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1. Introduction and results

Consider the zeros of solutions of linear differential equations with periodic coefficients,
for the second-order equation

f"+A@Z)f =0, (1.1)

where A is entire and nonconstant with period w; a number of results have been obtained
in [1, 2]. For the higher-order differential equation

f(k) _|_Ak_2f(k—2) +--+Agf =0. (1.2)

Bank and Langley proved the following theorems in [3].

THEOREM 1.1. Let k > 2 be an integer, Ao, ...,Ax—> be entire periodic functions with period
27, such that Ay is transcendental in e with

Tim icglogM(rnAo) _ % (1.3)

r—oo r
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and for each j with 1 < j < k — 2, the coefficient A; either is rational in €* or satisfies

—loglogM (r,Aj)
lim——————~

r—oo r

<c. (1.4)

Then (1.2) cannot have linearly independent solutions fi, f satisfying

log" N(r, -~ o). (1.5)

f1f>

THEOREM 1.2. Suppose that k = 2 and Ao, ...,Ak_, are entire functions of period 27i, and
that f is a nontrivial solution of a differential equation (1.2). Suppose further that f satisfies

log+N(r,%> =o(r), (1.6)

Ay is nonconstant and rational in €%, and if k = 3 then A,,...,Ax_, are constants. Then there
exists an integer q with 1 < q < k, such that f(z) and f(z+ q2mi) are linearly dependent.
The same conclusion holds if A is transcendental in e* and f satisfies

1og+N(r, %) — o), (1.7)

and if k = 3, then as r — +oo through a set L, of infinite linear measure, we have
T(r,Aj) =0o(T(r,A¢)) (j=1,...,k=2). (1.8)

In this paper, we will assume that the reader is familiar with the fundamental results
and the standard notations of Nevanlinna’s value distribution theory of meromorphic
functions (e.g., see [4, 5]). In addition, we will use o( f) and u( f) to denote, respectively,
the order and the lower order of meromorphic function f(z), A(f) to denote the conver-
gence exponent of zeros of f(z)

Let A(z) be an entire function. We define

log T(r A)

o.(A) = l (1.9)
to be the e-type order of A(z). Clearly,
0u(A) = Tim 128108 M (> A4) (1.10)

r—oco r

The main aim of this paper is to improve the result of Theorem 1.1. In the following
theorem (Theorem 1.3), we weaken the conditions (1.3) and (1.4) of Theorem 1.1. In par-
ticular, in Corollary 1.4, the condition 0(Go) < 1/2, 0(g;) < max{o(Gy), 0(go)}, is weaker
than that of Theorem 1.1, by Remark 2.3, we see that this condition in Corollary 1.4
shows that 0,(A) may be arbitrary, that is, in Corollary 1.4, the restriction “c < 1/2” of
Theorem 1.1 is redundant. Thus, Theorem 1.3 and Corollary 1.4 improve essentially the
result of Theorem 1.1.
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The other aim of this paper is to consider what condition will guarantee that every
solution f # 0 of (1.2) satisfies A(f) = co. In Theorem 1.6 and Corollaries 1.7 and 1.8,
we prove that under certain hypotheses, every solution f(# 0) of (1.2) satisfies (1.14), so
A(f) = .

THEOREM 1.3. Letk > 2 and Aj(z) = Bj(e*) = Bj({), { = €%, Bj({) = G;({) +g;(1/{), j =
0,1,...,k — 2, where G;(t) and g;(t) are entire functions. Suppose the following:
(1) Go(t) is transcendental and o(Gy) < co if 0(Gp) > 0, then Gy also satisfies that for
any 7 satisfying 0 < 7 < 0(Gy), there exists a subset H C (1,+00) with infinite loga-
rithmic measure, such that when |t| =r € H,

log | Go(t)| >rT; (1.11)

(i) for j >0,G;(t) either is a polynomial or 6(G;) < 0(Go);
(iii) for j > 0,g;(t) either is a polynomial or 0(g;) < max{c(Gy), o(go)}, where go(t) is
arbitrary entire function.
Then (1.2) cannot have linearly independent solutions fi, f, satisfying (1.5).
The same conclusion remains valid if G;(t) and g;(t) (j = 0,...,k — 2) are transposed in
the hypotheses (i)—(iii) above.

CoroLLARY 1.4. Let k = 2 and Aj(z) = Bj(e*) = B;((), { = ¢, B;({) = G;({) +g;(1/0),
j=0,1,....k =2, where G;(t) and g;(t) are entire functions. Suppose the following:
(1)* Go(t) is transcendental with o(Gy) < 1/2;

(ii)* for j >0,G;(t) either is a polynomial or 0(G;) < 0(Go);

(iii)* for j > 0,g;(t) either is a polynomial or 6(g;) < max{o(Gy), 0(go)}.

Then (1.2) cannot have linearly independent solutions fi, f, satisfying (1.5).

The same conclusion remains valid if G;(t) and g;(t) (j = 0,...,k — 2) are transposed in
the hypotheses (i)*—(iii)* above.

We introduce the concept of gap power series before we state Corollary 1.5. An entire
function f is said to be a gap power series if f(z) = >, a,z", where {A,} is a increasing
sequence of positive integers, f is said to have a Fabry gap if

lim— = 0. (1.12)

CoROLLARY 1.5. Assume that the hypotheses of Corollary 1.4 are satisfied but the statements
(i)* and (ii)* are replaced, respectively, by the following:
(1)** Go(t) is an entire function with Fabry gap with 0(Gp) < +00;
(ii)** for j >0, either Gj(t) is a polynomial or 0(G;) < u(Go).
Then the conclusion of Corollary 1.4 remains valid.

THEOREM 1.6. Let k > 2 and Aj(z) = Bj(e*) = Bj({), { = €%, Bj({) = G;({) +g;(1/{), j =
0,1,...,k — 2, where G;(t) and g;(t) are entire functions. Suppose the following:
(1) go(t) is transcendental and o(gy) < oo, if 0(go) > 0, then for any T satisfying 0 <
T < 0(go), there exists a subset H C (1,+00) with infinite logarithmic measure, such
that when |t| =r € H,

log |go(t)| > 17 (1.13)
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(2) for j >0, either g;(t) is a polynomial or o(g;) < 0(go);
(3) for j = 0,G;(t) is polynomial of degree p; such that 0 < p; < min{k —s, po} (s =
L,....,k —2) and py is not divisible by k.
Then every nontrivial solution f of (1.2) must have A(f) = co, and in fact, the stronger
conclusion

1

lo +N(r,
AN

) #0t) (r— ) (1.14)
holds.

The same conclusion remains valid if G;(t) and g;(t) (j = 0,...,k — 2) are transposed in
the hypotheses (1)—(3) above.

CoroLLARY 1.7. Let k = 2 and Aj(z) = Bj(e*) = B;((), { = ¢, B;({) = G;({) +g;(1/0),
j=0,1,....k =2, where G;(t) and g;(t) are entire functions. Suppose the following:

(1)* go(t) is transcendental and o(gy) < 1/2;

(2)* for j >0, either g;(t) is a polynomial or 0(g;) < 0(go);

(3)* for j = 0, Gj(t) is a polynomial of degree p; such that 0 < p; < min{k — s, po} (s =

L,....,k —2) and p, is not divisible by k.

Then every nontrivial solution f of (1.2) must have A(f) = co, and in fact, the stronger
conclusion (1.14) holds.

The same conclusion remains valid if G;(t) and gj(t) (j = 0,...,k — 2) are transposed in
the hypotheses (1)*—(3)* above.

CoROLLARY 1.8. Assume that the hypotheses of Corollary 1.7 are satisfied but the statements
(1)* and (2)* are replaced, respectively, by the following:
(1)** Go(t) is an entire function with Fabry gap with 0(Gy) < +0c0;
(2)** for j >0, either G;(t) is a polynomial or 0(G;) < u(Go).
Then the conclusion of Corollary 1.7 remains valid.

2. Lemmas for the proof of Theorem 1.3

LemMA 2.1 (see [6]). Let f be a transcendental meromorphic function with o(f) = 0 < co.
Let H = {(k1,j1),(kas j2)s...,(kg» jg)} be a finite set of distinct pairs of integers that satisfy
ki > ji =0 fori=1,...,q. Also let € >0 be a given constant. Then there exists a set E; C
(1, 00) with finite logarithmic measure such that for all z satisfying |z| & [0,1] U E and for
all (k,j) € H one has

' f(k)(z)

(k—j)(o—1+e)
() < |z| . (2.1)

Remark 2.2. Let g({) be a function analytic in Ry < |{| < c0. By [7, page 15], g({) can be
represented as

8(0) = "y(OF(D), (2.2)
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where y({) is analytic and does not vanish in Ry < |{] < oo and y(o0) = 1, F is an entire
function and

F(0) = u({)e"®, (2.3)

where the function u({) is a Weierstrass product formed by the zeros of g({) in Ry < |{| <
00, h({) is an entire function. If u({) is of finite order of growth, set W ({) = w({)u({),
since as { — oo, ¥({)/y({) = o(1), by Lemma 2.1, it is easy to see that there exists a
subset E; C (0,0) having finite logarithmic measure and a constant M; (> 0), such that
for all { satisfying |{| & Ei,

WO () M
1 e ’_ICI . (2.4)

Remark 2.3. By [8, page 276], we know that if A(z) is an entire function and A(z) =
B(e?) = B({) = G({) + g(1/(), where G(t) and g(t) are entire functions, then

0e(A) = max {0(G),0(g)}. (2.5)

LEMMA 2.4 (see [3]). Let A(z) be a nonconstant entire function with period 2mi. Then

c= limM > 0. (2.6)

- r
If c is finite, then A(z) is rational in €.
We easily prove the following lemma.

LEmMA 2.5. Let Aj(z) (j = 1,2) be entire functions with A;(z) = Bj(e®) = Bj(t), t = €. If
By () is transcendental (i.e., Laurent’s expansion of By (t) is of infinitely many terms) and
B, (t) is rational, then

T(r,Ay) =o{T(r,A1)}. (2.7)

LEMMA 2.6. Suppose that Aj, Bj, Gj, gj (j = 0,...,k — 2) satisfy the hypotheses of Theorem
1.3.If f(2)(# 0) is a solution of (1.2) and satisfies (1.7), then in 1 < [£| < oo, f(2) can be
represented as

f(2) = Ey(E)u(é)e"), (2.8)

where & = ¥4, q is an integer and satisfies 1 < q <k, d is some constant, y(&) is analytic
and does not vanish in 1 < |&| < co and y(oo) = 1, both u(&) and h(&) are entire functions
of finite order.

If G(t) and gj(t) (j = 0,...,k — 2) are transposed in (i)—(iii), then the same conclusion
still holds with & = e#4.

Proof. By Remark 2.3 we see that

0.(4) = max {0(G)), o (g))}. (2.9)
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By the hypotheses (i)—(iii) of Theorem 1.3, we easily see that if g.(Ag) > 0, then there
exists a set H C (0, o) of infinite linear measure, such that

T(r,Aj) =0{T(r,A0)}, reH; (2.10)
if 0.(Ap) = 0, then by Lemma 2.5,
T(r,Aj) =o{T(r,A0)} (j=1,...,k=2). (2.11)

Now suppose that f(# 0) is solution of (1.2) and satisfies (1.7). By (2.10), (2.11), and
Theorem 1.2, we see that there exists an integer g : 1 < g < k such that f(z) and f(z+
q2mi) are linearly dependent. By [9, page 382], we see that f(z) can be represented as

flz) = eM2G(e71), (2.12)

where G(£) is analytic in 0 < || < o0, & = ¢4, By Remark 2.2, we see that in 1 < [£] < oo,
G(&) may be represented as

G(&) = Emy(Eu(8)e®, (2.13)

where m is an integer, (&) is analytic and does not vanish in 1 < |£| < co and y(o) =1,
u(&) is a Weierstrass product formed by the zeros of G(&) in 1 < [£] < co, h(&) is an entire
function, hence (2.8) holds.

Firstly, we prove that u(&) is of finite order of growth. By the transformation & = ¢#4
and (1.7), the counting function Ny (p,1/G) of G(§) in 1 < |&]| < oo satisfies log" Ni(p,1/G)
= O(logp). So that u(£) is an entire function of finite order.

Secondly, we prove that h(&) is of finite order of growth. Set W () = w(&)u(&), then

f(z) =W (&)@, (2.14)
Substituting (2.14) into (1.2), we obtain
(W) + Py (W) =0, (2.15)

where P (h') is a differential polynomial in 4" of total degree k — 1, its coefficients are
polynomials in W&/W (s =1,...,k), 1&" (m = 1,...,k — 1), Aj(z) (j = 0,...,k = 2).

By Remark 2.2, we see that there exists a subset E; C (0,0) with finite logarithmic
measure and a constant M, such that for all ¢ satisfying |&| ¢ E;, and for s = 1,...,k,
m=1,....k—1,

LW(Q(@ < |£ 1M
e wiey | <6 (216
By (2.15) and (2.16), we obtain
m(p,h") < M{m(p,Go(&7)) +logm(p,h’) +logp}, (2.17)

where p ¢ E», E; C [0,00) is a set of finite linear measure, M (> 0) is a constant. Since
Gy (t) is of finite order, by (2.17), we see that h(§) is of finite order.
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If Gj(t) and g;(t) (j = 0,...,k — 2) are transposed in (i)—(iii), we can still deduce the
same conclusion by setting { = 1/, G} (n) = g;(n) = g;(1/{), g (1) = G;(1/n) = G;({)
(j =0,...,k —2), and noting that G;-" (n) and g]?"(q) satisfy (i), (ii), and (iii), respectively,
Aj(z) = B;j({) = Bj(1/y) = G;k(ﬂ) +g;"(1/11). In the previous argument, G;(¢) and g;(t)
are replaced respectively, by G;-" (t) and g}" (t). Thus, Lemma 2.6 is proved. O

Remark 2.7 (see [10, 11]). Let h(z) be a transcendental entire function with order o(h) =
0 < 1/2. Then there exists a subset H C (1,0) having infinite logarithmic measure, such
that if 0 = 0, then

min {log|h(z)| : |z| = r} .

logr (lzl=r€H, r — ); (2.18)
if 0 >0, then forany a (0 < @ < 0),
log |h(z)| >r* (lzl=r€H, r — ). (2.19)

3. Proof of Theorem 1.3

Suppose that (1.2) has two linearly independent solutions fi(z) and f,(z) that satisfy
(1.5), then both fi, f; satisfy (1.7). We deduce immediately from Lemma 2.6 that both
fi(z) and f>(z) have representations in the form (2.15). In particular, we can choose an
integer q: 1 < q < k?, according to (2.14) the representations can be written as

filz) = EW,(E)eM®, flz)= ELW, (£, (3.1)

where d; (j = 1,2) are two constants, { = e, W;(&) = y;j(§u;i(&) (j=1,2), y;(§) is
analyticin 1 < |&] < co,and y;j(&) # 0, yj(c0) # 0, u; (&), and k(&) are all entire functions
of finite order. By Remark 2.2, there exists a subset E; C (0, ) having finite logarithmic
measure and a constant M (0 < M < oo, M is not necessarily the same at each occurrence),
such that for all & satisfying |&| € E;, and fors = 1,....k, m=1,...,k,

5W£m)<£>'+ Sw;“(f)‘ gl <£>' g ()

Wi(&) W2(§) hl(f) h;(8)

If 0(Gp) = 0, then by Remark 2.7 we see that there exists a subset H C (1,0) having
infinite logarithmic measure, such that

\ <IEM (32)

min {log | Go(£) | : [t =7}
logr

— o (reH,r— o), (3.3)

and G;(t) (j = 1,... ,k —2) are polynomials on ¢, hence there is a constant M that satisfies
|Gj()| =™ (]t =r — o0). (3.4)

If 0(Gp) > 0, then by the hypothesis (i), we see that there exists a subset H C (1, 00) having
infinite logarithmic measure (for convenience, we still assume that the subset with infinite
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logarithmic measure in the hypothesis (i) is H), and &, 7 > 0, such that for j >0,
0(Gj) <d<1<0(Gy),
(3.5)
log |Gj(t)| <’ <r<log|Go(t)|, (It| =re€H).

Thus, we can find a sequence {p,}, p1 <p2 < ---,py — o, such that for £ lying on [§] =
Pn» we have, respectively, that as p, — o,

|Bj(¢9) | <pM (j=1,....k—2), (3.6)

log | B(§7) | _

" logpn % (0(Go) =0), (3.7)
log | B; (£7) | < p¥ < pi" <log |Bo(E9) |, (j=1,...,k =2, 5(Gy) >0). (3.8)

For convenience, when o(Gy) = 0, we let § = 0. Thus, by (3.7) and (3.8) we have for
j=1,....k -2 that

B;(£9) = {pMexp (i)} (1€] = p). (3.9)

We now estimate /] on |&| = p,. Substituting f; in (3.1) into (1.2), we deduce that
k S i qF 1
(h)"+ Py (§)(h) + X Pi(&)(hy) + * [g0<?q> + Go(fq)] =0, (3.10)
=0

where Pi_;(£) is only polynomial in W\"™/(&)W;(£), h(’“)(f)/h’l(f), 18 (1<s<k-
1, 1<m<k) w1th constant coefficients; Pj(§) (j = 0,...,k —2) are polynomials in
Wl(m)(f)/wl(f 3 h (5)/1’1 f r 1/55 I<s< k - 1: l<=m=< k): and Bl(fq))---:Bk—Z(gq)
with constant coefficients. Set

D© = L[n( ) +Gulen | = Lnoter. G

On the circle S, = {&: [&] = py, 0 < argé < 27}, we define a single valued branch of
D(&)Vk, By (3.10), we have

h/ k Pkfl hl k- - X h/'
(3) +(2) () "+ 2 (5o () +1-0

By (3.7)-(3.9) and (3.12), we can deduce, on S,,,

|h (&) —caDVEE)| < p) (1€ = pus cf = —1). (3.13)

Substituting f>(z) in (3.1) into (1.2), using a similar argument as above, for /5, we can
get the same estimation, that is, ) satisfies (3.13), so that by (3.13) we can deduce that
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for every sufficiently large n there exist M and a, such that ak = 1, and, on [&| = p,,,
|h5(&) —anhi(§)] < pil. (3.14)

Since kth root of unity has only k roots, we see that there must exist infinite many n; such
that these a,,; in (3.14) are all the same, say a,, = a. By (3.14), we see that h)(§) — ah/ (&)
must be a polynomial and so is h, (&) — ahy (). Set hy (&) — ahy (&) = P. The polynomial P
and e’ may be incorporated into the factors W; and W, so that, without loss of general-
ity, we may further assume that h, (&) = ah; (§).

Now prove a = 1. Since fj'/fj = (1/q9)(d; +§(WJ{/WJ-) +fh}) (j=1,2) and a* = 1, we
see that for sufficiently large n, on [&| = py,
Wi hy W, " 1
W +k(k—1)h—,l] =sz2+k(k—1)h—,l+o<ﬁ). (3.15)

n

a [Zk

Set

Fy= W)Yy = wik ()M, (3.16)

then F; and F, are the analytic functions in {£: 1 < || < co}. Without loss of generality,
we may assume that the entire function k] has infinite many zeros, otherwise, we may take
anon-Picard exceptional value c of h}, and replace h; (§) by h; (§) — c£. e% is incorporated
into W;. Here above deduction remains unchanged, yet k] — c is of infinite many zeros.
Denote by n,(p,, 1/F;) and n1(py, 1/F>), respectively, zeros of F; and F, in annulus p; <
[€] < pp. Since

1y 1 Fp o 1 W h;’]
”1<p”’Fj> = 2 Lﬂl— F; =0 . [Zk W, k=13 |dS, (3.17)

by (3.15), we get

1 1
am (pn,E) =m (Pn»g) +0(1), (3.18)

combining this with a* = 1, we geta = 1.

Lastly, we easily prove that f; and f, are linearly dependent.

We remark that the above proof remains valid if we interchange the roles of G; and g;
as at the end of the proof of Lemma 2.6. The proof of Theorem 1.3 is completed.

4. Lemma for the proof of Theorem 1.6

LEMMA 4.1. Let k = 2 and Aj(z) = Bj(e*) = B;({), { = €% B;({) = G;({) +g;j(1/0), j =
0,1,...,k — 2, where G(t) and g;(t) are entire functions. Suppose the following:
(i) go(2) is transcendental and o(go) < oo;
(i) for j >0, either g;(t) is a polynomial or 0(g;) < 0(go);
(iii) for j = 0,Gj(t) is polynomial.



10 Journal of Inequalities and Applications

If f(2)(# 0) is a solution of (1.2) and satisfies (1.7), then in 1 < |&| < co, f(z) can be
represented as

f(2) = E0yo(&)uo(§)e™, (4.1)

where & = ¢74, q is an integer and satisfies 1 < q < k, dy is some constant, yo(&) is ana-
lytic and does not vanish in 1 < |&| < co, and yy(o0) = 1, both uy(&) and hy(&) are entire
functions, and hy(&) and uy(&) also satisfy the following:
(a) ho(&) is a polynomial;
(b) if the condition (1.7) is replaced by (1.6), then uy (&) is a polynomial.
If Gj(t) and gj(t) (j = 0,...,k — 2) are transposed in (i)—(iii), then the same conclusion
still holds with & = e,

We give the following two remarks in order to prove Lemma 4.1.

Remark 4.2. Under the hypotheses of Lemma 4.1, in (2.8) of Lemma 2.6, £ = e~%4. But
in Lemma 4.1, we do not proceed transformation { = 1/7, so, in (4.1), & = ¢74.

Remark 4.3. Wiman-Valiron theory and its applications to differential equations (see [1,
pages 5-6] or [12, pages 71-72]).
Consider the linear differential equation

akf(k)+ak_1f(k‘“+ ctagf =0, (4.2)

if ag,...,ax are polynomials, f(z) is an entire transcendental function, then we have the
following:
(a) M(r, f) satisfies the relation

logM(r, f) =cir”+0(r7) asr— o (4.3)

for some positive real constant ¢i;
(b) o is a positive rational number.
The same conclusion holds to the differential equation of the form (4.2) whose coeffi-
cients are analytic in a neighborhood of z = co and have at most a pole at z = co.

Proof of Lemma 4.1. Using a method similar to the proof of Lemma 2.6, combining Re-
marks 4.2 and 4.3, we can prove Lemma 4.1. O
5. Proof of Theorem 1.6

Suppose that f is a nontrivial solution of (1.2) and satisfies (1.6). Then Theorem 1.3
implies that f(z) and f(z+ 27i) must be linearly dependent. On the other hand, by
Lemma 4.1, f(z) has the representation in 1 < |§] < oo,

f(@) =y Qu)e® = W), (5.1)

where { = €%, d is some constant, y({) is analytic and does not vanish in 1 < |{| < 0, and
y(oo) = 1, both u({) and h({) are entire functions and have at most a pole at { = o, as



Z.-X.Chen and S.-A. Gao 11

{ — o0, set
W) =al*(1+0(1)), h({)=p{"(1+0(1)), ap+#0. (5.2)
Substituting (5.1) into (1.2), we get
k-2
(Ch)* + Qe (O "+ > Qi(O(CH) =0, (53)
j=0

where Q1 ({) is a polynomial in {"(W /W), ("1 (h™/h’), 1/{™ with constant coef-
ficients; Q;({) (j = 0,...,k —2) are polynomials in Bj, Bj1,...,Bi— and {™(W™/W),
{m=Y(h™/h"), 1/{™ with constant coefficients, every Q;(() is linear in Bj, Bj1,...,Bx-2
and the coefficient of B; is 1. Substituting (5.2) into (5.3), we get, as { — oo,

(B (1+0(1)) + O(1¢|*k-1)
k-2

2 [B0P Y (14 0(1) + Cyybjaa (P (14 0(1) (5.4)
j=0

o+ Oy b 0P (14 0(1)) [ (Bv) = 0.

If v > 1, from the hypotheses p; < min{k — j, po} (j = L,...,k — 2), we see that for j > 1,
when j<m=<k-2,py+jv<k-—m+jv<(k—j)v+jv=kv;for j=0,when1l<n<
k=2, pp < po. Thus, when v > 1, (5.4) can be written as

(BVE (1+0(1)) +bo(P (1 +0(1)) = 0. (5.5)

But py is not divisible by k, hence (5.5) is a contradiction.

If v = 0, then h({) and ¢"© are constants, by Lemma 4.1 and (5.2) we see that f(z) =
(IW({)e"® has at most a pole at { = oo, but the coefficients Bx_5({),...,Bo({) of (1.2) are
analytic in a neighborhood of { = co and have at most a pole at { = oo, and the order of
pole of By({) at { = oo is the highest, this is impossible.

Thus, (1.2) cannot admit a solution that satisfies (1.6), hence every solution f # 0 of
(1.2) satisfies (1.14). This completes the proof of Theorem 1.6.

6. Proofs of corollaries

Proof of Corollary 1.4. By Remark 2.7, we see that the hypotheses of Theorem 1.3 are sat-
isfied. This completes the proof. O

To prove Corollary 1.5, we need the following lemma that can be deduced from [13,
Theorem 4].

LEMMA 6.1. Let A(z) be an entire function with Fabry gap, and
logM(r,A) < r* (6.1)

for some sufficiently large r > 0, where A > 0 is a fixed constant. Let 11,12 € (0,1) be two
constants, then there exists a set E C (0,00), such that the logarithmic measure of EN [1,7]
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is at least (1 —11)logr + O(1); as r — +oo through values satisfying (6.1) and for r € E, one
has

logL(r,A) > (1 —n2) logM(r,A), (6.2)

where L(r,A) = miny; -, {|A(2)|}, M(r,A) = max|; -, {|A(2)]}.

Proof of Corollary 1.5. Let u(Go) = 9. According to the definition, we have, for infinitely
many r with r — co,

logM (r,Gp) < r™*l, (6.3)

thus (6.1) holds. We deduce from Lemma 6.1 that there exists a set Hy C (1,+00) with
infinite logarithmic measure, and when |¢| = r € Hy, we have

log | Go(t)| > (1 —1n2)logM (r,Gy). (6.4)

When u(Gp) >0, for j >0 we choose 0(G;) < 7 < u(Gp). We deduce from the definition
that there exists 7y > 0, such that for all r > ry, logM(r,Gy) > (1/(1 — 12))7r". Thus, when
r € H = Hy N (rg,+), condition (i) of Theorem 1.3 holds. Clearly, H has infinite loga-
rithmic measure. Thus, Corollary 1.5 follows from Theorem 1.3. O

Proofs of Corollaries 1.7 and 1.8. Using a similar argument as in proof of Corollaries 1.4
and 1.5, respectively, we see that the conditions of Corollaries 1.7 and 1.8 satisfy the hy-
potheses of Theorem 1.6, respectively. Thus, by Theorem 1.6, we see that Corollaries 1.7
and 1.8 hold. O
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