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We prove that the convergence of a sequence of functions in the space Ly of measurable
functions, with respect to the topology of convergence in measure, implies the conver-
gence p-almost everywhere (¢ denotes the Lebesgue measure) of the sequence of rear-
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Orlicz spaces Ly with respect to a finitely additive extended real-valued set function. In
the space Lo, and in the space Eg, of finite elements of an Orlicz space Lq, of a o-additive
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noncompactness. We obtain some relations involving these parameters when passing
from a bounded set of Lo, or Lo, to the set of rearrangements.
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1. Introduction

The notion of rearrangement of a real-valued y-measurable function was introduced by
Hardy et al. in [1]. It has been studied by many authors and leads to interesting results
in Lebesgue spaces and, more generally, in Orlicz spaces (see, e.g., [2-5]). The space L
is a space of real-valued measurable functions, defined on a nonempty set €, in which
we can give a natural generalization of the topology of convergence in measure using a
group pseudonorm which depends on a submeasure defined on the power set #(Q) of
Q (see [6, 7] and the references given there). In the second section of this note we study
rearrangements of functions of the space Ly. The rearrangements belong to the space
To([0,+00)) of all real-valued totally y-measurable functions defined on [0,+0c0). We ex-
tend to this setting some convergence results (see, e.g., [3, 5]). Precisely, we prove that the
convergence in the space Ly implies the convergence p-almost everywhere of rearrange-
ments. Moreover, by the convergence in L of a nondecreasing sequence of nonnegative
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functions, we obtain the convergence in measure of the corresponding nondecreasing se-
quence of rearrangements. In the third section we introduce, in a natural manner, the
space Lo as the closure of the subspace of all simple functions of Ly with respect to the
essentially supremum norm. The space L, so defined is contained in Ly, and we prove
nonexpansivity of rearrangement on this space. In the last section we obtain nonexpan-
sivity of rearrangement on Orlicz spaces Ly of a finitely additive extended real-valued set
function.

We recall (see [8]) that for a bounded subset Y of a normed space (X, || - I|) the Haus-
dorff measure of noncompactness yx(Y) of Y is defined by

yx(Y) =inf {e >0: there is a finite subset F of X such that Y < UepBx(f,¢)},
(1.1)

where Bx(f,e) = {g € X : || f — gll < ¢&}. In sections 3 and 4 we introduce, respectively, a
parameter w_ in L and a parameter wg, in the space Eg of finite elements of a classical
Orlicz space Lo of a o-additive set function. By means of these parameters, we derive an
exact formula in L and an estimate in Eg for the Hausdorff measure of noncompact-
ness. Then as a consequence of nonexpansivity of rearrangement we obtain inequalities
involving such parameters, when passing from a set of functions in L, or in Lg, to the
set of rearrangements. We denote by N, Q, and R the set of all natural, rational, and real
numbers, respectively.,

2. Rearrangements of functions and convergence in the space Ly

Let Q) be a nonempty set and R the set of all real-valued functions on Q with its natural
Riesz space structure. Let ¢ be an algebra in the power set #(Q) of Q and let 7 : P(Q) —
[0,+00] be a submeasure (i.e., a monotone, subadditive function with #(&) = 0). Then

I fllo=inf{a>0:n({lf] >a}) <a}, (2.1)

where {|f| >a} = {x € Q:|f(x)| >a} and where inf @ = +o0 defines a group pseudo-
norm on R? (ie, 0o =0, [ fllo = I = fllo and [ f +gllo < I fllo + lIgllo for all f,g €
R). We denote by

S(Q,A) = {ZaiXA,. neN, g, €R, A e &d} (2.2)

i=1

the space of all real-valued s{-simple functions on Q; hereby y4 denotes the characteris-
tic function of A defined on Q. By Lj := Ly(Q,54,7) we denote the closure of the space
S(Q, ) in (R, ]| - lo).

For each function f € R?, set | f |« = supq | f| and denote by B(Q, ) the closure of
the space S(Q, ) in (R%, | - |«). As || fllo < | f |, we have B(Q, ) < Lo. If for M € P(Q)
we set §(M) =0if M = & and (M) = +o0 if M # &, then (Lo, || - llo) = (B(Q, ), | - |»). We
point out that the space B(Q,2(Q)) coincides with the space of all real-valued bounded
functions defined on Q, and clearly B(Q,s4) = B(Q,2(Q)).
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Throughout this note, given a finitely additive set function v : s¢ — [0,+0], we denote
by v* : P(Q) — [0,+0o0] the submeasure defined by v*(E) = inf{v(A) : A € sl and E <
A}. Moreover, whenever Q) is a Lebesgue measurable subset of R", we denote by y the
Lebesgue measure on the g-algebra of all Lebesgue measurable subsets of ), we write
y-a.e. for y-almost everywhere.

Example 2.1 (see [9, Chapter III]). Let Q be a Lebesgue measurable subset of R”, o{ the
o-algebra of all Lebesgue measurable subsets of Q2 and n = y*. If n(Q) <+, then Ly
coincides with the space M(Q) of all real-valued y-measurable functions defined on Q. If
7(Q) = +oo, then L coincides with the space T(Q2) of all real-valued totally y-measurable
functions defined on Q.

The following definitions are adapted from [10, Chapter 4].

Definition 2.2.
(i) A subset A of Q) is said to be an #-null set if n(A) = 0.

(i) A function f € R® is said to be an n-null function if n({| f| > a}) = 0 for every
a>0.

(iii) Two functions f,g € R? are said to be equal n7-almost everywhere, and is used the
notation f = g y-a.e. if f — g is an #-null function.

(iv) A function f € R® is said to be dominated n-almost everywhere by a function g,
and is used the notation f < g 5-a.e. if there exists an #-null function h € R® such

that f <g+h.

Observe that a function f € R® is an #-null function if and only if || f [lo = 0.
The distribution function 1 of a function f € Lo is defined by

nfA) =n({IfI>A}) (A =0). (2.3)

Observe that 17 = 77| and 7y may assume the value +. In the next proposition, we
state some elementary properties of the distribution function #¢ (see [2, Chapter 2]).

PropostTION 2.3. Let f,g € Ly and a # 0. Then the distribution function 1y of f is non-
negative and decreasing. Moreover,

(i) nag(A) = ny(Mlal) for each A = 0,

(i) 7r+g(A1 +A2) < 117(A1) +14(A2) for each Ay, s = 0.

ProrosiTION 2.4. Let f,g € Lo. If || f — gllo = 0 then 5 = ng y-a.e.

Proof. Let f,g € Ly and h € Ly be an n-null function such that g = f +h. Let I and J
denote the intervals {A > 0:#%7(A) = +oo} and {A = 0:7,(A) = +oo}, respectively. We
start by proving that u(I) = u(J). Assume u(I) # p(J) and p(I) < u(J). Then I C J and
@(J\I) > 0. Denoted by int(J\I) the interior of the interval J\I, we have 7,(1) = +c and
7¢(A) < +oo foreach A € int(J\I). FixA; € int(J\I) and A, > O such thatA; + 1, € int(J\I).
By property (ii) of Proposition 2.3, we have

+oo = (M +42) = (i +42) <np (M) +10(A2) =15 (A1) <+oo,  (2.4)
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that is a contradiction. Set A = supI = sup/ and let Ay € [1,+00) be a point of continuity
of both the functions 7 and 7. By property (ii) of Proposition 2.3, it follows that

: 1 : 1
15 (o) = limrg (Ao + ;) < 1g (o) +h;m1h<;) = 1g (o). (2.5)

Similarly, we find 77,(10) < #77(Ao). Hence 115 = 5, u-a.e. O
ProposITION 2.5. Let f,g € Lo. If | f| < |g| n-a.e., then 5y < ng p-a.e.

Proof. Let h € Ly be an n-null function such that | f| < |g[ +h. Then 7| | < #g/+4 and, by
Proposition 2.4, 174 = #]g+h 4-a.e. Hence | ¢| < 17g| -a.e., which gives the assert. O

Observe that, when (Q,54,7) is a totally o-finite measure space and n = v*, the distri-
bution function 7 of f € Ly is right continuous (see [2]). In our setting this is not true
anymore, as the following example shows.

Example 2.6 (see [9, Chapter III, page 103]). Let Q = [0,1) and let o be the algebra of
all finite unions of right-open intervals contained in Q). Denote again by y the Lebesgue
measure y restricted to sd. Let 7 = y*. Consider the function f : [0,1) — R defined as
f(x)=0,ifx € [0,1)\ Q,and as f(x) = 1/q,ifx = p/q € [0,1) N Q in lowest terms. Then
[[fllo =0 and so f is an #-null function but f is not null y-a.e. since #({| f| >0}) = 1.
Moreover, 777(A) = 0if A > 0 and #7(0) = 1. Then 7 is not right continuous in 0.

Throughout, without loss of generality, we will assume that the distribution function
1y of a function f € Ly is right continuous, which together with Proposition 2.4 yields
ny = ng whenever f,g € Lo and || f —gllo = 0.

The decreasing rearrangement f* of a function f € L, is defined by

) =inf{A=0:971) <t} (t=0). (2.6)

Clearly, by the above assumption on 17, f* = g* if f,g € Lo with || f —gllo = 0.
ProrosITION 2.7. Let f € Ly. If f*(t) = +oo, then t = 0.

Proof. Assume that f*(t) = +oo. Then #7(A) >t forall A > 0. Since || f [|o < +o0, for some
A > 0 we have nf (1) < +o0. Hence, as 15 is decreasing, there exists finite lim) .4 777 (A) =
1> 0. The thesis follows by proving that [ = 0. Assume / > 0 and choose a function s €
S(Q, ) such that || f —sllo < 1/2.

Fix A > [+ maxq [s| and put A = {[ f| > A}, then #(A) = 57(A) = I and

| f(xX)=s(x)| = || fx)] = |s(x)]]| =1 (2.7)

for each x € A. So that || f —sllop = I. So we obtain [ < || f —sllp < I/2: a contradiction. [

The following proposition contains some properties of rearrangements of functions
of Ly. The proofs of (i)—(iv) (except some slight modifications) are identical to that of [2]
for rearrangements of functions of a Banach function space, and we omit them.
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ProrosiTioN 2.8. Let f,g € Ly and a € R. Then f* is nonnegative, decreasing, and right
continuous. Moreover,
(i) (af)* =lalf*;
(i) £ (17 (0) <4, (1) < +o0) and s (f*(5) < t, (F*(8) < +o9);
(i) (f+Q)*(ti +1) < f*(t) +g*(tp) for each t,t, = 0;
(iv) if | f1 < Igl n-a.e., then f* < g* p-a.e.

Proof. Clearly f* is nonnegative and decreasing. We prove that f* is right continuous.
Fix ty = 0 and assume that lim,_.; f*(¢t) = a < f*(ty) < +o0. Choose b € (a, f*(ty)). Ob-
serve that, since b < f*(t), we have that #(b) > t; by the definition of f*. Moreover,
since lim,_.; f*(t) = a, there exists #; > 0 such that #, < t; <#7(b) and f*(t;) < b. From
the definition of f* we obtain that 57(b) < t,. It follows that #; < #¢(b) < t; which is a
contradiction. Then lim;_¢s f*(¢) = f*(t).

To complete the proof, suppose that f*(0) = +co, and assume that lim,_.o+ f*(t) =
a < +oo. Choose b >a. Then 7¢(b) >0 and since lim;_¢+ f *(¢) = a we have that there
exists t, > 0 such that t, < 77(b) and f*(t,) < b. From the definition of f* we obtain that
n7(b) < t,. It follows that £, < ¢(b) < t; which is contradiction. Hence lim;_o+ f*(f;) =
+o00, [l

Now we show that the rearrangement of a function of L is a function of the space
To([0,+00)) of all real-valued totally y-measurable functions defined on [0,+), intro-
duced in [9, Chapter III, Definition 10] (see also Example 2.1). In T(([0,+0)), we write
| - |p instead of || - ||o.

THEOREM 2.9. Let f € Ly. Then
(i) f and f* are equimeasurable, that is, 17 (A) = ps«(A) forall A = 0;
(ii) f* € To([0,+00)) and | f*[o = II f llo.

Proof. (i) Fixed A = 0 such that 77(1) < +oo, by the first inequality of property (ii) of
Proposition 2.8, we have that f*(77(1)) < A. Moreover, since f* is decreasing, we have
f*(t) < A for each t such that #77(A) < t. It follows that s« (1) = sup{f* >A} <n5s(A). It
remains to prove that 777 (1) < s« (). Suppose that f*(0) =+oco. Then s« (A) =sup{f* >
A} for all A > 0. Assume that there exists Ag > 0 such that 57(Ag) > us«(Ao). Fixed t €
(1 (A0)snr(Ao)), we have that f*(t) < Ag since t > us«(Ao) = sup{f* >Ao}. On the other
hand, since ¢ < 77(Ao), by the definition of f*, we obtain f*(¢) > Ay which is a con-
tradiction. The same proof breaks down if f*(0) < +co and A < f*(0). If f*(0) < +co0
and A = f*(0) then us«(1) = 0. Moreover, by the second part of the property (ii) of
Proposition 2.8, it follows that #7(f*(0)) = 0 and then #¢(1) = 0 for all A = f*(0). This
completes the proof.

(ii) is an immediate consequence of (i). O

The next theorem states two well-known convergence results (see, e.g., [5, Lemma 1.1]
and [3, Lemma 2], resp.).

TaEOREM 2.10. Let Q) be a Lebesgue measurable subset of R", and let { f,} be a sequence of
elements of the space To(Q) of all real-valued totally yu-measurable functions defined on Q).
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(1) If { fu} converges in measure to f, then f.*(t) converges to f*(t) in each point t of
continuity of f*.

(ii) If { fu} is a nondecreasing sequence of nonnegative functions convergent to fu-a.e,
then f.* is a nondecreasing sequence convergent to f* pointwise.

The remainder of this section will be devoted to extend these convergence results to
the general setting of the space Ly. We need the following lemma.

Lemma 2.11. Let fu, f € Ly (n = 1,2,...) be such that || f, — fllo — 0. Then n5,(A) — ()
for each point A of continuity of 1 y. Moreover, if lim,_: 177(A) = +oo thenlim,, ., 17, (Ao) =
+00.

Proof. Let A >0 be a point of continuity of 7 and assume 77, (A) - 7 (A). Then there are
& >0 and a subsequence (7, ) of (r7,) such that |r75, (A) —n7(A)] > & for each k € N.
Put

11:{keN:nfnk(/l)>r1f()L)+so}, L={keN:n;, A) <nr) - &} (2.8)

Either I; or I, is infinite. Let h > 0 such that
& &0
nf()t—h)<;7f()t)+5, nf()t+h)>11f()t)—5. (2.9)

Suppose I; is infinite and let k € I,. Consider the sets

Ayp= {xEQ: |f(x)| >/1—]’l},

App={x€Q: | fo(x)| > A} (2.10)

Then 5(Ay-n) = 5(A — h) and #(Au0) = 5, (A). We have that N A) =nf(A—h) >
£o/2. Moreover,

N(Ana\A1-1) = 1(And) = 71(A1n) > 5. (211)

Letx € Ay 2 \Ay—p. Then | f(x)| <A —hand | f,, (x)| >A. Therefore | f,, (x)| — | f(x)] > h.
Hence

n({x € Q: [ fu(x) = f()| >h}) zn({x € Q: [ fu ()| - | fx)| >h})

3
Z ﬂ(Ank,/\\A/\—h) > EO)

(2.12)

and this is a contradiction since || f, — fllo — 0. The proof is similar in the case the set I,
is infinite. The second part of the proposition follows analogously. O

THEOREM 2.12. Let fu, f €Ly (n=1,2,...) be such that || f,— f llo = 0. Then f,*(t) — f*(t)
for each point t of continuity of f*. Moreover, if lim;_q+ f*(t) = +oco then lim,_1« £,5(0) =
+00.

Proof. Let ty >0 be a point of continuity of f* and assume f*(¢y) - f* (). Then there
are & > 0 and a subsequence (") of (f,*) such that | f,*(to) — f*(to)| > & for each k € N.
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Put

I, = {kEle,:;(to) >f*(t0)+£0}, L= {kEN:fnt(t0)<f*(to)—£o}. (2.13)

Either I; or I, is infinite. Let & > 0 such that

F*(to—h) < f* (ko) + %0 F(to+h) > f*(to) — %" (2.14)

Suppose I) is infinite . Fixk € I, t € [ty — h,ty] and 0 € [ f*(ty) +&0/2, f *(ty) + &]. Then
(2.15)

Hence 55(0) < to — h < ty and 55, (0) = t. This shows that 7, (o) = 57(0) for all k € I
and o € [f*(ty) +&0/2, f*(ty) + €] which by Lemma 2.11 is a contradiction. The second
implication follows similarly. O

LemMa 2.13. Let fy, f € Lo (n = 1,2,...) be such that { f,,} is a nondecreasing sequence of
nonnegative functions and || f, — fllo — 0. Then |15, —nyslo — 0.

Proof. Assume by contradiction |45, — 57lo - 0. Since 15, < ny,,, < 15, we find & >0,
0o >0 and 7 € N such that

u({A=0:nrA) =155 A) >&}) > 00 (2.16)

foralln € N withn>7.Set B, = {1 = 0:77(A) — 15,(A) > &}, then N,=5B, is nonempty,
and for Ag € N,=7B, we have

supny, (Ao) < 117 (Ao) — &o. (2.17)

n=n

Then we choose i > 0 such that

&0

nr ) =ny, () = 5 (2.18)
for all 11,4, € [Ag,Ao + k] and all n > 7. In particular, we have
nr(Ao+h) =1y, (Ao) = %0 (2.19)

Then using the same notations and considerations similar to that of Lemma 2.11, we find

{x€Q: f(x) ~ fux) > I} 2 Apyen \ Aunys
€ (2.20)

N(Areen \ Ansy) 2 15 (Ao +h) — 15, (Ao) = >
which is a contradiction since || f,, — fllo — 0. O

THEOREM 2.14. Let f,, f € Ly (n = 1,2,...) be such that { f,} is a nondecreasing sequence
of nonnegative functions and || f, — fllo — 0. Then | f; — f*1o — 0.
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Proof. The proof, using Lemma 2.13, is analogous to the proof of Theorem 2.12. O

We remark that if { f,} is a sequence of elements of the space T((Q2), Theorem 2.14
yields (ii) of Theorem 2.10.

3. Nonexpansivity of rearrangement in the space L.,

We introduce the notion of essentially boundedness, following [10]. For f € R, set

Il flleo = inf  supl|fl, (3.1)

AcQ,nA)=00\A

then || - || defines a group pseudonorm on R, for each submeasure non P(Q).

We recall that, if v is a finitely additive extended real-valued set function on an alge-
bra o = P(Q) and 5 = v*, the space £(Q,,v) of all real-valued essentially bounded
functions introduced in [10] is defined by

Lo(Qot,v) = {f €RY: || fllw < +00}. (3.2)

In our setting it is natural to define a space Lo (Q,54,%) of all real-valued essentially
bounded functions as follows.

Definition 3.1. The space Lo := Lo (Q,54,7) is the closure of the space S(Q, ) in (R%,
- lleo).

Let f € R Since [ fllo < || flle, we have Lo, = Ly. Moreover, || fllop = 0 if and only
if || fll = 0. In the remainder part of this note we will identify functions f,g € R? for
which || f — gllo = 0. Then (Lo, || - llo) and (L, |l - ll) become an F-normed space (in the
sense of [11]) and a normed space, respectively.

ProposITION 3.2. Let v be a finitely additive extended real-valued set function on an algebra
A inP(Q) and y=v*. Then the space £+ (Q, A, ) coincides with the space Lo (Q, P (Q), 7).

Proof. Given f € Lo (Q,P(Q),n), find a simple function s € S(Q, %P (Q)) such that || f —
Slleo <400, From || flle < Il f = slloo + lIsll w0, We get f € £(Q,54,7). On the other hand,
if f € £0(Q,94,7) then there exists A € Q such that 7(A) = 0 and such that SUpq 4 [fl<
+00. Consider the real function g on Q defined by g = f on Q\A and by g = 0 on A. Of
course g € £, (Q,4,7) and || f — gllo = 0. Moreover, g € B(Q,2P(Q)) S L (Q,P(Q),7).
Then there exists a sequence (s,) in S(Q,P(Q)) such that |g —s,le — 0. Since || f —
Snllo <1 f — gl +11g = Snlleo = |g — $ulw, we have that f € Lo (Q,P(Q),7). O

We write briefly B([0,+o0)) instead of B(Q,54), when Q = [0,+00), o is the o-algebra
of all Lebesgue measurable subsets of ) and # = y*. The next proposition establishes that
the rearrangement of a function of L, is a function of B([0,+0)).

ProPOSITION 3.3. Let f € L. Then f* € B([0,+)) and | f*|e = f*(0) = || f |l 0.

Proof. Let & > 0. Then there is A = Q such that 7(A) = 0 and supg, 4 | f] < I fll + .
Hence {|f| > || fllo +&} = A, so that y({| f| > || fll +€}) = 0.
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Therefore | f*|e = f*(0) < || fllo + € so that | f*|ex < || f|lo. Now we have to prove
that || fllew < | f*le. Assume | f*|o < ¢ < || fllo. Then for each A < Q such that #(A) =0
we have supg, 4 |fI >cand 5s(c) =n({|f] >c}) >0.For t € [0,17(c)), by the definition
of the function f*, we obtain f*(¢) > ¢ > |f*|e = f*(0) which is a contradiction, since
f* is decreasing. O

Our next aim is to prove nonexpansivity of rearrangement on L.,. We need the follow-
ing two lemmas.

LEMMA 3.4. Letsi,s; € S(Q,A). Then |s§ — 55w < |51 — 52| 0

Proof. Let si,s; € S(Q, ) and put [|s; — s2/l = €. Let {Aj,...,A,} be a finite partition of
Qin o such that s; = X1 a;xa, and s, = D72 biya,. Set

s= Xmin{ lail, [bi]}xanas (3.3)

i=1

where 7(A) = 0 and [s1(x) — s2(x)| < € for all x € O\ A. It suffices to prove that
s(x) < [s1(0) | <se(x),  s(x) < [s2(x) ] < se(x), (3.4)

forallx € Q\A, where s, = |s| +¢. In fact, from this and from property (iv) of Proposition
2.8, it follows that

s* <sf <sf pace, s* <8y <sf p-ae, (3.5)

and thus [sf — s e < |sf —s*|e = €. Fix x € Q\A and let i € {1,...,n} such that x €
A;\A. Now, if s(x) = |a;| we have

s(x) = |s1(x)| < |ai| +e=s:(x). (3.6)

If s(x) = |bil, since |Is; — 52/l = € implies 0 < |a;| — |b;| < |a; — b;| < &, we have
s(x) < |ai| = |s1(x)| < |bi] +&=s:(x). (3.7)
Analogously we obtain s(x) < [s;(x)| < s.(x) for x € Q\A, and the lemma follows. O

LeMMA 3.5. Let f € L. Then for each € > 0 there exists a function s € S(Q, ) such that
If—sllo <&/2and|f* —s*| < e

Proof. Fix ¢ > 0. Then similar to [10, page 101] (see Theorem 3.10), we have that there is
a finite partition {A;,...,A,} of Qin o and A € Q with #(A) = 0 such that

sup | f(x)—f(»)] <e (3.8)

X, yEANA

foreachie {1,...,n}. Set

L= inf |f(x)], A= sup |f(x)|, ai= , (3.9)

xEA\A XEANA 2
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for each i € {1,...,n}. Define the simple function
n
s= ZaiXAi- (3.10)
i=1

Then for each i € {1,...,n} and for each x € A;\A we have | f(x) — s(x)| < &/2. Hence
| f —sllw < &/2. Now consider the simple function ¢ defined by

£ . €
{l,"i’z , leEA,', ai:—z, .
(p(x): 0, ifXEA,', —E <a; < E, (311)
£ . €
61,‘—5 s leEA,‘, ai>§.
Then a direct computation shows that
() < [fO] =@e(x),  9(x) < [s(x)] < ge(), (3.12)

for all x € Q\A, where ¢, = || +¢. Put h(x) = (max|a;|)ya(x) and k(x) = | f (x)|ya(x).
Then ¢ < |fl+hand | f| < ¢, + k. As h and k are both #-null functions, from the prop-
erty (iv) of Proposition 2.8 it follows that ¢* < f* < ¢ p-a.e., and analogously ¢* <
s* < ¥ p-a.e,, hence | f* —s* | < @f — 9™ |« =& O

THEOREM 3.6. Let f,g € Leo. Then | f* — g% e < I f — gl .
Proof. Let e >0. By Lemma 3.5 we can find s,u € S(Q, o) such that

£ £
||f—5||oosz, IIg—ullmsi,
. . (3.13)
* X < S * ok <&
|f S|°°_2’ |g u |oo—2
We have that
€
Is—ullo <l f =5l + 11 f —glle +11g — tllw < Hf_g||oo+z- (3.14)

Then the last inequality and Lemma 3.4 imply [s* — u* | < || f — gllw + /2.
Consequently we have

|f* _g*|ooS |f*_s*|oo+~s*_u*|oo+ |g>k_u*|ooS ||f_g||°°+£’ (315)

and by the arbitrariness of ¢ the theorem follows. O

Remark 3.7. We observe that Theorem 3.6 does not hold in every space L. In fact, let
Lo = M([0,1]) (see Example 2.1) and set

n—1 n—1

Su= . (n—= D YlimGir1ym)» ty = > (n—D)X(im(i+1)/m)> (3.16)
-0

i=1
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for n =2,3,.... Then for each n we have t, = s,X[1/n,1)> S — tx = HX[0,1/n)> and s, — tylo =
1/n. On the other hand, since s = s, and ¢} = Z?;OI(Y! — 1 = 4)Xli/n(i+1)/n)> We have that
sy —t% = x10,1) and then s} — £]o = 1.

Throughout for a set M in Ly, we put M* = { f*: f € M}. The following inequality
between the Hausdorff measure of noncompactness of a bounded subset M of L., and
that of M* is an immediate consequence of nonexpansivity of rearrangement on L.

CoROLLARY 3.8. Let M be a bounded subset of L. Then

YB((0,+00)) (M) < y1,(M). (3.17)
The following example shows that there is not any constant ¢ such that y;_ (M) <
CYB([0:+00)) (M)

Example 3.9. Let M = {y;:1 < [0,1], u(I) = 1/2}. Then M* = {y(0,1/2)} and we have that
YB([0,+00)) (M*) = 0 while yr_ (M) > 0.

In order to obtain a precise formula for the Hausdorff measure of noncompactness in
the space Lo, we consider for any bounded subset M of L., the following parameter:

wr. (M) = inf {s >0: there exists a finite partition {Aj,...,A,}

of Q in o4 such that for all f € M thereis Ay < Q

withn(Af) =0and sup |f(x)—f(y)|ssforalli=1,...,n}.

x,yEA,-\Af
(3.18)
The proof of the following result is similar to that of [12, Theorem 2.1].
THEOREM 3.10. Let M be a bounded subset of L. Then
1
Vi (M) = ~wr, (M). (3.19)

2

Proof. Fix a >y, (M). Then we can find sy,...,s, € S(Q, ) such that for each f € M
thereis i € {1,...,n} with || f —sille < a. Let {A;,...,A,,} be a partition of Q in s such
that the restriction Sil, is constant for all i € {1,...,n} and forall j € {1,...,m}. Let f €
M,ie {1,...,n},and Ay < Q such that #(As) = 0 and SUPQ\ 4, | f —sil <a.Foreach je
{1,...,m}, we have that

sup | f(x)—f(y)] <2a, (3.20)
X,yEA\Af

hence wr_ (M) <2y, (M) and (1/2)w; (M) <7y, (M).

Now fix a > w;_ (M) and let ¢ > 0 such that || fll« < ¢ for each f € M. Then there is
a finite partition {A,,...,A,} of Q in o such that for all f € M there is ArcQ with
n(As) =0and SUP, yea A, [ f(x)— f(y)| <aforalli=1,...,n. Moreover, for all f € M
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there is By = Q0 with 5(By) = 0 such that supg, 5 | f| < c. Set Cf = Ay U By for each f €
M. Fix € > 0. Let k,m € N such that I/m < e and —c+k/m >c. Set X = {—c+i/m:i=
0,....k} and F = {3}_ | aixa, : a; € X}. Then for each f € M there is a function s € F
such that supq, ¢, | f — sl < a/2+1/m < a/2 +¢. Since F is finite it follows that y, (M) <
(1/2)wr,, (M). This completes the proof. O

Observe that as a particular case of [12, Theorem 2.1], for a bounded subset T of
B([0,+0)) we have

1
yB(m,ﬂo))(T) = EwB([O,‘FOO))(T)’ (321)

where

WE([0,4+00)) (T) = inf {s >0: there exists a finite partition {Aj,...,A,}

of [0,+0c0) of Lebesgue measurable sets such that forall f € T

sup | f(x)—f(y)| <eforalli= 1,...,n}.

X,yEA\Af
(3.22)
In view of the formulas we have obtained, by Corollary 3.8 we have the following.
CoROLLARY 3.11. Let M be a bounded subset of L. Then
Wp([0,+00)) (M*) < @, (M). (3.23)

4. Nonexpansivity of rearrangement in Orlicz spaces Ly

In this section, as a particular case of [6] (see also [13]), we consider Orlicz spaces Ly of
finitely additive extended real-valued set functions defined on algebras of sets. The space
Ly has been introduced in [6] in the same way as Dunford and Schwartz [9, page 112]
define the space of integrable functions and the integral for integrable functions, and
generalize the Orlicz spaces of o-additive measures defined on o-algebras of sets.

As in the previous sections, () is a nonempty set and s is an algebra in P(Q). Let v:
A — [0,+00] be a finitely additive set function. Throughout we assume that each simple
function s € S(Q, ) is v-integrable, that is, s = D" ; a;xa, witha; € R, A; € dand a; = 0
if (A;) = oo (with 0 - 00 = 0). Denote by (L;(Q,s,7), 1 - II1) the Lebesgue space defined
in [9], then || f1l; = [o | f|dv is a Riesz pseudonorm in the sense of [14]. Let # = »* and
N :[0,+00) — [0,+0) be a continuous, strictly increasing function such that N(0) =0
and N(s+1t) < k(N(s) +N(t)) (k € N) for all s,t > 0. The latter condition holds if and
only if N satisfies the A,-condition, that is, there is a constant ¢ € [0,+00[ with N(2t) <
cN(t) for all t > 0 (see [6, page 90]).

Then, for s € S(Q, ), |Islly is defined by [|slly = [IN o |s||l;, and the space Ey is de-
fined as follows.
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Definition 4.1 (see [6, page 92]). The space Ly := Ly(Q, 54, 1) is the space of all functions
f € Ly, for which thereisa || - [|y- Cauchy sequence (s,) in S(Q, s4) converging to f with
respect to || - llo, and || f |y = lim,, [Is, |l n, the sequence (s,) is said to determine f.

ProrosITION 4.2 (see [6, Proposition 2.6 (¢)]). If (s,) is a sequence in S(Q, d) determining
f € L, then (s,) converges to f with respect to || - || n.

We will call convergence in N-mean the convergence with respect to || - || .
PRrOPOSITION 4.3 (see [6, Proposition 2.10 (b)]). Forall f € Ly, | flly = INo | f]ll;.

In the following if Q = [0,+0), o is the o-algebra of all Lebesgue measurable subsets
of [0,+) and # = pu*, we will write Ly ([0, +00)) instead of Ly. For f € Ly([0,+)), we
denote || f Iy by | fn-

In order to consider rearrangements of functions of Ly to any function s = >\ a;ya,
in S(Q, o), we associate the simple function s: [0,+0) — R defined by

s =

M

AN (A, S0 9(AD) (4.1)

i=1

We immediately find [Isl|y =[Sy and s* = (5)*.
LEmMA 4.4. Lets € S(Q,A). Then ||slly = |s*|n.

Proof. An easy computation shows that [, o) N(15(t))du = [{g o) N((5)*(¢))du. There-
fore, we obtain

Ish = [ N([s0) )= |

[0,40)

N Odu= | N @)= |57y
’ (4.2)
]

LEMMA 4.5. Let s1,55 € S(Q, ). Then |sf —s5 |y < IIs1 — s2lIN.

Proof. By [3, (6), page 24] we have

J[0+W)N( [G)* () = (52) (1) | )du < [0+w)N(| 51| - |50 |)dp. (4.3)

Since
J N(Ilil(t)|—|32<t>||)du=JN(Ilsl\—lszll)dv, (4.4)
[0,400) Q
we get
Isft—s5|y<| N Isi] = [s2] )y <|ls1 —s2|| - (4.5)
] : :

LEmMa 4.6. Let (s,) be a sequence in S(Q, ) such that ||s, — fllx — 0. Then

Isk = f*|n — Ol flln =1 f*In (4.6)
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Proof. Since s, — flln — 0 by [6, Theorem 2.7], we have |[s, — fllo — 0. Then by
Theorem 2.14 it follows that [s} — flo — 0, and so we can choose a subsequence (sp)
of (s}¥) which converges to f* p-a.e. On the other hand by Lemma 4.4 since (s,) is
a || - [Iy-Cauchy sequence we have that (s}) is a | - [y-Cauchy. Then there is a func-
tion g € Ly([0,+00)) such that |s¥ — g|y — 0. Therefore s} — glp — 0 and so we can
find a subsequence (s;;) of (s;¥) which converges to g p-a.e. Then f* = g p-a.e. and

|s¥ — f*|y — 0. Finally

A =1 Il =< Tl = lsally [+ Hlsally = Tsa Ty [+ s Ty = 17 Ly

S||5n*f||N"’ lssz*’N'

Hence || flly = | f*|n and this proves the lemma. O

(4.7)

We omit the proof of nonexpansivity of rearrangement on Ly, which is analogous to
that of Theorem 3.6, when we use the above lemma.

TaEOREM 4.7. Let f,g € Ly. Then | f* —g* v < I f —glIn.

COROLLARY 4.8. Let M be a bounded set in Ly. Then

Yix((0,00)) (M*) < y1, (M). (4.8)

Now let Q) be an open bounded subset of the #n-dimensional Euclidean space R” (with
norm || - [|,), and let o be the o-algebra of all Lebesgue measurable subsets of () and
n = u*. Now we assume that ® is a Young function and we consider the space Eq of
finite elements of the Orlicz space Lo generated by @. In this situation, we introduce a
parameter wg, to estimate the Hausdorff measure of noncompactness.

Recall that @ is a Young function if ©(t) = fot(p(s)ds (t=0),where:[0,400) — [0,+00)
is such that

(i) ¢(0) = 05
(ii) ¢(s) > 0,5 >0;
(iii) ¢ is right continuous at any point s > 0;
(iv) ¢ is nondecreasing on [0,+);
(V) im0 9(s) = +o00.

In particular, @ is continuous, nonnegative, strictly increasing, convex on [0,+c0) and
®(0) = 0.

By Lo (Q) we denote the Orlicz space generated by @, that is,

Lo(Q) = {feLO:)}irg||®o (ALfDI], =o}. (4.9)

We equip Lo (Q) with the Luxemburg norm

H|f|||@:inf{k>o:Hq>o(%) s1}. (4.10)

1

By E¢(Q)) we denote the space of finite elements, that is,

Eo(Q) ={f €Lo:||®o (Al f])]|, < +oo, for any A > 0}. (4.11)
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The space Eq(Q) is a closed subspace of Ly(Q2) and E¢(Q) = Lo(Q) if the A,-condition
holds. For details on Orlicz spaces see [15, 16].

We recall that the convergence with respect to the Luxemburg norm ||| - || implies
®-mean convergence, for ® € A, the two types of convergence are equivalent.

Forr >0, x € R", and f € Lo(Q) let us put f(y) = 0if y & Q. The so called Steklow
function S,(f) corresponding to f is defined as follows:

1 1
Sr(f)(x) - m JB(x,r)f(y)d# - y(Tx,r)) J’I\yl\n<rf(x+y)d#. (4.12)

Sr(f) is continuous on R”, has compact support and [[IS,(f)llle < Il flllo (cfr., [16,
Theorem 9.10]).

THEOREM 4.9 (see [15, (ii) page 173]). Let M be a bounded subset of Lo(Q2). Set M, =
{S:(f): f € M}. Then

(1) M, C C3*(R™);

(2) M, is relatively compact in C(Q) with respect 1o || - || .

Now for any bounded subset M of Eq(()), generalizing an analogous parameter de-
fined in the case of Lebesgue spaces L,[0,1], we put

wg, (M) =lim sup max ||| f = S, (/) ||le- (4.13)
§H0feM0<rS(S

The following theorem gives an estimate of the Hausdorff measure of noncompactness
¥e, Dy means of the parameter wg,. We observe that the theorem is an extension of the
compactness criterion given in [15, Theorem 3.14.6], which is the analogous in Eq(Q) of
the Kolmogorov compactness criterion in the Lebesgue spaces L, [0,1].

THEOREM 4.10. Let M be a bounded set of Ex(Q2). Then
1
E‘UEm(M) < Vi (M) < wg, (M). (4.14)

Proof. Leta > wg, (M).Forsome 0 < r < § wehave that ||| f — S,(f)|llo < aforall f € M.
Since M, is compact in C(Q) with respect to || - ||, for all £ >0 we can choose an &-net
1S:(f1),S:(f2)5..»Sr(fu)} for M, in M,. Then for any f € M there exists i € {1,...,n}
such that [S,(f)(£) = S, (f)(t)| < ¢ forall t € Q, so that [[IS,(f) = S, (f)lllo < €l llxalllo.
Hence

HIf =S () o = TIf =S (D o+ IS () =S () [l < a+elllxallle  (415)

and consequently y, (M) < wg, (M).

We now prove the left inequality. Let a >y, (M). Fix an a-net {fi, f»,..., fu} for M
in Eg. Since M C Eg we can assume that the functions f; (i = 1,2,...,n) are in C(Q). By
the uniform continuity of each f; on Q, there is some & > 0 such that | f;(¢) — fi(x)| <&
holds for each i € {1,...,n} whenever t,x € Q satisfy ||x — t||,, < . Then, if 0 < r < § we



16  Journal of Inequalities and Applications

obtain | fi(t) = S,(fi)(¢)| < eforallt e Q. The latter inequality implies ||| f; = S, (fi)lllo <
elllxalllo. Moreover [1|S,(f) =S, (flllo = IS, (f = f)lllo < Il f = filllo. Therefore

HIf =S (O o = 1 = filllo+ HIfi =S (i) o+ IS () = SH(H o
< 2[[If = filllo+ HIfi = S (f) [lp < 2a+ellxalllo

holds for all f € M and 0 < r < §. Hence wg, (M) <2y, (M). O

(4.16)

From the last result and Corollary 4.8 we get the following.

CoROLLARY 4.11. Assume that the Young function @ satisfies the A,-condition, and let M
be a bounded subset of Loy (Q2). Then

WLy [0,400) (M*) < 201, (M). (4.17)
Remark 4.12. 'We observe that in the Lebesgue space L, [0,1] (1 < p < o)
wp (f*30) <2w,(f39) (4.18)

for 0 < 8 < 1/2, where w,(f38) = supy_y.5(Jjo,1_p | f (%) = f (x+h)[Pdu) P is the modu-
lus of continuity of a given function f € L,[0,1] (see [5, Theorem 3.1]).
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