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The authors discuss necessary and sufficient conditions for the existence and uniqueness
of slowly oscillating solutions for the differential equation v’ + F(u) = h(t) with strictly
monotone operator. Particularly, the authors give necessary and sufficient conditions for
the existence and uniqueness of slowly oscillating solutions for the differential equation
u' +V®(u) = h(t), where VO denotes the gradient of the convex function ® on RV,

Copyright © 2007 C. Zhang and Y. Guo. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction

In this paper, we will consider the following differential equation:
u' +F(u) = h(t), (1.1)

where the maps h: R — RN and F: RN — R¥ are continuous. A special class, of the dis-
sipative equation (1.1), is the case where the field F is derived from a convex potential
O:

u' +vO(u) = h(t). (1.2)

For the dissipative equation (1.1), Biroli [1], Dafermos [2], Haraux [3], Huang [4], and
Ishii [5] have given important contributions to the question of almost periodic solu-
tions which are valid even for the abstract evolution equations. In [6], Philippe Cieutat
gives necessary and sufficient conditions for the existence and uniqueness of the bounded
(resp., almost periodic) solution of (1.2) when the forcing term A(t) is bounded (resp.,
almost periodic). In the scalar case N = 1, Slyusarchuk established similar results in [7].
But the conditions which are established in [6] for (1.2) do not hold for (1.1), even in
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the linear case. So in [6] Cieutat also gives a sufficient condition, then a necessary condi-
tion, for the existence and uniqueness of the bounded (resp., almost periodic) solution of
(1.1).

The numerical space RY is endowed with its standard inner product 3, xx vk | - |
denotes the associated Euclidian norm. We denote by BC(RY) the Banach space of con-
tinuous bounded functions from R to RN endowed with the norm ||| := sup,cg lu(t)].
When k is a positive integer, BC¥(RY) is the space of functions in BC(RN) (" CK(RYN) such
that all their derivatives, up to order k, are bounded functions. When u € BC'(RYN), we set
llulle = llulleo + 11 |0 and when u € BC?(RYN), we set [lull 2 = l|ulloo + 1 |0 + [0 |] .

In 1984, Sarason in [8] extended almost periodic functions and introduced the defi-
nition of remotely periodic functions. The space of remotely periodic functions, as a C*-
subalgebra of BC(RY), is generated by almost periodic functions and slowly oscillating
functions which are defined as following.

Definition 1.1 [8]. A function f € BC(RN) is said to be slowly oscillating if

lim |f(t+a)— f(t)| =0, foreacha€cR, (1.3)

[t]—+oc0
the set of all these functions is denoted by SO(RY).

Comparing with the space AP(R) of almost periodic functions, the space of slowly
oscillating functions is quite large. In fact, AP(R) = span{e* : A € R}, where the closure
is taken in BC(R) (e.g., see [9] for details). SO(R) not only contains such space as Cy(R)
which consists of all the functions f such that f(¢) — 0 as || — oo, but also properly
contains X = span{e™* :1 € R, 0 < a< 1} (see [10-12] for details). The only functions
in AP(R) N SO(R) are the constant functions on R. We also point out that the slowly
oscillating functions SO(RYN) studied here form a strict subset of the slowly oscillating
functions studied on [13, page 250, Definition 4.2.1]. Thus, all functions in SO(RN) are
uniformly continuous.

To our knowledge, nobody has investigated the existence and uniqueness of slowly os-
cillating solutions for the differential equation (1.1). So in this paper, we give a sufficient,
then a necessary condition for the existence and uniqueness of slowly oscillating solutions
for the differential equation (1.1). We will give sufficient and necessary conditions for the
existence and uniqueness of slowly oscillating solutions for differential equation (1.2).

To show the main results of the paper, we need the following definition and lemma.

Definition 1.2. A function F: RN — RY is said to be strictly monotone on RN if (F(x;) —
F(x2),x1 — x2) >0 for all x1,x, € RN such that x; # x».

Lemma 1.3 [6]. Let F: RN — RN be a continuous and strictly monotone map. Then for
every compact subset K of RN and for every € > 0, there exists ¢ > 0 such that

(F(x1) = F(x2),x1 — x2) > ¢|x1 — 32| (1.4)
for all x1,x, € K such that

X1 —X| =& (1.5)
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2. Main results

For each u € BC'(RY), the function ¢ — u(t) + F(u(t)) belongs to BC(RY), so we can
define the operator %, : BC'(RN) — BCY(RN) with %1 (u)(¢) := v’ (t) + F(u(t)) forallu €
BC'(RYM) and t € R. Let SOY(RN) = SO(RM)YNCHRN) and [[ulla = [[ulle + ||t/ || for
u € SOY(RN). Set F, = F, [s01(®N).-
Consider the following assertions:
(A) F is a strictly monotone map on RY such that

o (FO02)

= +o0; (2.1)
Ixl—eo x|

(B) F> : (SOH(RN), || - llc) = (SO(RN), || - || ) is a homeomorphism;
(C) F: (RN,[-]) = (RN,| - |) is a homeomorphism.

THEOREM 2.1. Let F: RN — RN be a continuous map. Then the following implications hold:
(A)=(B)=(C).

Proof. By [6], (A) implies that %, : (BCY(RN),|| - llc1) — (BC(RN),]| - |) is a home-
omorphism. That is, (1.1) has for each & from SO(RN) a unique solution u(t) from
SO'(RY), which depends continuously on k. To show (A)=(B), it remains to show u €
SO(RN) if h € SO(RN).

Suppose, by the way of contradiction, u(t) ¢ SO(RY). Then there exist ag,&y >0 and
sequence t, — oo such that

|u(t,+ao) —u(t,)| = . (2.2)
Without loss of generality, we can assume t, — t,,-; — +0o.
Since u(t) € BC'(RN), u(t) is uniformly continuous on R. Then there exists § > 0 such
that

lu(t+ao) —ult)| = 82—0 vtepl, (2.3)

where P, = (t, — 6,t, + ).
Set

Pn:(tﬂ_é)tn)) In: [tnfl)tn]a

Cy= {seln: |u(s+ag) —u(s)| = 82—0}, C, = {seln: lu(s+ag) —u(s)| < 8—0}
(2.4)

and put
O(t) = u(t+ag) — u(t). (2.5)

Obviously P, C C,,.
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Let K = u(R). Note that u(t) is bounded on RN and therefore, K is a compact subset
of RN, By Lemma 1.3 there exists ¢, such that

(F(u(s+a0)) = F(u(s)),u(s+ao) — u(s)) = co|u(s+a,) — u(s)|” (2.6)
for each s € C,,.
Note
Jo a5 (100 Fee)ds = 100 - e = ot P 27)

At the same time, we also have

g d 2¢c, s _ d 1 2 2c,s d 1 22cs>
J1d$< | s |e )ds_Jc,,ds<2|(D(s)|e )ds+Jc;1ds<2|(D(s)|e ds.

(2.8)
Case 1. s € C,, that is,
|u(s+ag) —u(s)| = %0. (2.9)
We can get
() ()
( | D(s)| ) D(s),D(s)) 2.10)
= (h(s+ao) — h(s),®(s)) — (F(u(s+ao)) — F(u(s)),®(s)).
By (2.6), we can obtain
%(%|®(s)|2) < |h(s+a0) — his)| - |D(s)| - o D(5) |2 2.11)
Also we can see
d 1 2 2cs ’ 2¢, s 2¢, S 2
%(§|<b(s)| e o): (@' (5), D(s)) - 0% + coe2o* - |D(s) | (2.12)
By (2.11), we deduce
%(%Mb(s)f@zcos) < |h(s+a,) —h(s)| - |D(s)| - e*o°. (2.13)
Case 2. s € C,, that is,
lu(s+ag) —u(s)| < 62—0. (2.14)
Moreover, one has
j ( |o(s)|%e ZCOS) = (D' (s),D(s)) - €%0° + coe?o* - | D(s) |, (2.15)

(D(5)",D(5)) = (h(s+ao) —h(s),D(s)) = (F(u(s+ao)) — F(u(s)),®(s)).  (2.16)
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For F is strictly monotone on RN, we can deduce

(F(u(s+ag)) — F(u(s)),®(s)) >0. (2.17)

Moreover, by (2.17) and (2.16) one has

< |®(s)| - |h(s+a) —h(s)| < %0 |h(s+ao) — h(s)|. (2.18)

By (2.15) and (2.18), we can get

2
( |D(s |262‘05) < 820 |h(s+ag) —h(s)| - e*o°+ %Ocoezcﬂs. (2.19)

Considering the above two cases, one has

1
|CD tn | chtn__|®(tn_l)|2-ezcotﬂfl
" d 2 2cs
Jtnlds( | D(s)["e* )ds
<J |h(s+a,) —h(s)| - |D(s)| - e°ds
Ca
5 (2.20)
+J (8—0 |h(s+a0) — h(s) | + €_0C0> . e2%5ds
Cy, 2 4
<sup | h(t+ao) — h(t)| - sup |®(1)]| J 205 s
tel, tel, '
82
c(SsupIntra) —ho | + D) - [ s
2 tel, 4 c
ty
J eZCngS < I eZcosds’
Cu th-1
fn tn (2.21)
J e*o’ds < J %S ds — J e2cosds,
G fn-1 t—0
1
-~ | D(ty1) |2 - eXotn
2
ty
<sup |h(t+ag) —h(t)]| - squ |ot) | - L 205 ds o)
tely n-1

€0 & " "
—sup |h(t+ao) —h(t)] +—c0> : (I e Cosds—J eCOSd.s‘).
2 4 t, =0

n-1
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So, we can get

21067 200 = 2 |ty 1) |- ot

1
<sup |h(t+ag) —h(t)| - sup | D(t) ]| 2—(62‘0’" — e tn1)
tel, tel, Co

0] 1 2.t 2¢, by 2¢, (t,—0) 2¢,0 1
+( = sup |h(t+ ht+—)-[— Coln —g2oli1) — 260 (1n=0) . (2600 7). — |,
(zf‘g}:' (t+ao) —h(t) [+ co 2, (0 —gh) —e (e ) 2
(2.23)
That is,
1 1
Slo) Zfof"—5|c1><tn )| et
<sup |h(t+ag) —h(t)|
tel,
2, 2, by 200ty _ p2Cota- 2
. |:e Cotn —e Coln-1 sup |(D(t)| +£_0 ) (e Cot) e“Cotn-1 _ ( Co 1) _eZCU(tn*5)>:|
ZCO tel, 2 2C0 2CO
(e ) i)
8 8
(2.24)
Thus,
sup |h(t+ao) — h(t) |
tel,
2(,2¢0t, _ ,2¢, b 20,2
|q3 t,, | Zcotn_l|®(tn71)|2-ezfofn—1_€0(e K e l) 80( ol 1)-62600”_8)
> 2 8 8
1 &0 1 _ 1
Sup,e, |q)(t)| . Z(ezcot”—ekﬂt"’l)'i‘?' |:2_C0 (eZCotn_eZCotnA)_eZco(tn 3). (62608_ 1) . Z:|

(4co| D(t,) | > —3co) - 20t — (4o | D (tn1 )| — e3co) - €201t + €2y (€208 — 1) + €260 (tn=0)
(4sup,e; | D(1)] +2¢0) - (€*0'n — e2oln1) — 20 (200 — 1) - 20 (11=0)

4C0 @ t, 2 —£2C0 . e2co [ 4C0 [0) tao1 |2 —SZCO) ) eZco -1 4 8260 e2c08 1) - ezco(tnfa)
> 0 0 0
B (451.113161” |q)(t) | +280) - (ezcutn — eZC()fn—l)

(4co | D(t,) |2 —&jco) — (4co | D(t,-1) |2 —&lcy) - 2ot g2y (e20% — 1) - e72%0
(4sup,c; |@(1)] +2e) - (1 —e2olti=t)) ’

(2.25)

Since ®(t) = u(t+ ag) — u(t) and the solution u(t) is bounded, then we can assume
dM > 0, such that

|®(t)| <M, foreachteR. (2.26)
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Also we have
2
| (t) |* = %0, for t, € C,. (2.27)
Then

sup |h(t+ao) — h(t) | > _(460M2 - 8(2)(:0) - ezc()([nfl—tn) +€%Co(e2608 _ 1) . 6_2606

rel, (4M +2g) - (1 — eXoltr=tn))
(2.28)
When n — +o0, one has
ty—taoy — Fo0,  eXaltrith) 0, (2.29)
So
This contradicts the fact h(t) € SO(RN). We must have u(t) € SO(RN).
Finally we show that
(B) = (C). (2.31)

If we denote by 6 the set of constant mapping from R to RY, one has ¢ ¢ SO'(RYN)
and for u € %, the function %3(u) € SO(RN)(%F;(u) = F(u(0)), for all t € R), so we can
define the restriction operator of F3 to € by %, : € — € with F4(u) = F(u(0)) for all
ue“%andall t € R. For u € 6, one has ||ullct = |u(0)| and ||F3(u)|l» = |F(u(0))|; then
it is equivalent to prove %4 or F is a homeomorphism. It remains to prove that %, is
surjective. Let h € 6. By hypothesis, there exists u € SO'(RN) such that F;(u) = h. we
want to prove that u € 6. For that we denote by u,(t) = u(t +a) for all t and a € R. Note
that F3(u,) = h for all a € R. By injectivity of F3, we deduce that u,(t) = u(t) for all
a € R, therefore u € 6.

Remark 2.2. The following example constructed in [6] can be used to show that Asser-
tion (A) is not a necessary condition for the existence or the uniqueness of a bounded or
slowly oscillating solution of (1.1). Consider the map F : R? — R? defined by F(x;,x;) =
Bx = (—x2,x1 +x2). The map F is monotone and does not satisfy (A). However, the
eigenvalues of B are conjugate and their real parts are equal to 1/2, therefore the lin-
ear system u’ + Bu = 0 has an exponential dichotomy: namely, there exists k > 0 such that
[lexp(—=Bf)llr) < kexp(—t/2) for all £ = 0. As a consequence, the system u" + Bu = 0 has
precisely one bounded solution on R: u = 05 this implies the injectivity of %;. Moreover,
the following function u(¢) := fﬁm exp(—B(t — s))h(s)ds is a solution of u’ + Bu = h for
h € BC(RY) and satisfies |u(t)| < 2k||hll« for all £ € R; this implies the surjectivity of
. Since F is a bounded linear map between Banach spaces, which is bijective, then J,
is an isomorphism between BC'(R?) and BC(RY). To show that (B) holds in this case, it
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remains to show that u € SO(R?) if h € SO(R?). In fact, fora € R

|u(t+a)—u(t)| = ‘Jt+aexp(—B(t+a—s))h(s)d5—Jt exp (— B(t —s))h(s)ds

< f exp (= B(t—5)) | h(s+a) — h(s) | ds
- (2.32)

It follows that |u(t+a) — u(t)| — 0 as t — —oo. Since h € SO(R?), for & > 0 there exists
top > 0 such that |h(t+a) — h(t)| < e for all t > ty. Now

to t
lu(t+a)—u()| < <J +L )exp(—B(t—s)) | h(s+a) — h(s) | ds
- (2.33)
s2||h||mjt exp(—B(t—s))ds+sjtexp(—B(t—s))ds

to

and therefore, u(t+a) — u(t) — 0 as t — +oo. This shows that u € SO(R?).

Remark 2.3. The following example constructed also in [6] can be used to show that (C)
is not a sufficient condition for the existence of slowly oscillating solution of (1.1) even
when F is a linear monotone map. Consider the map F : R? — R? defined by F(x,x;) :=
Ax = (—x2,x1). F is a homeomorphism and a monotone map. Let v = (sint,cost). Then
v/ +Av = 0. Let f be any continuously differentiable function on R such that f(t) = /3
for [t| > 1 and let h(t) = f'(t)v(¢). Since h(t) — 0 as |t| — o, h € SO(R?). The equation
u' + Au = h has no bounded solution, because u(t) = f(¢)v(f) is an unbounded solution,
therefore &, is not surjective.
Nevertheless, for (1.2) we have the following result.

THEOREM 2.4. Let @ be a convex and continuously differentiable function on RN. Assume
that F = VO. Then (A), (B), and (C) are equivalent.

We have already shown that (A)=(B)=(C) in Theorem 2.1. The equivalence of (A)
and (C) is [6, Theorem 1.1]. O
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