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1. Introduction

In this paper, let X and Y be real vector spaces. A mapping f is called a quadratic form if
there exist a;; € R (1 <i < j < m) such that

f s xm) = Z a;ijXiXj (1.1)

I<i<j<m

for all x1,...,x,, € X.
For a mapping f : X" —Y, consider the m-variable quadratic functional equation

O+ Yo+ Ym) + (0= Yooy Xm — Ym) =2 (%155 %m) +2f (V15ee s Vi)
(1.2)

When X =Y = R, the quadratic form f : R"—R given by

flxnxm) = Z aijXiX; (1.3)

l<i<j=m

is a solution of (1.2).
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For a mapping g : X—Y, consider the quadratic functional equation

gx+y)+glx—y) =2g(x) +2g¢(y). (1.4)

In 1989, Aczél [1] proposed the solution of (1.4). Later, many different quadratic func-
tional equations were solved by numerous authors [2-6].

In this paper, we investigate the relation between (1.2) and (1.4). And we find out the
general solution and the generalized Hyers-Ulam stability of (1.2).

2. Results

The m-variable quadratic functional equation (1.2) induces the quadratic functional
equation (1.4) as follows.

TueOREM 2.1. Let f : X™—Y be a mapping satisfying (1.2) and let g : X—Y be the mapping
given by

g(x):= f(x,...,x) (2.1)

forall x € X, then g satisfies (1.4).

Proof. By (1.2) and (2.1),

gx+y)+glx—y)=flx+y,..x+y)+ f(x—y,....,x =)
=2f(%,...,x) +2f(y,.... ) = 28(x) +2¢(y)

(2.2)

forallx,y € X. O

The quadratic functional equation (1.4) induces the m-variable quadratic functional
equation (1.2) with an additional condition.

TueOREM 2.2. Let a;j € R(1 <i< j<m)andg:X—Y bea mapping satisfying (1.4). If
f: XM=Y is the mapping given by

aijlg(xi+xj) — g(xi — x;)] (2.3)

l<i<j=m

N

(x5 Xm) = iaiig(xi) +

forall x,...,xm €X, then f satisfies (1.2). Furthermore, (2.1) holds if

> aj=1 (2.4)

l<i<j=m
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Proof. By (1.4) and (2.3),
x4y oXm+ Ym) + [ (X1 = Y1seo 3 X — Vi)

—Za,, (xi+ i) +g(xi = y)]

1

+Z 2 a,][g(x,+yl+x]+y]) g(xi+yi_xj_yj)]
1<i<j<m

1

+ aij[g(xi — yi+xj— yj) —g(xi— yi—xj+ ;)]
1<i<j<m

2.5
+i1 . aijlg(xi+yi+txj+y;) +g(xi—yi+xj—yj)l -
<i<j=m
-5, 2 lsltyiox =) vty )
—zia,z[g<xz>+g<y,>]
+3, 3 lalstx) +alyt ) —gl=n) ~gln=)
=21 (%1505 %m) +2f (V1seens Ym)
forall x1,...,%m> Y15, ym € X.
Lettingx = y = 0 and y = x in (1.4), respectively,
8(0)=0,  g(2x) =4g(x) (2.6)

for all x € X. By (2.3) and the above two equalities,

f(x,.-.,x)=§laﬁg(x)+i > aijlg2x)—g0)] = 3 ajglx)=gx) (2.7)

I<i<j<m l<i<j<m

forall x € X. O

Example 2.3. The function g : R—R given by g(x) = x? satisfies (1.4). By Theorem 2.2,
the quadratic form f : R"™—R given by

f(xl,...,xm) = Z aijXiyj (28)

l<i<j<m

satisfies (1.2).
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Example 2.4. Let g : C—C be the function given by g(z) = zz. Then, it satisfies the qua-
dratic functional equation (1.4). If f : C" — C is the mapping given by (2.3), that is,

f (21500 52m) Z%%(Z%H‘ ZaU) (2.9)

j=i+l

then f satisfies the m-variable quadratic functional equation (1.2).

Example 2.5. Let M,(R) be the real vector space of all 2 X 2 real matrices and g : M>(R)—R
the determinant function given by

g(A) = det(A) (2.10)

for all A € My(R). Then, it satisfies (1.4). Using (2.3), f : M>(R) X M3(R)—R is given
by f(A,B) = (a1 + (1/2)a1,) det (A) + (az; + (1/2)ayz) det (B)(a11,a12, 421,422 € R). Also,
f satisfies (1.2).

In the following theorem, we find out the general solution of the m-variable quadratic
functional equation (1.2).

THEOREM 2.6. A mapping f : X" —Y satisfies (1.2) if and only if there exist symmetric
biadditive mappings S1,...,Sm : X*—Y and biadditive mappings M;j : X*=Y (1 <i< j <
m) such that

m

f(xl,...,xm):ZSi(xi,xi)+ Z Mij(xi,xj) (2.11)

i=1 I<i<j<m

forall x1,...,xm € X.

Proof. We first assume that f is a solution of (1.2). Define fi,..., fu : X—=Y by fi(x) :=
f(x,0,...,0),..., fiu(x) :== £(0,...,0,x) for all x € X. One can easily verify that fi,..., fin
are quadratic By [1] there exist symmetric biadditive mappings Si,...,Sy : X>—Y such
that fi(x) = $1(x,%),..., fn(x) = Sm(x,x) for all x € X. Define M;; : X*—Y by

Mij(x,y) := f(0,...,0,x,0,...,0,7,0,...,0) = £(0,...,0,x,0,...,0,0,0,...,0)
2.12
- £(0,...,0,0,0,...,0,9,0,...,0) 2.12)

for all 4,7 with 1 <i< j <m and all x,y € X. On the right-hand side of (2.12), x and y
are the ith and the jth components, respectively. Then, M;; are biadditive for all 7, j with
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1 <i< j <m.Indeed, by (1.2) and (2.12), we obtain
M;j (x1 +x2, )
= £(0,...,0,x; +x2,0,...,0, ,0,...,0) — £(0,...,0,x] +,,0,...,0,0,0,...,0)
~ £(0,...,0,0,0,...,0,7,0,...,0)
= f(0,...,0,x; +x2,0,...,0,9,0,...,0)

1
—E[f(O ,0,x1 +x2,0,...,0,9,0,...,0) + £(0,...,0,x; +x,0,...,0,—y,0,...,0) |
1
zi[f(o ,0,X1 +x2,0,...,0,,0,...,0) — £(0,...,0,x1 +x2,0,...,0,—,0,...,0) ]
:f(o 0x1+x2)> 0)’:; 7)
1
—E[f(O ,0,X1 +x2,0,...,0,9,0,...,0) + £ (0,...,0,x] +x2,0,...,0,~,0,...,0) ]

= £(0,...,0,x1 +x2,0,...,0,,0,...,0) = £(0,...,0,x1 +x3,0,...,0,0,0,...,0)
- £(0,...,0,0,0,...,0,,0,...,0)
1

:5[2f( 0,x1 +x2,0,...,0,9,0,...,0) + 2£(0,...,0,0,0,...,0, y,0,...,0)

—2£(0,...,0,x1 +%,0,...,0,0,0,...,0) ] = 2£(0,...,0,0,0,...,0,7,0,....,0)

1
= E[f(oy--'ﬂo)xl +x2>03'-')032y)0)--')0) _f(O,...,O,XI +xz,0,...,0,0,0,...,0)]
~2£(0,...,0,0,0,...,0, 7,0,...,0)
1
= S (0,021 42,0,0.,0,29,0,..0,0) + £ (0,0, 0,%1 = 32,0,...,0,0,0,....,0) ]
1
~ 100002 4+2,0,1.1,0,0,0,...,0) + £ (0,0..,0,31 = 22,0,...,0,0,0,....,0)

~2£(0,...,0,0,0,...,0,7,0,...,0)

= f(0,...,0,x1,0,...,0,%,0,...,0) + £ (0,...,0,x,0,...,0, ,0,...,0)
— £(0,...,0,x1,0,...,0,0,0,....,0) — £(0,...,0,%2,0,...,0,0,0,...,0)
~2£(0,...,0,0,0,...,0,7,0,...,0)

= £(0,...,0,x1,0,...,0,,0,...,0)
~[£(0,...,0,x1,0,...,0,0,0,...,0) + £(0,...,0,0,0,...,0,,0,...,0)]
+ £(0,...,0,x2,0,...,0, ,0,...,0)
- [f(o,

= M;j(0,...,0,x1,0,...,0,,0,...,0) + M;; (0,...,0,x,,0,...,0,9,0,...,0)

.,0,x2,0,...,0,0,0,...,0) + £(0,...,0,0,0,...,0,y,0,...,0) |

(2.13)
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for all x1,x,, y € X. Similarly,

Mij(O)-- ,0,x,0,...,0, )/1+y2, 5. ,0)

(2.14)
:Mij( .,0,x,0,...,0,¥1,0,. 0)+Ml-j(0,...,0,x,0,...,O,yz,O,...,O)

for all x, y1, 3, € X.
Conversely, we assume that there exist symmetric biadditive mappings Sy,...,S:X .y
and biadditive mappings M;; :X?-Y (1 <i< j <m)such that

f(xl,...,xm) = ZS,-(xi,xi) + Z M,‘j (xi,xj) (2.15)

i=1 1<i<j<m

forall xi,...,x, € X. Since M;; (1 < i< j < m) are biadditive and Sy,...,S,, are symmetric
biadditive,

F X+ Y15 Xm+ ym) + (X1 = Y1see s Xm — Ym)

_ZS Xityndity)+ > Mij(xi+ yinx;+yj)

i=1 1<i<j<m
m

+> Silxi—yoxi—yi)+ > Mij(xi— yixj — yj)
i=1 I<i<j<m

= z [Si (i, x:) +2Si (x5 yi) + Si (yi> yi) |

+ [ M (xis ) + Mij (xi, y7) + Mij (yisXj) + Mij (yis y;) |
- (2.16)
+ z [Si (i, x:i) — 28Si (%, yi) + Si (yi vi) |

+
M

[M;j (xi,x7) — Mij (i yj) = Mij (yisxj) + Mij (yi> y;) ]

1<i<j=m

=2[§Si(xi,xi)+ > Mij(xi>xj):|

i=1 I<i<j<m

2 Ssoue 3 Mitun]

i=1 1<i<j<m
=21 (X150 5Xm) +2f (V1ee > Vm)
forall x1,...,%m Y15..., Ym € X. O

Let Y be complete and let ¢ : X?™— [0, o0) be a function satisfying

~ =1 ; , . .
O(X1sees Xty V1sens Yim) 1= Z 4j+1go(ZJxl,...,ZJxm,ZJyl,...,nym) < o0 (2.17)

forall x1,...,%m Y15e.r Ym € X.



W.-G. Park and J.-H. Bae 7
THEOREM 2.7. Let f : X" —Y be a mapping such that

[1f (%1 + Y155 Xm + Ym) + f (X1 = Yoo s Xon — Yim)

(2.18)
= 2f (x15es%m) = 2f (P1see s Ym) || < @(X1se e s Xims Y1see v Yim)

forall x1,...,%m> ¥15...> Ym € X. Then, there exists a unique m-variable quadratic mapping
F:X™~Y such that

[ f(x1eesm) = F(xX15e s %m) || < @(x150 s Xims X1 o5 Xm) (2.19)

forall x,...,xm € X. The mapping F is given by

.1 . .
F(x1y...,%m) :=l1mEf(21x1,...,2Jxm) (2.20)

Jj—oo

forall xi,...,xm € X.

Proof. Letting y1 = x1,..., ¥m = Xm in (2.18), we have

Hf(xl,...,xm) — i[f(o,...,O)+f(2x1,...,2xm)]H < i(p(xl,...,xm,xl,...,xm) (2.21)

for all x1,...,x,, € X. Thus, we obtain

1 1 ; 1
Hzf(ZJxl,...,fom) - m

1 4 4 4 .
yT 0(27x1,.., 20 xm, 27 X1, 2 x)

[f(O,...,O)+f(2j+lxl;--~72j+1xm)]H
(2.22)

<

for all x1,...,x,, € X and all j. For given integers [, n (0 < [ < n), we get

o 023)
(2 x15 0, 2 X, 2 155 20 X))

for all xy,...,x, € X. By (2.23), the sequence {(1/4f)f(2jx1,...,21xm)} is'a Cauchy se-
quence for all xy,...,x, € X. Since Y is complete, the sequence {(1/47) f (2'xy,... 2 %)}
converges for all x1,...,x,, € X. Define F: X" —Y by

F(x1y.s%m) 1= 1imif(2jx1,...,2jxm) (2.24)

Jaoo4j
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for all xy,...,x, € X. By (2.18), we have

|35 G 310,27 G ) 45 (2 = )2 G = )

4]

2 . . 2 , ;
— Ef(fol,...,fom) — Ef(zfyl,...,zfym)

‘ < E(p(ZJxl,...,2fxm,21y1,...,21ym)
(2.25)

forall x1,...,%m, y1,..., ym € X and all j. Letting j— co and using (2.17), we see that F sat-
isfies (1.2). Setting [ = 0 and taking n— oo in (2.23), one can obtain the inequality (2.19).
If G: X™—~Y is another m-variable quadratic mapping satistying (2.19), we obtain

||F(X1,...,Xm) - G(Xl,-u)xm)H

1 n n n
- 4n||F(2 Xiser s 2"%m) — G(2"x1,...,2" %) ||
1
< 4—”||F(2”x1,...,2”xm) —f(2”x1,...,2”xm)|| (2.26)

@1 2%0) — G201, 2"0) |

4n @(2"x1,..,2" %, 2" %150, 2" X ) — 0 asn — oo

for all xi,...,x, € X. Hence, the mapping F is the unique m-variable quadratic mapping,
as desired. O
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