma.
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LemMmA 2.4. If pi>0,a; >0, a; >0, i = 1,2,...,n, (1) is a measurable function, then

24} o [ 99
X1 X X1
X15X25000%X >0 (X1/01 )M +(x2/02) %2 ++ - +(x1/a, ) <1 a) a ay

L pl -1
N xh" " dxy dxy - - - dx,

af‘afz <+ ah'T(p1/a1)T(pa/et) - = - T (pu/tn)

a0y ocnf(pl/acl +p2/062 + - +Pn/‘xn

ay a ay,
X X X
XX 50005 >05 (X1/01 )41 +(22/02)°2 ++ -+ (x1 /ay ) <1 ay a an

L pr1 1
)il T A dxg - - - dx

JfT)Tpl/a1+pz/az+ ~+pu/ Oy — dT,

af1a1232 .aﬁnr(pl/m)r(pz/ocz)- L(pa/otn) Jf(,[ pPV/artpa/ast- -t pulan=1 g

ooy - ocnl“(pl/ocl +p2/(X2 + - +pn/‘xn

o a Ay,

X1 X2 X1 -1 -1 n—1
J f((—) +(—> +---+(—) )xf' A dxydxg - - - dx,
X1>X2ye0rXy >0 ay a an

_ a{’laé’Z - aﬁnF(Pl/m)F(Pz/ocz) - (pn/(xn J f Tpl/oc1+pz/oc2+ +P”/“”_1d‘r

a0 - - anD(pr/ay + palog + - - -+ pulaty)

o o (299
X X X
X15X2 50X 305 (1701 )*1 +(22/02)%2 ++ - - +(x1/ay )% =1 ag a an

xxl'” lez Lol dx dy - - - dix,
al'ab* - ab" T (pr/a)T(pa/es) - - - T(pu/aty)
_4 @ n L(pr/on)1(pa/as Pn/%n) f Yppi/antpafarteetpafan=1 g,
aray - o, D(pr/og + pa/ag + -+ -+ pa/ay)
(2.5)
In particular, if p >0, a >0, f(7) is a measurable function, then
J ff+xS+- - +xpy)dxidx, - - - dx,
X15X25000 X >05 XT +x5 4 - - +x%8 <1
2.6
_ I"(1/a) J’ F(r)eed, 2o
" arT(n/a)
J FOS+x5+ - +x8)dxydxy - - - dxy
X15X2 500X >05 XF +x5 4 - - +x% =1
(2.7)

— rn(l/(x J n/ocl
T arT(n/a) S dr.

The following result holds.
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LEMMA 2.5. If p>1,n e Z,, a >0, A >0, define the weight function wy(x, p) as

In (Jlxlla/11ylla) [ ||x||a]”/P
(4 > = d 2.8
waaep) = | T —Ty1E LTyl (2:8)
Then
I"(1/) [ m ]2
_ n—A
Waa (6, p) = llxllg™ - T(n/a) L isin(2/p) | ° (2.9)
Proof. By (2.6) and (2.7), we have
_ n— )t/pJ In (llxllo/11yll) Vp=n 4
We (X, _—
A%, p) = llxlla ge Il = Ilyls lylla
:Hx”'l_)‘/l’J ln((}’lf“")’g‘*'""‘)’ﬁ)l/a/HxHa)
poreeni20 (Y484 y2) Il
X5ty 4y IV gy dy, - dy,
n-1/p IT"(1/a) Jw In (8"%/11x1l6) 1700/ pr) vt
= lixlla o T(w/a) Jo Ve = t et
(2.10)
Setting (£/%/||x|/4)* = u we have
I"(1/a) 1 J’ Inu _
_ n—\A l/p 1
Wap (%, p) = llxlle™ 2 T/ 2 Jo w1" du. (2.11)
From [1, Theorem 342] we have (1/A%) 5 (Inw/(u — 1))u"?~*du = (n/Asin(n/p))>.
So we obtain
o I"(1/) [ n ]2
_ n-\A
Wa (X, p) = lIxllg (/@) | Xsin(erp) | (2.12)
Thus Lemma 2.5 is proved. O
LemMa 2.6. IfA >0, s >0, then
/st lnu el 2 1
J J dudx == Z(n+s)3 (2.13)
Proof. Since
uln_ul wl=—lnu Z sl o<u<l, (2.14)

n=0
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then

1/ 1/
J dnu us” 1du—ZJ (=Inw)u™'du

0 u—l

= Z [Lx"“”“) Inx+

n+s (n+5s)?
oo 1/x )
J lj ln—uus_ldudxzj [
1 xJo u-—1 1

=Z[I Lx%(”*‘)*llnxdanJ ! xAmts)= ldx]
1 1 (n+s)2

x—/\(nﬂ):l ,

(Lx—k(wrs)—l_'_ 1 x—)t(nﬂ)—l) dx
n+s (n+s)?

frd n+s
21
a X; (n+s)3
(2.15)
|
We next give a key lemma in this paper.
Lemma 2.7. Ifp>1, U/p+1/qg=1,neZ,, a>0,1>0,0<e<ql\2p, then
J J In (llxllo/I1ylla )” Ny (A gD
Ixllez1 Jiylez1  xlId = llylI2
I"(1/a) ]2[ n ]21 .
= 1+o(1 — 0"
[a”*lf(n/oc) Tsin(erpy) ¢ 1Hom) e—0
(2.16)
Proof. We have
Y
A=f wmwwwnxf In ((yf +p5+- - +75) /lxlla)
lxlla=1 V=l (P S +yg)M“ — llxll2
Xyt yi o4y ) OV gy, gy, dy, (2.17)
ZI VP g L) (* ll’l(tl/lx/Hx“u)t(l/a)()\/p—n—s/q)tn/txfldt.
lxllo>1 YoT(n/a) ) TV I
Setting (£/%/||x|l4)* = u, we have
o I"(l/a) 1 J‘” Inu 1
A= x| ot dx——L2 = Vp-l=¢lq gy,
llxllo=1 Il a= 1T (n/a) A2 Ji/pah u— 1
_ I"(1/«) IJ“ Inu -
= n-¢eq il 1/p-1 s/)tqd
L|x|\a21 Il xoc”*ll“(n/(x) A2 o u— lu “ (2.18)

ul/p—l—e//\qdu_
u—1

- nnr%wwlﬁZ@_ij””ﬁﬁi
Ixlle=1 an=1T(n/a) A2 Jo
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Notice
| e | (654284 -+ x0) ey s dx,
[|x]|a=1 X1>X25000sXn >05 XF 25+ - X8> 1
_ ") (% veva, wat
T @l ), urt du
(/) [ _guer I"(1/a) 1
- A dy= —"%Y 2
anT'(n/a) )y " " an-T(n/a) €
1 * Inu 1/p—1-¢/Aq ( T )2
il - du=|—""— 1).
A2 L u—lu “ Asin(7/p) +o(l)
(2.19)
Further, from (2.7) and Lemma 2.6 we have
o I"1/a) 1 J]/"lﬁ Inu o
0< n—e g - 1/p-1 e//\qd
= L\x|\a21 Il xoc"*l“(n/oc) A% Jo u-— lu “
_ I"1/a) 1 Jl/lxli Inu ,,-
< "dx——————— —— 21y
= J'HxHaZI Il xoc"*ll"(n/oc) A% Jo u—1 “ u
. (2.20)
_ ") LJW —n/a[J Inu 1/2p-1 ] n/a—-1
ar eyl N | L]
 I"(Va) 12a i 1 o 2(Va) i 1
T an-IT(n/a) A2 A = (n+1/2p)3 T an23T(n/a) = (n+ 1/2p)3
Then
I"(1/a) ]2[ m ]21
A> —(1 1)). 2.21
= [a"*ll“(n/oc) Asin(7n/p) e( +o(1)) ( D)
3. Main results
Our main result is given in the following theorem.
TaeoreM 3.1. Ifp>1,1/p+1/q=1,neZ, a>0,A>0, f,g =0, satisfy
0< [ e (< oo,
R%
(3.1)

0< [ Iyl Vgady < .
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Then

1 o/ I (1/ 2
]_ﬂ+nllxll ”y”)f(x)g(y)dxdy< 7(1(x))[ '71 )]

llld = lyllX an~1T(n/a) L Asin(n/p
(3.2)
1/p 1/q
x| [ It e | ] | iyl gy |
L In(xle/lyle) ]P
won| [ R g g
Im”y”“ Um T — iy S x| 4y
(3.3)

< [(,\sinzﬂ/p))2a"r—n1(1}(/;;x/)a)]pj ||| PP~ Y £P(x)

The constant factors (I"(1/a)/a"'T(n/a))[m/Asin(n/p)]?, [(zw/Asin(m/p))*(T"(1/a)/
o' 'T(n/a))]? are the best possible.

Proof. By Holder’s inequality, one has

;- H [m lxllo/ 11l )]“P[||x||u]<”‘”“’”/”” VPN £
oLl = Ty0E 1 Lyl

ln(llxla/llyla)]l/q[lyna]("quqp pta)n)
[ ek =Tyl 1 Ll Iyl g(y)dxdy

n—A+A/q Vp
{ﬂ In (llxlla/ 1yl )[lella] ]| P4~V )‘fp(x)dxdy}

Ik —1y1E Lyl
In (lxllo/ 1y lla) [ Ilyllg " A2 ) g
{ﬂ Ixll% — ||yy||§ [nina] Iyl (”d"dy}
In (Ixlla/lyla) [Ixla T2 (m2n-b) 1p
{H Ik — 111k [nyna] Il Codedy |
I (el 1yla) TIla T (e a
{ﬂu@ Il — [l y[13 [qua] Iyl gq(”d"dy}
1/p l/q
=U{R Wan (6, P ISP £ (x) ] U{R war (> @)yl 5@ (y)dy]
(3.4)

According to the condition of taking equality in Ho6lder’s inequality, if this inequality
takes the form of an equality, then there exist constants C; and Cs, such that they are not
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all zero, and

1n(||x||a/||y||a)[nxna]"‘”f’ (p-2)(n-1)
C
T —yln Lipled e TS
(3.5)
In (1l o/l ylle) [nyna]“—w (g-2)(n-1) .
=C 1(y), .e.in R” x R”,
T L] I g0, aein RY xRS
It follows that
Cullxl 1l 20y = Clly Iyl ga(y)
(3.6)
= C (constant), a.e.in R} X R,
which contradicts (3.1). Hence we have
(n=A)(p-2) Vp (n-M)(g-2) /q
J< UR war(x, p) 111 fP(x)dx] [ jR war (@)1 gq(y)dy]
(3.7)
By Lemma 2.5 and since 7/sin(n/p) = n/sin(n/q), we have
"(1/a) [ s ]Z[J' (=M (p-1) ,p ]Up
]<oc”*11“(n/oc) Asin(7/p) Il frx)dx
(3.8)
1/q
xU I gy |
Hence (3.2) is valid.
For 0 < a< b< o, let us define
In (llxlla/1l o) ]P-l
A=n _— d ) < «<b,
gun(y) = | V1 [ Tz 2 fo0dx] o a<in
0, 0<llylla<a, orllylla = b,
N . In (1xlla/11ylle) ]P-l
= [lylA-n R £ () d , yeR™
g =yl Um XL —lys @] . yeRs
(3.9)

By (3.1), for sufficiently small a > 0 and sufficiently large b > 0, we have

o< Iyl gl (dy < (3.10)
a<|lylla<
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Hence by (3.2) we have

JadlyH <b||y||a v l)gq(y)dy

- In (llxllo/11ylla) ]P

= A—n I UliXlla/ 1Y 1a) J J
IR I v

- In (llxlla/llylla) ]P*
= A—n I Uixlla/ 1Y a) J
e e e o S0

X (Jm lllly = y11% f(x)dx) dy

In (llxlla/ll ylla)
y)dxd
ﬂ lxl1d =Ny llk TTxld— Ty T ey (3.11)

1

< anl:n1(1~l(/,jc/)a) [)Lsm?n/p)]z[J ]| NP~ lfP(x)dx] h

(n=A)(q—1) 1/q
XU 1yl ga,b(y)dy]

N T

(n-1)(g—1) Vg
<[ e gay]
a<llylla<b

It follows that

2
P U (1) 17 Nip-1
L<I\y|\a<b”y” gy < [(Asin(n/p)) oc”*ll‘(n/a)] J el fr(a
(3.12)

For a — 0%, b — 40, by (3.1), we have

2 n P
(n=1)(q-1) ~g [( s ) I'"(1/a) ] J M(p-1) P(x
Jm T 20y = | (sntar)) @ e el 8P 2 () dx < oo,
(3.13)



Hence by (3.2) we have

(el ’
A-n A
Jm Iyl U Il — 11 feds| dy

In (Ilx/l/1l ylla)
Il y Tl =y S ¥Edxdy
I'"(1/«) T 2 (n-1)(p—1) Ve
< o 1T (n/a) [)Lsin(n/p)] [J il fp(x)dx]

(n=1)(g—1) Va
x“ Iyl gq(y)dy]

- a”linl(l“l(/:/)oc) [Asin?n/p)]z[J Il l)fp x)dx] N

It follows that

—n In (llxllo/1lyll) 4
Jes W Py 0 4
T 2 I"(1/a) P (- D(p-1)
< [(Asin(n/p)) a"’ll"(n/oc)] I |E]P P (x)

hence (3.3) is valid.
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(3.14)

(3.15)

If the constant factor C, (A, p) = (n/Asin(n/p))*(T"(1/a)/a""'T(n/a)) in (3.2) is not

the best possible, then there exists a positive number k (with k < C, (A
(3.2) is still valid if one replaces C,, 4(A, p) by k.
For 0 < & < gA/2p, by sitting

—((n=A)(p—1)+n+e)/
. {nxna S T
(X)) =

0, Ixlla <1,

~((n=M)(g—1 /
[yllg @y s,
gs(y):

0, Iylla <1

,P)), such that

(3.16)
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we have

In (Ilxllo/ 11 yla)
ﬂ[& llxll2 = lIylIA o Je(g(y)dxdy

1/p o 1/q
<kl [ 110 goas| [ [ et Vgt gnay]

In (1xllo/11 1l
J\Ix\l >1Jn =1 NlxlI4 - IIJJ//IIA)fS X)g:(y)dxdy
AR (3.17)

1/p
A (p—1) A) 1
<k“H R e dx]
Xlla=

A)(g—1) —(n-A)(g—1)—-n—e¢ Va
x| [ ey
lIyla=1

_ —n—& 3. _ " (1/a) l
=k llxllo=1 lello ™ dx = K a=1T(n/a) &

On the other hand, from Lemma 2.7 we have
In (llxlla/llylla)
B y)dxd
H Tl [ S Ige(y)dxdy

- "(l/a) 1° s 2 N
_[oc"*l"(n/oc)] [Asm(n/p)] c(1ro), & —0%

(3.18)

Hence we have

"(la) 1° m .l . ml/a) 1
[a"*lr(n/oc)] [Asin(n/p)] ;(1+0(1)) =k an—1T(n/a) e

(3.19)
I"(1/a) [ i1
an~ 1T (n/a) LAsin(r/p)

2
] (1+0(1)) <k

By sitting ¢ — 0% we have

. IM(/a) m :
CWX()L,P) n (x”_lr(l’l/“) I:ASIH(T[/‘D)] =k (320)

This contradicts the fact that k < C,,4(A, p), hence the constant factor in (3.2) is the best
possible. Since inequality (3.2) is equivalent to (3.3), the constant factor in (3.3) is also
the best possible. Thus the theorem is proved. O

Remark 3.2. By using (3.3) we can obtain (3.2), hence inequality (3.2) is equivalent to
(3.3).
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CororLarY 3.3. If p>1,1/p+1/g=1,neZ, a>0, f,g =0, satisfy
P <, 0<j g(y)dy < o. (3.21)
R}

Then

In (llxllo/llylla)
H llllz = [lyllz Tl gy S ¥8(y)dxdy

<t Lrstorp) Lo "0 [ o]

In (llxlla/Ilylle) ! T\ (/) 1°
«[M[Ji llxllz =yl f(x)dx] dy < [(nsin(ﬂ/p)) oc”*ll"(n/(x)] pr(x)dx.
(3.22)

The constant factors (I"(1/a)/a" 'T(n/a))[n/nsin(7/p)]?, [(n/nsin(z/p))*(T"(1/a)/
o' 'T(n/a))]? in (3.22) are all the best possible.

CoroLLARY 3.4. Ifp>1,1/p+1/q=1,n€eZ f,g =0, satisfy
LT Wdx<e, o< J g1(y)dy < o. (3.23)
RY

Then

ﬂ In (X5, i/ 3521 i) 7 f(x)g(y)dxdy

t (Z?:lxi)" - (Zi)

< (n_ll)![minr(rﬂ/p)]z[ mfp(x ]UP[I g9 )dy]l/q,

IR

(3.24)

4
= f(x)dx] dy

- [(n—ll)!(nsin?n/p))z]}) fP(x)dx,

where the constant factors in (3.24) are all the best possible.
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