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1. Introduction and preliminaries

Ulam [1] gave a talk before the Mathematics Club of the University of Wisconsin in which
he discussed a number of unsolved problems. Among these was the following question
concerning the stability of homomorphisms.

We are given a group G and a metric group G" with metric p(-,-). Given € > 0, does there
exist a § >0 such that if f : G — G satisfies p(f(xy), f(x) f(y)) <6 forall x,y € G, then a
homomorphism h: G — G exists with p(f (x),h(x)) < € for all x € G?

Hyers [2] considered the case of approximately additive mappings f : E — E’, where E
and E are Banach spaces and f satisfies Hyers inequality

Ifx+y)—fx) - fpll<e (1.1)

for all x, y € E. It was shown that the limit

L(x) = lim M

n—oco 2N

(1.2)
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exists for all x € E and that L : E — E’ is the unique additive mapping satisfying

If (x) = L(x)|| < e. (1.3)

Rassias [3] provided a generalization of Hyers” theorem which allows the Cauchy dif-
ference to be unbounded.

Tueorem 1.1 (Rassias). Let f : E — E’ be a mapping from a normed vector space E into a
Banach space E' subject to the inequality

1f et p) = f) = FDl < ellxl?+ 11y 1IP) (1.4)

forall x,y € E, where € and p are constants with € >0 and p < 1. Then the limit

f(2"x)

L(x) = %Ln; o (1.5)
exists for all x € E and L : E — E' is the unique additive mapping which satisfies
£ - Ll = 525 el (16)
T2-20

forall x € E. If p <0, then inequality (1.4) holds for x,y + 0 and (1.6) for x # 0.

Rassias [4] during the 27th International Symposium on Functional Equations asked
the question whether such a theorem can also be proved for p > 1. Gajda [5], follow-
ing the same approach as in Rassias [3], gave an affirmative solution to this question for
p > 1. Tt was shown by Gajda [5] as well as by Rassias and Semrl [6] that one cannot prove
a Rassias-type theorem when p = 1. The inequality (1.4) that was introduced for the first
time by Rassias [3] provided a lot of influence in the development of a generalization
of the Hyers-Ulam stability concept. This new concept of stability is known as general-
ized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional equations (cf. the
books of Czerwik [7], Hyers et al. [8]).

Rassias [9] followed the innovative approach of Rassias’ theorem [3] in which he re-
placed the factor [|x[|? + [|y[|? by lIx]|? - || yl|7 for p,q € R with p+q # 1.

Gavruta [10] provided a further generalization of Rassias’ theorem. During the last
two decades, a number of papers and research monographs have been published on vari-
ous generalizations and applications of the generalized Hyers-Ulam stability to a number
of functional equations and mappings (see [11-14]).

Throughout this paper, let G be a 2-divisible abelian group. Assume that X is a normed
space with norm || - [ x and that Y is a Banach space with norm || - || y.

In [15], Gilanyi showed that if f satisfies the functional inequality

12f(x)+2f(y) = flxy DIl < |l f x| (1.7)
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then f satisfies the Jordan-von Neumann functional equation

2f(x)+2f(y) = flxy)+ f(xy7h), (1.8)

see also [16]. Gilanyi [17] and Fechner [18] proved the generalized Hyers-Ulam stability
of the functional inequality (1.7).

In Section 2, we prove that if f satisfies one of the inequalities || f (x)+ f(y) + f(2)ll <
12f ((x+y+2)/2) I 1 f)+f(y)+ f@I <N f(x+y+2)ll,and [ f(x) + f(y) +2f ()] <
12f((x+ y)/2+z)| then f is Cauchy additive.

In Section 3, we prove the generalized Hyers-Ulam stability of the functional inequal-
ity [f () +f()+ f@I < l12f (x+y +2/2)]l.

In Section 4, we prove the generalized Hyers-Ulam stability of the functional inequal-
ity )+ f() + f@I < 1 fGx+y+2)]l.

In Section 5, we prove the generalized Hyers-Ulam stability of the functional inequal-
ity If(x) + f() +2f @) < 12f (x+ y/2+ 211

2. Functional inequalities associated with Jordan-von Neumann-type
additive functional equations

ProrosritioN 2.1. Let f : G — Y be a mapping such that

@+ F0)+ f@ Iy < |27 () @)
Y
forallx,y,z € G. Then f is Cauchy additive.
Proof. Lettingx = y =z =01n (2.1), we get
13£ )y =12 O)ly- (2.2)
S0 £(0) =
Lettingz=0and y = —x in (2.1), we get
1fG)+ f(=2lly =[l2f O]y =0 (2.3)

forall x € G. Hence f(—x) = — f(x) forall x € G.
Lettingz = —x — y in (2.1), we get

1f)+ ) = fx+ )y = lf @)+ fO)+ f(—x= Iy <|[2f0)]][y =0 (2.4)
forall x,y € G. Thus

flxt+y)=fx)+f(y) (2.5)

for all x, y € G, as desired. (]
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ProrosiTiOoN 2.2. Let f : G — Y be a mapping such that

If@)+f)+f@lly <lfx+y+2lly
forallx,y,z € G. Then f is Cauchy additive.
Proof. Lettingx = y = z=01in (2.6), we get
13£)ly <[ O)ly-

So f(0) =0.
Lettingz = 0 and y = —x in (2.6), we get

f )+ f(=0)lly < [[f(O)]]y =0

for all x € G. Hence f(—x) = — f(x) forall x € G.
Letting z = —x — y in (2.6), we get

If)+f) = fx+ Dy =Ilf @)+ )+ f(=x=ply < |[fO)]]y =0

for all x, y € G. Thus

flx+y)=f&)+f(y)

for all x, y € G, as desired.

ProprosITION 2.3. Let f : G — Y be a mapping such that

@+ F0)+2f @y < 2752 +2)

Y

forallx,y,z € G. Then f is Cauchy additive.
Proof. Lettingx =y =z =01in (2.11), we get
147 )y = ll2f O]y

So f(0) =0.
Lettingz=0and y = —x in (2.11), we get

)+ (-0, <[ fO)ly =0

forall x € G. Hence f(—x) = — f(x) forallx € G.
Replacing x by —2z and letting y = 0 in (2.11), we get

- f@a+2f@lly = llf (-2 +2f @)lly < [ fO)ly =0

forall z € G. Thus f(2z) =2f(z) forallz € G.

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)
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Letting z = —(x + y)/2 in (2.11), we get

+

176+ £ = fxplly = ||+ 100+ 26 (= 232) | =l =0 @15)
for all x, y € G. Thus

flx+y)=f)+f(y) (2.16)
for all x, y € G, as desired. O
3. Stability of a functional inequality associated with a 3-variable
Jensen additive functional equation

We prove the generalized Hyers-Ulam stability of a functional inequality associated with
a Jordan-von Neumann-type 3-variable Jensen additive functional equation.

TueOREM 3.1. Letr > 1 and 0 be nonnegative real numbers, and let f : X — Y be a mapping
such that

F@+ F0)+ f@ Iy < |27 ()

| O+ Iyl +zl) (5
forall x,y,z € X. Then there exists a unique Cauchy additive mapping h: X — Y such that

[t —ht)| = 300l (.2)

forall x € X.

Proof. Letting y = x and z = —2x in (3.1), we get
12f () + f(=2x)]ly = (2+27)6llxIl% (3.3)

for all x € X. Replacing x by —x in (3.3), we get

[2f (=x) + f20)]ly = (2+27)OllxIlk (3.4)
forallx € X. Let g(x) := (f(x) — f(=x))/2. It follows from (3.3) and (3.4) that
[2g(x) —g(20)[|y < (2+27)0lIxIlk (3.5)
forall x € X. So
s -26(3)]], = Z5>enl (6

for all x € X. Hence

1 f _Hm i
Hz‘g(zl) 2g<2m>

(X - X 2420 "l i
j ) _0jtl _r ~
Zg(zf) 2 g(zf“)Hys 2 Z 2r19” I

(3.7)

m—1

<3

j=1




6 Journal of Inequalities and Applications

for all nonnegative integers m and I with m > [ and all x € X. It follows from (3.7) that
the sequence {2"g(x/2")} is a Cauchy sequence for all x € X. Since Y is complete, the
sequence {2"g(x/2")} converges. So one can define the mapping h: X — Y by

h(x) := lim z"g(zx—n) (3.8)

n—o

for all x € X. Moreover, letting I = 0 and passing the limit m — oo in (3.7), we get (3.2).

It follows from (3.1) that
{(5) (3 ()],
~tm S (50) () G) -, (3) - 3)- G,
2 (55 ) -2 ()

n

2"0
+ lim =25 (llxll + 1yl + l1zll)

[1h(x) +h(y) +h(z)|]y = lim 2"

=

< lim =—

n—o

Y

27”’
th(x+y+z)
Y
(3.9)
forall x,y,z € X. So
h(x) + h(y) +h(2)||, < |[2n(FT2 T2 (3.10)
y Y 2 v

for all x, y,z € X. By Proposition 2.1, the mapping 4 : X — Y is Cauchy additive.
Now, let T': X — Y be another Cauchy additive mapping satisfying (3.2). Then we have

I = Tl =2 5;) - 7(35) v
<2(|n(5) ()], | (30) -5(55)],) e
_mje)nm,

which tends to zero as n — oo for all x € X. So we can conclude that h(x) = T(x) for all
x € X. This proves the uniqueness of /. Thus the mapping h: X — Y is a unique Cauchy
additive mapping satisfying (3.2). O

TaEOREM 3.2. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (3.1). Then there exists a unique Cauchy additive mapping h: X — Y such that

HW‘M’“)H ;Jri:@\l xll% (3.12)

forallx € X.
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Proof. It follows from (3.5) that

2+2f
< Ollxll% (3.13)

st - 8020)]|

for all x € X. Hence

m—1

2+l
s 2—9” %

m—1
=2
Y ]:l

1 . 1 )
Eg(ZJx) - 2j+1g(2]+1x) ;

1 1
|32 - 3tz
(3.14)
for all nonnegative integers m and [ with m >/ and all x € X. It follows from (3.14) that

the sequence {(1/2")g(2"x)} is a Cauchy sequence for all x € X. Since Y is complete, the
sequence {(1/2")g(2"x)} converges. So one can define the mapping h: X — Y by

h(x):= lim g(2” ) (3.15)

n—oo

for all x € X. Moreover, letting [ = 0 and passing the limit m — oo in (3.14), we get (3.12).
The rest of the proof is similar to the proof of Theorem 3.1. O

THEOREM 3.3. Let r > 1/3 and 0 be nonnegative real numbers, and let f : X — Y be a
mapping such that

1)+ fO) + F @]y = Hzf(“y”) \Y+9- el - Iyl - 1zl (3.16)

forall x,y,z € X. Then there exists a unique Cauchy additive mapping h: X — Y such that

H—f(x)_f(_x) —h(x)H < 20 (3.17)
2 ;8

forallx € X.
Proof. Letting y = x and z = —2x in (3.16), we get

12f () + f(=2x)[[y < 270lx¥ (3.18)
for all x € X. Replacing x by —x in (3.18), we get

12f (—x) + f )|y <270l (3.19)
forall x € X. Let g(x) := (f(x) — f(—x))/2. It follows from (3.18) and (3.19) that

|12g(x) — g(2x)|]y < 2761x¥ (3.20)

forall x € X. So

st -2¢(5)|| = onxli (21)
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for all x € X. Hence

() 2ol = S [s(3) -25(5%)

YN 3
<% gg lxll3
(3.22)

for all nonnegative integers m and / with m >/ and all x € X.

It follows from (3.22) that the sequence {2"g(x/2")} is a Cauchy sequence for all x € X.
Since Y is complete, the sequence {2"g(x/2")} converges. So one can define the mapping
h:X - Y by

h(x) i= lim zng(z"—n) (3.23)

n—o

for all x € X. Moreover, letting I = 0 and passing the limit m — oo in (3.22), we get (3.17).
The rest of the proof is similar to the proof of Theorem 3.1. O

THEOREM 3.4. Let r < 1/3 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (3.16). Then there exists a unique Cauchy additive mapping h: X — Y such that

HM - h(x)H < (3.24)
2 Y
forallx € X.
Proof. Tt follows from (3.20) that
1 2 3r
g(x) — Eg(Zx) < ?H\lelx (3.25)
Y
for all x € X. Hence
1 (- =S ‘ rmtgn
a3 s s, <2 v
j=
(3.26)

for all nonnegative integers m and [ with m >l and all x € X.

It follows from (3.26) that the sequence {(1/2")g(2"x)} is a Cauchy sequence for all
x € X. Since Y is complete, the sequence {(1/2")g(2"x)} converges. So one can define the
mapping h: X — Y by

h(x) := lim g(2” ) (3.27)

Vl—'OO

for all x € X. Moreover, letting / = 0 and passing the limit m — oo in (3.26), we get (3.24).
The rest of the proof is similar to the proof of Theorem 3.1. O
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4. Stability of a functional inequality associated with a 3-variable
Cauchy additive functional equation

We prove the generalized Hyers-Ulam stability of a functional inequality associated with
a Jordan-von Neumann-type 3-variable Cauchy additive functional equation.

TaEOREM 4.1. Let v > 1 and 0 be nonnegative real numbers, and let f : X — Y be a mapping
such that

f)+f)+f@lly =[lfx+y+2)ly +0(lIxllk + I yllx + lIzlk) (4.1)

forall x,y,z € X. Then there exists a unique Cauchy additive mapping h: X — Y such that

[P | < 220 (42)

forall x € X.

Proof. Letting y = x and z = —2x in (4.1), we get
12f () + f(=2x)ly = (2+27)6llxIl% (4.3)

for all x € X. Replacing x by —x in (4.3), we get

12f (=x) + f2x0)]ly = (2+27)OllxIlk (4.4)
forallx € X. Let g(x) := (f(x) — f(=x))/2. It follows from (4.3) and (4.4) that
l128(x) = g(20)[[y = (2+27)0llxlx (4.5)
forall x € X.
The rest of the proof is the same as in the proof of Theorem 3.1. O

THEOREM 4.2. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (4.1). Then there exists a unique Cauchy additive mapping h: X — Y such that

x)— f(—x 2+2"
[P | < 222 g (4.6
Y
forall x € X.
Proof. It follows from (4.5) that
1 2+2
et - 3820 <22 %6l (47)
Y
forall x € X.
The rest of the proof is the same as in the proofs of Theorems 3.1 and 3.2. O

THEOREM 4.3. Let r > 1/3 and 6 be nonnegative real numbers, and let f:X — Y be a
mapping such that

If D+ fDN+f@Ily = |[fx+y+2)|ly+6- lxlk - lIyllx - l=lk (4.8)
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forall x,y,z € X. Then there exists a unique Cauchy additive mapping h: X — Y such that

HL - h(x)H (4.9)
2

forallx € X.
Proof. Letting y = x and z = —2x in (4.8), we get

121 () + f(=2x)||y <270lx 1Y (4.10)
for all x € X. Replacing x by —x in (4.10), we get

12 (=x) + f(2x)|]y <2701l (4.11)
forall x € X. Let g(x) := (f(x) — f(—x))/2. It follows from (4.10) and (4.11) that

|12¢(x) — g(2x)|ly < 276lIxII¥ (4.12)
forallx € X.

The rest of the proof is the same as in the proofs of Theorems 3.1 and 3.3. O

THEOREM 4.4. Let r < 1/3 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (4.8). Then there exists a unique Cauchy additive mapping h: X — Y such that

HM_MX)H < (4.13)
2 y 2
forall x € X.
Proof. It follows from (4.12) that
1 2’ 3r
g(0) - 580 <ol (4.14)
Y

forall x € X.

The rest of the proof is the same as in the proofs of Theorems 3.1 and 3.4. O

5. Stability of a functional inequality associated with the
Cauchy-Jensen functional equation

We prove the generalized Hyers-Ulam stability of a functional inequality associated with
a Jordan-von Neumann-type Cauchy-Jensen functional equation.

TaEOREM 5.1. Let r > 1 and 0 be nonnegative real numbers, and let f : X — Y be a mapping

such that
y+Z>L+GWM&+Hﬂ&+Hﬂ§) (5.1)

e+ £ +25@lly = |2f (%5
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forall x,y,z € X. Then there exists a unique Cauchy additive mapping h: X — Y such that

27 +1
2r —

Hf(x)—f(—x)
2

—h(x)HY 6l (5.2)

forall x € X.

Proof. Replacing x by 2x and letting y = 0 and z = —x in (5.1), we get
[[f2x)+2f(=x)|]y < (1+27)0llxll% (5.3)

for all x € X. Replacing x by —x in (5.3), we get

[[f(=2x)+2f(x)||y = (1+27)0lIxI% (5.4)
forall x € X. Let g(x) := (f(x) — f(—x))/2. It follows from (5.3) and (5.4) that
[|2g(x) — g(2x)||y = (1+27)0llxl% (5.5)
for all x € X. So
1+2’
e -2¢(3)|| =<2 Eeni (56)
Y
forall x € X.
The rest of the proof is similar to the proof of Theorem 3.1. O

THEOREM 5.2. Let r < 1 and 0 be positive real numbers, and let f : X — Y be a mapping
satisfying (5.1). Then there exists a unique Cauchy additive mapping h: X — Y such that

1+27
2-

Hf(x)—f(—x)
2

—h(x)HY 2 6l (5.7)

forallx € X.
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Proof. It follows from (5.5) that

1 1+27
gt - 3800 < onxig (59)
Y
for all x € X.
The rest of the proof is similar to the proofs of Theorems 3.1 and 3.2. O
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