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We suggest and analyze an iterative algorithm for a finite family of nonexpansive map-
pings T1,T5,..., T,. Further, we prove that the proposed iterative algorithm converges
strongly to a common fixed point of Ty, T5,..., T;.
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1. Introduction

Let C be a closed convex subset of a Banach space E. A mapping T of C into itself is called
nonexpansive if | Tx — Ty| < |lx — y|| for all x, y € C. We denote by F(T) the set of fixed
points of T. Let T}, T5,..., T, be a finite family of nonexpansive mappings satisfying that
the set F = (\;_, F(T;) of common fixed points of Ty, T5,..., T, is nonempty. The problem
of finding a common fixed point has been investigated by many researchers; see, for ex-
ample, Atsushiba and Takahashi [1], Bauschke [2], Lions [3], Shimizu and Takahashi [4],
Takahashi et al. [5], Zeng et al. [6]. To solve this problem, the iterative scheme x; € C and

Xpi1 = 0pX1 + (1 — ;) Ty, n€EN, (1.1)

where T, = T, and 0 < «,,, is used. Wittmann [7] dealt with the iterative scheme for the
case r = 1; see originally Halpern [8]. Bauschke [2] dealt with the iterative scheme for a
finite family of nonexpansive mappings under the restriction that

F=F(T,T,-1---T\) =F(TWT,---Ty) = --- =F(T,_1 - - - 1 T}). (1.2)
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Recently, Kimura et al. [9] dealt with an iteration scheme which is more general than
that of Wittmann’s result. They proved the following theorems.

TaeOREM 1.1 (see [9, Theorem 4]). Let E be a uniformly convex Banach space whose norm
is uniformly Gateaux differentiable and let C be a closed convex subset of E. Let T, T,..., Ty
be nonexpansive mappings of C into itself such that the set F = (\;_, F(T;) of common fixed
points of Ty, Ts,..., T, is nonempty. Let {a,} and {f,} be two sequences in [0,1] which
satisfy the following control conditions:

(C1) limy— 0oy = 0;

(C2) Z:ozl Ay = 005

(C3) Yoiy lotner — oyl < 005

(C4) limy—o Bi, = B and 3;_ fi, = 1, n € N for some pi € (0,1);

(C5) Sy Zicy 1B — Bl < co.

Let x € C and define a sequence {x,} by x; € C and

Xps1 :ocnx+(1—ocn)z,8i,T,-xn, neN. (1.3)
i-1

Then {x,} converges strongly to the point Px, where P is a sunny nonexpansive retraction of
Conto F.

THEOREM 1.2 (see [9, Theorem 5]). Let E be a uniformly convex Banach space whose norm
is uniformly Gdteaux differentiable and let C be a closed convex subset of E. Let S, T be
nonexpansive mappings of C into itself such that the set F(S) N F(T) of common fixed points
of S and T is nonempty. Let x € C and let {x,} be a sequence generated by

Xni1 = anX + (1= ay) (BnSxn+ (1 = fu) Tx,), neN. (1.4)

Assume (C1) and (C2) hold and the following conditions are satisfied:
(C3) limy, oo (ap/p11) = 1;
(C4) limy—e B = f € (0,1);
(C') S5, |Bast — Bul < co.
Then {x,} converges strongly to the point Px, where P is a sunny nonexpansive retraction
of C onto F(S) N F(T).

We remark that the control conditions (C3) and (C3") were introduced initially by
Wittmann [7] and Xu [10], respectively. On the other hand, we have to remark that con-
ditions (C1) and (C2) are necessary for the strong convergence of algorithms (1.3) and
(1.4) for nonexpansive mappings. It is unclear if they are sufficient.

The objective of this paper is to show another generalization of Mann and Halpern
iterative algorithm to a setting of a finite family of nonexpansive mappings. We deal with
the iterative scheme xo € C and

Xni1 = G f (Xn) + BuXn + Pn ZT};Tixn, neN. (1.5)

i=1
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Using this iterative scheme, we can find a common fixed point of a finite family of non-
expansive mappings under some type of control conditions.

2. Preliminaries

Let E be a Banach space with norm || - || and let E* be the dual of E. Denote by (-, -) the
duality product. The normalized duality mapping J from E to E* is defined by

J(x) = {x* € E* : (0,x*) = |Ix|? = ||x*|['} (2.1)

forx € E.

A Banach space E is said to be strictly convex if [|(x + y)/2]| < 1 for all x,y € E with
llxll = llyll = 1and x # y. Itisalso said to be uniformly convex if lim,—« |lx, — y» |l = 0 for
any two sequences {x,}, { ¥, in E such that [|x,[| = [l y,|l = 1 and lim, . [ (x; + ¥)/2]| =
1. Let U = {x € E: |Ix|| = 1} be the unit sphere of E. Then the Banach space E is said to
be smooth provided that

. X+t —||X
i X+ ey 1= ]

lim ; (2.2)

exists for each x, y € U. In this case, the norm of E is said to be Géteaux differentiable. It
is said to be uniformly smooth if the limit is attained uniformly for x, y € U. The norm of
E is said to be uniformly Géiteaux differentiable if for any y € U the limit exists uniformly
for all x € U. It is known that if the norm of E is uniformly Géateaux differentiable, then
the normalized duality mapping J is norm to weak star uniformly continuous on any
bounded subsets of E.

Let C be a closed convex subset of a Banach space E and let D be a subset of C. Recall
that a self-mapping f : C — C is a contraction on C if there exists a constant « € (0,1)
such that || f(x) — f(»)Il < allx — yll, x,y € C. A mapping P: C — D is said to be sunny
if P(Px + t(x — Px)) = Px whenever Px+t(x — Px) € C forx € Cand t = 0. If P2 = P,
then P is called a retraction. We know that a retraction P of C onto D is sunny and
nonexpansive if and only if (x — Px,J(y — Px)) < 0 for all y € D. From this inequality,
it is easy to show that there exists at most one sunny nonexpansive retraction of C onto
D. If there is a sunny nonexpansive retraction of C onto D, then D is said to be a sunny
nonexpansive retraction of C.

Now, we introduce several lemmas for our main results in this paper.

LemMma 2.1 (see [11]). Let C be a nonempty closed convex subset of a strictly convex Banach
space. For each v € N, let T, be a nonexpansive mapping of C into E. Let {7, } be a sequence
of positive real numbers such that 3" 7, = 1. If (., F(T,) is nonempty, then the mapping
T =>7 1T, is well-defined and F(T) = (,_, F(T).

LEmMMA 2.2 (see [12]). Let {x,} and {y,} be bounded sequences in a Banach space X and
let {B,} be a sequence in [0,1] with 0 < liminf,_« 8, < limsup,_. ., Bn < 1. Suppose x,+1 =
(1 = Bu)yn + Puxn for all integers n = 0 and limsup,_ ., (| Y1 — yull = %1 — x4ll) < 0.
Then, lim, . | ¥4 — x4l = 0.
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LEMMA 2.3 (see [10]). Assume {a,} is a sequence of nonnegative real numbers such that
ans1 < (1 — yu)an + Oy, where {y,} is a sequence in (0,1) and {8,} is a sequence such that

(1) Z:;l)/n = 005
(2) limsup,, ., 64/yn <0 0r X 18,1 < 0.
Then lim,,— a, = 0.

3. Main results

First, we consider the following iterative scheme:
X1 = A f (X4) + Buxn + Pu (TuSxn + (1 — 74) Txy), n=0, (3.1)

where {a,}, {81}, {yn},and {7,} are sequences in [0,1].

THEOREM 3.1. Let E be a strictly convex Banach space whose norm is uniformly Gateaux
differentiable and let C be a closed convex subset of E. Let S and T be nonexpansive mappings
of C into itself such that F(S) N F(T) + &. Let f : C — C be a fixed contractive mapping.
Assume that {z;} converges strongly to a fixed point z of U as t — 0, where z; is the unique
element of C which satisfieszy = tf (z;) + (1 = t)Uz, U = 1S+ (1 = 7)T, 0 < 7 < 1. Let {a,},
{Buts {yn}, and {1,} be four real sequences in [0,1] such that e, + 3, + yn = 1. Assume {a,, }
satisfies conditions (C1) and (C2) and assume the following control conditions hold:

(D3) 0 < liminf, . B, <limsup,_ ., B, <L

(D4) limy~.oo 1y = 7.

For arbitrary xo € C, then the sequence {x,} defined by (3.1) converges strongly to a

common fixed point of S and T.

Proof. We show first that {x,} is bounded. To end this, by taking a fixed element p €
F(S) N F(T) and using (3.1), we have

[1%0e1 = pl| < anll f (xn) = plI+ Ballxn = Pl +yn (zal[Sx0 = pl| + (1 = 7) | T, — plI)
< a0t [xn = pl| + el | £ () = pll+ (Bu+ yu) [ln = pl|
= (1—an+aay)[lx, — pll + el f(p) - pl|

< max{ llv - pll £ 1) - |
(3.2)

By induction, we get

b= pll < max llvo = pll - 117(2) - | (33)

for all n = 0. This shows that {x,} is bounded, so are {Tx,}, {Sx,}, and { f(x,)}.
We show then that [|x,.1 — x,|| = 0(n — o).
Define a sequence {y,} which satisfies

Xn+1 = (1 _ﬁn)yn +/3)nxn- (3.4)
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Observe that

Port == gt (o) = £ (o)) + (T = 1) )

Yn+1Tn+1 ()}Vl+1TVl+1 YnTn )
+ —— (Sxp41 — Sxp) + — Sx
1 _ﬂn+l ( i n) 1 _/))n+1 1 _ﬁn "

)’n+1(1 _Tn+l) _ yn(l - Tn) )Txn
1_ﬁn+l 1_/371

= TR ) f )+ (T2 - 72 ) )

)/n+lTn+1 Yn+1(1 - Tn+1)

1-
+ Yn+1( TVH—I) (Txn+1 _ Txn) + (
1 _[;n+l

(an+l - an) + (Txn+1 - Txn)

1_ﬁn+1 1_/3n+1
))n+l ( yn+1 yn )
+ Tpel — Tn) Sxy + - TnSXp
1_ﬂn+1( o ) * 1_ﬁn+1 1_ﬁﬂ *
Yn+1 ( Yn+1 Vn )
+ Ty — Tpe1) Txn + - 1—1,)Tx,.
1_ﬂn+1( +1) * 1_ﬁn+l 1_ﬁn ( ) *
(3.5)
It follows that
[yner = yall = [lone1 — xal|
Alp+1 X+l 4%
< ——|lxp1 — x|+ | —— - — Xp
e L e LAl
Vn+1 ‘ Vn+1 Yn ‘
+ 7_1 n - n + nly » 5 5 S?’l
|2l =l | T2 = 2 s
. Yn+1 _ Yn
- |22 Il (6)
+ g | (l1Sxl| +] T )
1 ,8n+1
< Ll [+ 22— (Sl + T )
1_ﬁn+1 l_ﬁnﬂ
X+l Ap
+|— Xn) ||+ Tul|Sxa ||+ (1 — T0) || Txul|)-
L | )+l + 1= ) )
Since {x,}, {Tx,}, {Sx,}, and { f(x,)} are bounded, we obtain
limsup (|| yns1 — Yal| = ||Xus1 — xa]]) < 0. (3.7)

n—oo
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Hence, by Lemma 2.2 we know that ||y, — x,|l = 0as n — . Consequently, lim,,_ o [|x,+1
— Xl = limy,— o (1 _ﬁn)”}’n —xull = 0.

Define U = 7S+ (1 — 7)T. Then, by Lemma 2.1, F(U) = F(S) N F(T).

Observing that

(%0 = Ustnl| < [xns1 = ]| + [ xns1 — Uxta|
< ||xn+1 _xn” +‘xn||f(xn) - an” +ﬂn||xn - U-an (38)
+Yﬂ|T_Tn | (||an||+||Tan)

and using control conditions (C1), (D3), and (D4) on {«,}, {,}, and {7,}, we conclude
that lim,— || Ux, — x|l = 0.
We next show that

limsup (z — f(2),j(z—xx)) <0. (3.9)

Let x; be the unique fixed point of the contraction mapping U; given by
Ux=tf(x)+(1—-t)Ux. (3.10)
Then
xe—xn = t(f (%) —x0) + (1 = 1) (Uxs — x). (3.11)
We compute as follows:
e =l = (1= 02| Ut =l + 26 (30) = s (0 = 200))
< (1= 02(||Uxe = Ul + || Uy — xa]])?
+ 2 (f (3) — %o j (0 = ) ) + 28] |2 — xa|” (3.12)

< (1= 02|t = x[” + @ () + 21| Jx; — x|

+2t(f(xt) _-xt:j(-xt —%Xn))>

where a,,(t) = | Ux, — x| (2l = X1l + | Uxp — x4 1l) = 0 as n — oo,
The last inequality implies

. t 1
(o= f (x0)2j (= 200)) < 2 [l =l [+ (1), (3.13)
It follows that
limsup (x; — f(x¢), j (% — x4)) < éMz. (3.14)
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Letting t — 0, we obtain

limsuplimsup (x; — f (x), j(x: — x4)) < 0. (3.15)

t—0  n—oo
Moreover, we have

(z— f(2),j(z=xn)) = (2= f(2),j(z—xn)) — (2= f(2), j(xt —x4))

+(z— f(2),j (% = xn)) = (e = f(2),j (%0 — %))

+{xe = f(2), (20 = xn)) = (e = f (x0), j (6 = %))

+ (= f (), j (% —x0)) (3.16)
(

Then, we obtain

limsup (z - f(2),j(z—xn))

n—oo

<sup(z— f(2),j(z—xn) — j(xt — x4)) + ||z — x| |limsup [|x; — x|
neN n— 0o

+ || f (%) —f(Z)Illilzlsogpllxt — | +1ir£sogp (x¢ = f(x),j (¢ — %))

= sug (2= f(2),j(z=xn) = jlxe—2)) + (1 +“)|{Z_xt||lirrisup||xt — Xnl|

+limsup (x; — f(x¢), j (% — x4))-

n— 00

(3.17)

By hypothesis x; — z€ F(S)NF(T) ast — 0 and j is norm-to-weak™ uniformly continuous
on bounded subset of E, we obtain

limsup (z— f(2),j(z—xn) — j(xt — %)) = 0. (3.18)

=0 yeN
Therefore, we have

limsup (z — f(2),j(z —x,)) =limsuplimsup (z — f(2), j(z — x4))

o e (3.19)
< limsuplimsup (x; — f(x;), j(x¢ — x,)) <O.

t—0 n—oo
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Finally, we have

Hxnﬂ _Z||2 = ||ﬁn(xn -2) +)’n(7n5xn+ (1=1,) Txs _Z)Hz

+ 20 (f (x0) — 2, j (Xn41 — 2))
< B2l xn — 2>+ y2l 7 (S — 2) + (1 = 1) (T = 2) |
+2Buynllxn — 2|l 74 (Sx0 — 2) + (1 = 1) (Tx — 2) |
+2a, (f (x0) — f(2),j (Xnr1 — 2)) + 20 f(2) — 2, j (X011 — 2)) (3.20)
< B2l — 2l|* + Y21 — 2I1” + 2Bupal 2 — 2|24 — 2]
+2a, (f (xn) = f(2), j (Xnr1 = 2)) + 200 ( f (2) = 2, j (xns1 — 2))
<(1- “n)ZHxn —z||2 + accty (|| _ZHZ + |1 _Z”Z)

+20,(f(2) = 2,j (xps1 — 2) ).

It follows that
2 1-Q2-wa, L 20, . B
e —2lf < LB g 2y - 2))
(X% 2 2
e, 2P < 1201 - @ ]
+2(1-a)a {;[(f(z)—zj(x a—2)+ 2| —z||2]}.
"l(1-a)(1- aay) I 2

(3.21)
Noting that ;> [2(1 — @)a,] = o and

. 1 . n
llrisgp{m [(f(z) =2, j(xn1—2)) + %Hxn - z||2]} <0. (3.22)

Apply Lemma 2.3 to (3.21) to conclude that x,, — zas n — co. This completes the proof.
]

Remark 3.2. We note that every uniformly smooth Banach space has a uniformly Gateaux
differentiable norm. By Xu [13, Theorem 4.1], we know that {z;} converges strongly to a
fixed point of U as t — 0, where z; is the unique element of C which satisfies z; = t f (z;) +
(1 - t) UZt.

CoROLLARY 3.3. Let E be a strictly convex and uniformly smooth Banach space whose norm
is uniformly Gateaux differentiable and let C be a closed convex subset of E. Let S and T be
nonexpansive mappings of C into itself such that F(S) N F(T) # @. Let f : C — C be a fixed
contractive mapping. Let {an}, {fn}, {yn}, and {1, } be four real sequences in [0,1] such that
&+ PBn+yn = 1. Assume the control conditions (C1), (C2), (D3), and (D4) are satisfied. For
arbitrary xo € C, then the sequence {x,} defined by (3.1) converges strongly to a common
fixed point of S and T.

We can obtain the following results from Takahashi and Ueda [14] which is related to
the existence of sunny nonexpansive retractions.



Yeong-Cheng Liouetal. 9

CoROLLARY 3.4. Let E be a uniformly convex Banach space whose norm is uniformly
Gateaux differentiable and let C be a closed convex subset of E. Let S and T be nonexpansive
mappings of C into itself such that F(S) N F(T) + &. Let u € C be a given point. Let {a,},
{Bu}> {yn}> and {1,} be four real sequences in [0,1] such that o, + B, +yn = 1. Assume the
control conditions (C1), (C2), (D3), and (D4) are satisfied. For arbitrary xo € C, let the
sequence {x,} be defined by

Xni1 = Qnth+ PuXn + Pn (12Sxn + (1 = 74) Tx), n=0. (3.23)

Then {x,} converges strongly to the point Pu, where P is a sunny nonexpansive retraction of
Conto F(S)NF(T).

We can also obtain the following theorems for a finite family of nonexpansive map-
pings. The proof is similar to that of Theorem 3.1, the details of the proof, therefore, are
omitted.

THEOREM 3.5. Let E be a strictly convex Banach space whose norm is uniformly Gateaux
differentiable and let C be a closed convex subset of E. Let Ty, T»,..., T, be a finite family
of nonexpansive mappings of C into itself such that the set F = (\;_, F(T;) of common fixed
points of Ty, Ts,..., T, is nonempty. Let f : C — C be a fixed contractive mapping. Assutne
that {z:} converges strongly to a fixed point z of U as t — 0, where z; is the unique element
of C which satisfies z; = tf (z) + (1 = t)Uz, U= > 7'T;, 0< 7t < 1, and >.[_, 7} = 1. Let
{en}, {Buts {yn}, and {Til} be real sequences in [0, 1] such that o, + f, +yn, = 1. Assume the
control conditions (C1), (C2), and (D3) hold. Assume {t}} satisfies the condition (D4'):

lim7) =7, i=12..r > =L (3.24)

n—oo

For arbitrary xo € C, let the sequence {x,} be defined by

Xn+l = ‘xnf(xn) +ﬁnxn +VYn Z T,i Tix,, n=0. (325)
i=1

Then {x,} converges strongly to a common fixed point of Ty, T»,..., T;.

THEOREM 3.6. Let E be a strictly convex and uniformly smooth Banach space and let C be
a closed convex subset of E. Let Ty, T»,..., T, be a finite family of nonexpansive mappings
of C into itself such that the set F = (\_; F(T;) of common fixed points of Ty, Ts,..., T, is
nonempty. Let f : C — C be a fixed contractive mapping. Let {a,}, {Bn}, {yu}, and {7} be
real sequences in [0, 1] such that «, + 3, +y, = 1. Assume the control conditions (C1), (C2),
(D3), and (D4') are satisfied. For arbitrary xo € C, then the sequence {x,} defined by (3.25)
converges strongly to a common fixed point of Ty, T5,..., T;.
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