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Let By be the unit ball in the N-dimensional complex space, for ¥, a holomorphic func-
tion in By, and ¢, a holomorphic map from By into itself, the weighted composition op-
erator on the weighted Hardy space H? (S, By) is given by (Cy.,) f = y(z) f (¢(2)), where
f € H*(B,By). This paper discusses the spectrum of Cy, , when it is compact on a certain
class of weighted Hardy spaces and when the composition map ¢ has only one fixed point
inside the unit ball.
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1. Introduction

It is well known that the general principle that the spectrum structure of the composition
operator C, is closely related to the fixed point behavior of the map ¢ is well illustrated
by compact composition operators. Determining the spectrum of a compact operator is
equivalent to finding the eigenvalues of the operator. About the spectrum of a compact
operator in a weighted Hardy space defined in the disk or By, we refer the reader to see
[1], where Cowen and MacCluer proved a theorem of considerable generality, which will
show that, essentially, all of the spaces of interest to us these eigenvalues are determined
by the derivative of ¢ at the Denjoy-Wolff fixed point of ¢. Weighting a composition oper-
ator as a generalization of a multiplication operator and a composition operator, recently,
Gunatillake in [2] obtained some results for the spectrum of weighted composition op-
erators on the weighted Hardy spaces of the unit disk. It is, therefore, natural to wonder
what results can be obtained for the spectrum of weighted composition operators on the
weighted Hardy spaces on By. In our paper, we almost completely answer the above ques-
tion, the fundamental ideas of the proof are those used by Gunatillake in [2] and Cowen
and MacCluer in [1], but there are technical difficulties in several variables that we need
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to consider before we will be ready to give the proof. This statement will also need some
clarification in the case of spaces defined on By (N > 1) as the Denjoy-Wolff point may
not be well defined. In the proof of Lemma 2.1, a technique is inspired by the proof of |3,
Theorem 7].

2. The main results

For multiindexes m = [my,my,...,my] and [ = [I},L,...,Iy], we say that | < m for all |I] <
Im| or for [; <mj if |I| = |ml, and I, = m, forall n < j.

LemMa 2.1. Suppose Cy,, is a compact operator on the Hardy space H*(B, By ). If the com-
position map @ has only one fixed point a in the unit ball, then O’(Cw,q,) c{0,y(a),y(a)u},
where y denotes all possible products of the eigenvalues of ¢’ (a).

Proof. Without loss of generality, we suppose a = 0. In fact, if a#0, let ¢, denote the
automorphism commuting 0 and a, then ¢, o ¢,(z) = z for every z in By, it is obvious
that Cy o C, =1, C, isinvertible, and o(Cy,,) = 0(Cy, © Cy,y 0 Cy ).

Let ¥y =¥ o, 9y =@, ° ¢ ¢, then y,(0) =y, ¢,(0) =0, and ¢;(0) = ¢;(a)-
¢’ (a)-9,(0). By ¢, 0 ¢,(z) = z, it follows that ¢ (a)-¢,(0) =I and ¢;(0) has the same
eigenvalue with ¢'(a). So

Cogo () = ¥(9,(2)) f(9q 09 94(2)) = Cy, © Cyg © Cy, (f), (2.1)

Cy,p and Cy ,, are similar and have the same spectrum.
Suppose Cy, is compact. For any A € 0(Cy,y), then A is an eigenvalue, and for the
eigenvector g of A, Cy ,g(z) = Ag(z2), that is,

v(2)g(p(2)) = Ag(2). (2.2)

If g(0)#0, then y(0)g(0) = Ag(0), A = w(0). If g(0) = 0 and y(0) = 0, then

(Z %(z)) (Z G,(W))) _ A(z Gt<z>>, 23)

s=1 t=1 t=1

where ¥ and G; are the homogeneous expansion of y(z) and g(z), and by the assump-
tion a = 0 and Schwarz lemma, it follows that lim ;—o(l¢(2)]/|z]) < +o0 (in fact, < 1).
Comparing the lowest power terms of two sides, it is easy to know that A = 0.

If g(0) = 0 and y(0)#0, differentiating (2.2) with respect to z; then leads to

2 98 498
g(9(2) oz, V95, "oz (24)
here, t/l(z)(p;(ag/aq)s) stands for 1//(2)25]:1 ((0¢*/0z;)(0g/0dz;)) by Einstein’s convention.
For the higher-order differentiation, we get

S1527 SN 2"g d"g

o T (Z 1j277"SN ) oS1 Sn =A— P (25)
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Z.-H. Zhouand C. Yuan 3

where > ,,,a:(z) denotes the sum of all the terms which have the differential order less
than m.

Now, let m be the multiindex that 9" g/0z™#0 and, for any I < m,alg/azl =0

By g#0 and g(0) = 0, m >0, it follows that

¥(0)-9'(0)®9'(0) & - - - ®9'(0)9"g(9(0)) =19"¢(0). (2.6)

-

~

|m| copies
Notice that 0 is the fixed point of ¢ and 0" g/dz™ = 9" g/d¢™#0, it follows that A must
have the form of eigenvalue of ¢’(0). The proof is complete. O

If [I1,1,...,In] is an N-tuple of the integers 1,2,...,N, let i) qenote the kernel
for evaluation of the corresponding partial derivative at g, that is,

a\l\
(f,K‘[lll,lz,mJN]> _ alla—f(a) (27)

for all f in H%(B,By). For any positive integer m, let J{,, be the subspace spanned by K,
and the derivative evaluation kernel at a for total order up to and including m, that is,

(,1,...1] [N,N,...,N]
K —span{Ka,Km N NN INONT e Nk Y } (2.8)

For the details of the space J,,, we also refer the reader to see [1, page 272], in fact, we
have the following lemma.

Lemma 2.2. Ky, is an invariant subspace of Cy

Proof. First, we show that K is invariant as follows:

CyoKa = ¥(@)Kya) = y(a)Ka, (2.9)

so Hy is invariant under Cg,ﬁ(p.
For J{1, let f be any function on H?(B, By ), then

(FCiprd") = (w-foprd’)

= Fop@3E @ +y(@3 (Dif) (91a) (Dig) @

lMZ

N (2.10)
- f@ L @@ (D) @094

- (3w, +1//(a)z 9 (a)x m>
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That is,

« oV ket i (2.11)
Wv(PKa = a J l// .
k=1

or we can denote this by Einstein’s convention

% el = %Ka +y(a)gk (@)t (2.12)
So K is invariant under Cw o
We can induct this to the higher order and get

;/kq’ L]l g2l _ 1(a)+w( )4);{11;;2( )K([zkl’kZ]; (2.13)

where & (a) denotes the lower-order terms which belongs to J{;, as well as

[j1sj2omees jm ] K15k sk
$q) a]1]2 j =¢Xm71(a)+1//(61)§0,f]22 ..... o (a)K[ukl)kz ..... km]’ (2.14)

where a1 (a) belongs to K,,_.

Thus we have proved that, for any finite positive integer m, X,, is an invariant subspace
of Cy o O

LemMA 2.3. Suppose Cy,, is a bounded operator on H*(B,By) with only one fixed point of
¢ in the unit ball. Then {y(a),y(a)u} C 0(Cy.,), where u denotes the possible product of
eigenvalues of ¢’ (a).

Proof. First, we use (2.9), (2.12), (2.13), and (2.14) to compute the matrix representation
of C%p restricted to the subspace J{,,. That is,

v  x % . *
0 y(a)¢(a) * *
0 0 v(a)-¢ ( )® ¢’ (a) *
0 0 0 w(a)-ﬁp'(a)@)q)'(d)@ ®(P'(Cl)‘
m copies

(2.15)

Let us call this matrix A,,. Then A,, isan (1+m+m?+--- +mN) x (1 + m+m? +

- + m") upper-triangular matrix. The *'s denote W’s.

The subspace X,, is finite dimensional and, therefore, is closed. The Hardy space
H?*(B,By) can be decomposed as H*(8,By) = K, & K. The block matrix of Cyp With
respect to this decomposition is

A, B
( 0 Cm) . (2.16)
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The fact that %, is invariant under Cf;,(p makes the lower-left corner of this decom-
position 0. Since there is a 0 at the lower left and the subspace is finite dimensional, the
spectrum of CW ¢ is the union of the spectrum of A,, and the spectrum of C,, [1, page
270]. Since A, is a finite dimensional upper-triangular matrix, its spectrum is the eigen-
value of A,,. By the arguments in [1, pages 274-275], we can conclude that the spectrum
of Cj , contains the set

{y(@),y(a)u}, (2.17)
where y denotes the product of m eigenvalues of ¢’ (a). So {y(a),y(a)u} is contained in
0(Cy,) and this completes the proof. O
Remark 2.4. The set

(1,1,...,1] [N,N,...,N]

1 N 1,1 N,1 N,N Ncopies Ncopies
{KQ,K[H],...,KL ],KL 1,...,KL ],...,KL 1 Ka yeeosKa (2.18)

is only the generated element set instead of the basis. So the matrix representation of
Cy !9, is not unique. This matrix is called the redundant matrix. It can also be used to
prove Lemma 2.1.

By Lemmas 2.1 and 2.3, we can easily get the following theorem, which is the main
theorem of this paper.

TaEOREM 2.5. Let Cy,, be a compact operator on the weighted Hardy space H*(8,By). If ¢
has only one fixed point in the unit ball, then the spectrum of Cy, is the set

{0,y(a),y(a)u}, (2.19)
where y is all possible products of ¢’ (a) and a is the only fixed point of ¢.

As we will see in the next theorem, compactness of Cy,, on some H?(f,By) for some
weight functions y implies that ¢ has only one fixed point in the unit ball.

Tueorem 2.6. Let Cy,, be a compact operator on H? (B,Bn), where

o (N—1+s)! 1
g T o0, (2.20)
Ifliminf - [y(r{)| > 0 for { is the fixed point of ¢, then ¢ has only one fixed point in the
unit ball.

Proof. By contradiction, first, suppose ¢ has no fixed point, so ¢ must have its Denjoy-
Wollf point denoted by & on dBy;, and let r belong to the interval (0,1).

Now, we apply the adjoint of Cy, to the normalized kernel function K,¢/||Ky¢l| as
follows:

|| el
1Kl

(2.21)

Cck = |y(rd)|
wan v
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Since ¢ is the Denjoy-Wollf point on the boundary, there exits a sequence {£,} tending
to & such that [@(r,)| = |r&, . But ||K, || = \/25‘;0(((1\1 —1+5)I/(N=DIsH(Iwl*/B(s)*))

is an increasing function of [w|, [[Kyqe,) |l = K¢, I, it follows that

|c

By [4, Lemma 3.11], it follows that K.¢ /|| K¢, || converges weakly to zero as r tends to 1
and n tends to co.

Since C:;@ is compact, the left-hand side of (2.21) tends to 0, but the right-hand side
of (2.21) is larger than &¢ > 0. That is a contradiction, so ¢ must have its fixed point in
By.

Now, we show the singleness of the fixed point of ¢. By contradiction, suppose ¢ has
more than one fixed point, then the fixed point set is an affine set, we denote it by E,
which must be uncountable if not single. Then Cv’f’({,Ku = WK,Z foralla € E. E is an
affine set, it is connected, so y(E) is an single point set or an uncountable set.

(1) If y(E) is a constant, then y(a) is the eigenvalue of Cuf,(p, which is infinite multi-
plicity. This contradicts to the compactness of Cy ..

(ii) If ( w(E) is not a constant, then it has uncountable elements. That is to say, C$,¢
has uncountable eigenvalues. That is impossible.

Hence, it must be the case that ¢ has only one fixed point in the unit ball and the proof
is complete. O

* K"En
Y2 |Kee, |l

n

H = |y(r€,) ] (2.22)

Theorem 1 in [5] gives a method to find y so that C,, is compact on the Hardy
space H?(By) when ¢ has fixed points on the boundary, we discuss the spectrum for such
operators. First, we quote the theorem as a lemma.

LEmMMA 2.7. Suppose ¢ is a linear-fractional map of By with ¢(e;) = e, and for { € 0By,
lo({)| = 1ifand only if { = ey. If b(z) is continuous on By with b(e;) = 0, then the operator
TyC, is compact on H*(By).

If ¢ has a fixed point inside the ball, Theorem 2.5 gives the spectrum. Therefore, we
compute the spectrum when ¢ has no fixed point inside the unit ball. We will denote the
composition of ¢ with itself n times by ¢,, thatis, ¢, = pog@o --- o ¢ (n times). Now,
we give the last theorem of this paper.

TaEOREM 2.8. Suppose y and ¢ satisfy the hypothesis in Lemma 2.7, and ¢ is one-to-one
which has no fixed point inside the unit ball. Then 0(Cy,,) = {0}.

Proof. We will show that the spectral radius of this operator is 0. Since ¢ is a nonauto-
morphism linear fractional map with a fixed point at e, it takes the unit sphere to an
ellipsoid sphere by [6, Theorem 6] which is tangent to the unit sphere at e;. e; is the only
fixed point of ¢, so it is the Denjoy-Wollf point.

Let € > 0, there exists § > 0 such that |y(z)| < € whenever |z —¢;| < § and z is in the
closed unit ball. Let W = {z: [z — e1]| < §,|z| < 1}, clearly, W is open in By. Let U =
@(By), then U is tangent to the unit sphere at e;. Let V = U — W, then V is a compact
subset of the unit ball. Therefore, the sequence {¢,} converges uniformly to e; on V.
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Considering a point £ on the unit sphere, then ¢() is either in W or V. If (&) is in V,
then there is an N that does not depend on & such that 9 (&)isin W forall j > Ny. If ¢(&)

00

is not in V, consider the sequence {(pj(f)}jZI, either ¢;(&) is in W for all j, or ¢ (&) will
bein V for some j. If ¢ j(f ) isin V for some j, take j’ to be the smallest integer such that
goj(f) isin V. Then ¢(¢) isin W forall j > j* + Np. Therefore, for any & on the unit sphere,
at most Ny terms of the sequence {¢ j(f )};0:1 will be outside W. Hence, at most N, terms

of the sequence {|y (¢ j(f NI }j,o: . will be larger than € for any £. Also y is bounded on By,
therefore, Iw(q)j(f))l < M for some M > 0. Now, if f is in H?(By) and n > Ny, then

€3NI = sup | [vO 1 Tw(e@) -+ 1y (0,1 O) ' £ (9,(0) I*d(Q)

< 2=No=D) pp2(Not) gy S|f(<Pn(O) %)
1

0<r< (2.23)
:Ez(n—No—an(Noﬂ)”C (f)||2
< Ez(anofl)Mz(N(,ﬂ)HC% 2||f||2,
but Cp, = C;;, therefore
ICy || < €N DM@V C, . (2.24)
Hence, for all n large enough,
llc 17" < e-2llcall”” < e-2]|Cy. (2.25)

By [6, Theorem 14], C, is bounded.
So we can get that the spectral radius of the operator on H?(By) is 0, therefore,
0(Cy,») = 10}. This completes the proof. O
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