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defined by using the Choi-Saigo-Srivastava operator associated with the Dziok-Srivastava
operator and to investigate various inclusion properties of these classes. Some interesting
applications involving classes of integral operators are also considered.
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1. Introduction

Let s denote the class of functions of the form
f(z)=z+Zakzk (1.1)
k=2

which are analytic in the open unit disk U = {z:z € Cand |z| < 1}.If f and g are analytic
in U, we say that f is subordinate to g, written f < g or f(z) < g(z), if there exists a
Schwarz function w, analytic in U with w(0) = 0 and |w(z)| < 1 (z € U), such that f(z) =
g(w(2)) (z € U). In particular, if the function g is univalent in U, the above subordination
is equivalent to f(0) = g(0) and f(U) c g(U). For 0 < 7, B < 1, we denote by ¥* (1), K (),
and “6(#, 8) the subclasses of s{ consisting of all analytic functions which are, respectively,
starlike of order 7, convex of order #, close-to-convex of order 7, and type f in U. For
various other interesting developments involving functions in the class &, the reader may
be referred (for example) to the work of Srivastava and Owa [1].

Let N be the class of all functions ¢ which are analytic and univalent in U and for
which ¢(U) is convex with ¢(0) = 1 and Re{¢(z)} >0 for z € U.
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Making use of the principle of subordination between analytic functions, we introduce
the subclasses S*(1;¢), JH(n;¢), and €(1,8;¢,y) of the class o for 0 < 5, <1, and
¢, v € N (cf. [2, 3]), which are defined by

P*(n3¢) 1= f ed: 1(Z]J:(Z) ,1><¢(z)in[U},

ﬂf(r];cp)::-’fegﬂ ! (1 Z}(( —r;)<¢(z)in[U}, (1.2)

Gl Bidy ) i= | f e l:Tg e P (n) sit. 1/3{Zf(’z) —ﬁ}<w(z)intu}.

We note that the classes mentioned above are the familiar classes which have been used
widely on the space of analytic and univalent functions in U, and for special choices for
the functions ¢ and y involved in these definitions, we can obtain the well-known sub-
classes of o{. For examples, we have

« _1+z)_ % ( 1+z>_
I () =9, () =), »
( l1+z 1+z '

B ) =6 ).

Also let the Hadamard product (or convolution) f * g of two analytic functions

= > azk, g(z) = > b2t (1.4)
k=0

»
[V

be given (as usual) by
(f xg)(2) = > axbz. (1.5)

Making use of the Hadamard product (or convolution) given by (1.5), we now define
the Dziok-Srivastava operator

H(as,...,ag5B15...505) : A — o, (1.6)

which was introduced and studied in a series of recent papers by Dziok and Srivastava
([4-6]; see also [7, 8]). Indeed, for complex parameters

Alreesgy ProeesBs(B € O\Zg5Z5 = 0,—1,-2,..55 = 1,...,5), (1.7)

the generalized hypergeometric function ;F(ay,...,&g; f1,...,Bs;2) is given by

. S —)Zn
gFs(ars... ag3B1s..., Bss 2) ; “(Bs), ! (1.8)

(g<s+1; q,s€N0:=NU{0};z€[U),
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where (v)k is the Pochhammer symbol (or the shifted factorial) defined (in terms of the
Gamma function) by

T(v+k 1 ifk =0, ve C\{0},
(V= Tor+k) = ) (1.9)
I'(v) v(v+1)---(v+k—-1) ifkeN,veC
Corresponding to a function @(al,...,aq;ﬁl,. ..»Ps;2), defined by
F (15,005 B15..» P53 2) 1= zgFs(ar,..., a5 B15. .5 fs32) (1.10)

Dziok and Srivastava [5] considered a linear operator defined by the following Hadamard
product (or convolution):

H(ars..o5 005155 5) f(2) := Fars..., g5 P15, B3 2) * f(2). (1.11)

We note that the linear operator H(ay,...,a4p1,...,f) includes various other linear
operators which were introduced and studied by Carlson and Shaffer [9], Hohlov [10],
Ruscheweyh [11], and so on [12, 13].

Corresponding to the function F(ay,...,a4;B1,...,fs2), defined by (1.10), we intro-
duce a function F)(ay,..., &4 B1,. .., s 2) given by

F (15005 P15 > Bs32) * Frlatrs..., 005 P15...,Ps2) =

q _ZZ)A A>0).  (112)

Analogous to H(ay,...,eq;B1,...,f), we now define the linear operator Hy(ai,...,a4;
Bi>...,Bs) on o as follows:

Hy(a1s.. 5005155 5) f(2) = Fa(ars...,0q5P15..., s 2) * f(2)

(1.13)
(B € C\Zg5i=1,0.q5 j=1,..,5A>0;, z€ U f e sd).
For convenience, we write
H;L,q)s(oq) = H;L(ocl,...,ocq;ﬂl,...,ﬁs). (1.14)

It is easily verified from the definition (1.13) that

2(Hygs (01 +1) f(2)) = ayHygs (1) f(2) = (o1 = 1) Hygs (1 + 1) £ (2), (1.15)
Z(Hags (1) f(2)) = AHps1,g5 (o) f(2) = A= DHy (1) £ (2). (1.16)

In particular, the operator Hy(y +1,1;1)(A > 0;y > —1) was introduced by Choi et al. [2],
who investigated (among other things) several inclusion properties involving various
subclasses of analytic and univalent functions. For y = n(n € NUO;N = {1,2,...}) and
A = 2, we also note that the Choi-Sago-Srivastava operator Hy,1(y+1,1;1) f is the Noor
integral operator of nth order of f studied by Liu [14] and K. I. Noor and M. A. Noor
[15, 16].
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Next, by using the operator H) 4 (), we introduce the following classes of analytic
functions for ¢,y € N,and 0 <7, B < 1:

Pra (@551739) := {f € b : Hygs(an) f € S*(139)},
Hra (@ssm30) = {f € A Hygo(an) f € Hins )}, (1.17)
Cra (@515, y) := {f € d: Hygs(an) f € 6, Bs¢,9)}.
We also note that
f(2) € Ina (@55115¢9) = 2f'(2) € Fray (¢:557139) (1.18)

In particular, we set

1+Az
Ef)t,al (%5)1’]» 1+BZ) —-Ef)t,al(q,SJhA’B) (_1 =< B <A = 1)1 (l 19)
T (q,s;n; ii;\;) =0 (g5m;A,B) (-1 <B<A<]1).

In this paper, we investgate several inclusion properties of the classes &) 4, (q,$;75¢),
Hra (g5159), and 6)q, (q,537, B5 ¢, ) associated with the operator H) 4s(«;). Some ap-
plications involving integral operators are also considered.

2. Inclusion Properties Involving the Operator H) ; (a1)
The following results will be required in our investigation.

LemMma 2.1 [17]. Let ¢ be convex univalent in U with ¢(0) = 1 and Re{k¢(z) +v} >0
(x,v € Q). If p is analytic in U with p(0) = 1, then

p(z)+KIZ)I()Z§Z:v <4(2) (zeU) 2.1)
implies
p(z) < ¢(z) (ze€l). (2.2)

LemMAa 2.2 [18]. Let ¢ be convex univalent in U and let w be analytic in U with Re{w(z)} =
0. If p is analytic in U and p(0) = ¢(0), then

p@)+w(2)zp'(z) < ¢(z) (z€U) (2.3)
implies
p(z) <¢(2) (z€l). (2.4)
TreoreM 2.3. Let aj,A > 1 and ¢ € N. Then,

P10 (@81750) C Iy (45150) C gy +1(g58531759). (2.5)
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Proof. First of all, we will show that

Iri1,a (@5150) C Fra (585150).

Let f € Prs1,a, (45575 ¢) and set

1 (2(Hygs(a) f(2)
p(2) = 1—17( Hgs(a1) f(2) _17>’

where p is analytic in U with p(0) = 1. Using (1.16) and (2.7), we have

1 Z(H/H—l,q,s(al)f(z)),_ ) zp'(2)
1—11( Higela) f2) 1) PO T p@ s - 140

Since A > 1 and ¢ € N, we see that

Re{(1-n)¢p(z)+A—1+n}>0 (zeU).

Applying Lemma 2.1 to (2.8), it follows that p < ¢, thatis, f € F)4,(q,8;15¢).
To prove the second part, let f € £) 4, (g,s;%;¢) and put

o ! 2(Hygs (@ +1) f(2))
T U He () f 1)

(ze ).

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

where s is analytic function with s(0) = 1. Then, by using the arguments similar to those
detailed above with (1.15), it follows that s < ¢ in U, which implies that f € &) 4,+1(¢,$;

#;¢). Therefore, we complete the proof of Theorem 2.3.
THEOREM 2.4. Let a1,A > 1 and ¢ € N. Then,

Frrra (§518) € Ha, (@:5158) C Ha+1(g:851159).
Proof. Applying (1.18) and Theorem 2.3, we observe that

f(2) € Hrna (g5139) = Hiprgs(ar) f(2) € K ¢)
= Hyrgs(a) (2f'(2)) € F(n150)
= zf'(2) € Frr1a(g:5150)
= zf'(2) € Fha (@515 ¢)
= z(Hyge(on) f(2) € S(5¢)
= f(z) € Koo (@55150),

f(2) €Hpa (@:55m3¢) = 2f ' (2) € Fao, (g:5159)
= zf'(2) € Fha+1(@:8575 )
= f(2) € Hya+1(q:85156),

which evidently proves Theorem 2.4.

O

(2.11)

(2.12)



6 Journal of Inequalities and Applications

Taking

1+Az
1+ Bz

¢(z) = (-1<B<A<1l;zel) (2.13)

in Theorems 2.3 and 2.4, we have the following.

COROLLARY 2.5. Let aj,A > 1. Then,
Frive (,8175A,B) C Fra (g,515A,B) C F)a11(g55515A,B),

(2.14)
I (48154,B) C Hw, (458 15A4,B) C Hyw+1(g,5154,B).

Next, by using Lemma 2.2, we obtain the following inclusion relation for the class
Crei (9557, 58,9).
THEOREM 2.6. Let a1,A > 1 and ¢,y € N. Then,
Crira (451,50, 9) CCra (457,50, 9) C Cra+1(g,57, 556, 9). (2.15)

Proof. We begin by proving that

<6)\Jrl,ocl (%5; ﬂ)ﬁ;¢) V/) - (6/\,0(1 (415; n)ﬁ;¢> 1//) (216)

Let f € €)11,0, (9,534, 550, w). Then, from the definition of €14, (.57, 55, ¥), there
exists a function r € ¥*(#;¢) such that

1 Z(H)L+1,q,s(‘xl)f(z))
Ty ( @ —ﬁ) <y(z) (zel). (2.17)
Choose the function g such that Hy;14s(a1)g(2) = r(2). Then, g € F111,4,(¢,53775¢) and
1 (2(Huigs(a) f(2) )
1 —ﬁ( Hiyrge(0)2(2) Bl <w(z) (zel). (2.18)
Now let
_ 1 Z(H/\,q,s(‘xl)f(z)), B )
PE =1 ( Higsla)g@  F)’ (219
where p is analytic in U with p(0) = 1. Using (1.16), we have
(1= B)zp’ (2)Hags (a1)g(2) + (1 = B)p(2) + B) 2(Hpgs (1) g(2))’ (2.20)
= /\Z(Hkﬂ,q,s(“l)f(z)), -(A- I)Z(HA,q,s((xl)f(z))’- .
Since g € Fh+1,0,(g,53775¢), by Theorem 2.3, we know that g € &) 4, (g,53775¢). Let
1 (z(Higs(m)g) )
q(z) = =y ( H)L,q,s(ocl)g(z) . (2.21)
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Then, using (1.16) once again, we have

H/H—l,q,s (“1 )g(z)

Hjgs(a1)g(z) =(1-nq2)+A-1+n. (2.22)

From (2.20) and (2.22), we obtain

1 Z(H)L+1,q,s(al)f(z))/ B ) _ zp'(z)
1-8 ( Hi1,4(a1)g(2) F=p+ (1-mqz)+A-1+7n (2.23)
SinceA>1land g < ¢ in U,
Re{(1-7%)q(z)+A—-1+7n}>0 (z€U). (2.24)

Hence, applying Lemma 2.2, we can show that p < v, so that f € €, 4, (¢,51,5;¢,v).
For the second part, by using the arguments similar to those detailed above with (1.15),
we obtain

%A,al (q,S; ]/IJ[))) ¢) V/) C (é)t,a|+l (q;5§ ﬂ,ﬁ, ¢) I//) (225)

Therefore, we complete the proof of Theorem 2.6. O

3. Inclusion Properties Involving the Integral Operator F,

In this section, we consider the generalized Libera integral operator F. [13] (cf. [2, 12])
defined by

F.(f) = Fu(f)(2) = C:—l J LA (f € ol e > —1). (3.1)

0
We first prove the following.

THEOREM 3.1. If f € F) 0, (q,8:115), then Fo(f) € P, (-5315¢) (¢ = 0).

Proof. Let f € $)0,(q,8175¢) and set

1 (z(HA,q,s(al)Fc(fxz))’_ )
-7 HA,q,s(‘xl)Fc(f)(z) ’

p(2) = (3.2)

where p is analytic in U with p(0) = 1. From (3.1), we have

2(Hygs(a1)Fe(£)(2)" = (c+ 1DHpgs(a) £(2) — cHy g (1) Fe(£)(2). (33)

Then, by using (3.2) and (3.3), we obtain

HA,q,s (‘xl )f(Z)

D e (@) F ()

=(1-nplz)+c+n. (3.4)
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Taking the logarithmic differentiation on both sides of (3.4) and multiplying by z, we
have

o)+ zp'(2) 1 (z(HA,q,s(m) f2)

(I-np@)+c+n 1-g Hy g o(01) f(2) —17> (zeU). (3.5)

Hence, by virtue of Lemma 2.1, we conclude that p < ¢ in U, which implies that F.(f) €
Fra (@8159). O

Next, we derive an inclusion property involving F., which is given by the following.
TueEOREM 3.2. If f € Hp o, (q,5315¢), then Fe(f) € Hna, (g-5575¢) (¢ = 0).

Proof. By applying Theorem 3.1, it follows that

f(2) € X (@sm3¢) = z2f ' (2) € P (@715 ¢)
= F.(zf'(2)) € Pra (@:51159)
= 2(F(f)(2) € Pra(@5730)
= F(f)(2) € Hra (@:5150),

which proves Theorem 3.2. O

From Theorems 3.1 and 3.2, we have the following.

CoroLLARY 3.3. If f belongs to the class F) 4 (q,s31m5A,B) (or Hpa, (g,515A,B)), then
F.(f) belongs to the class $) o, (g,5;515A,B) (0r K)o, (q,815A,B)) (¢ = 0).

Finally, we prove.
THEOREM 3.4. If f € €y 0,(q, 51,550, ¥), then F.(f) € €p o, (g,57, 50, y) (c = 0).

Proof. Let f € €ya,(q,8%, ¢, ¥). Then, in view of the definition of the class €, 4, (q,s;7,
B;¢,v), there exists a function g € &) 4, (g, ;775 ¢) such that

1 (2(Higs(@)f(2) )
l—ﬁ( Hgs(@1)g(2) Bl <v(z) (z€l). (3.7)

Thus, we set

(3.8)

p(Z) _ 1 (Z(H/\,q,s(‘xl)Fc(f)(Z)), _/3>)

1 _/3 H/\,q,s(“l)Fc(g)(Z)

where p is analytic in U with p(0) = 1. Since g € ¥ 4,(g, 575 ¢), we see from Theorem 3.1
that F.(g) € 1, (9,575 ¢). Using (3.3), we have

(1= PB)p(2) + B) Hyg,s (1) Fe(g)(2) + cHags (1) Fe(f)(2) = (c+ 1) Hp g (1) f (2).
(3.9)
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Then, by a simple calculation, we get

HHigel@) f2) i o
(c+1)HM’S(m)FC(g)(Z) = ((1-B)p(2) +P) ((1 = n)q(2) +c+1) +(1 - B)zp’(2),
(3.10)
where
. 1 Z(H)L,q,s(“l)Fc(g)(z))’ B )

9(2) = 1—n< Hhgsla) @)@ 1)’ 10

Hence, we have

1 Z(H/\,q,s(“l)f(z)), B > 3 zp'(z)

1-8 ( Hjgs(a1)g(z) B|=p@)+ (1-mq2)+c+ny (3.12)

The remaining part of the proof in Theorem 3.4 is similar to that of Theorem 2.6 and so
we omit it. O
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