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This paper investigates the p(x)-Laplacian equations with singular nonlinearities —A () u
= Mu® in Q, u(x) = 0 on 9Q, where —A,u = —div(|Vul?® 72T u) is called p(x)-
Laplacian. The existence of positive solutions is given, and the asymptotic behavior of
solutions near boundary is discussed.
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1. Introduction

The study of differential equations and variational problems with nonstandard p(x)-
growth conditions is a new and interesting topic. We refer to [1, 2], the background of
these problems. Many results have been obtained on this kind of problems, for exam-
ple, [2-13]. In [4, 7], Fan and Zhao give the regularity of weak solutions for differential
equations with nonstandard p(x)-growth conditions. On the existence of solutions for
p(x)-Laplacian problems in bounded domain, we refer to [5, 11, 12].

In this paper, we consider the p(x)-Laplacian equations with singular nonlinearities:

W (p)

where —A yu = —div(|Vul[P¥2Vy) is called p(x)-Laplacian, Q c RN is a bounded
domain with C? boundary 9Q. If p(x) = p (a constant), then (P) is the well-known
p-Laplacian problem. There are many results on the existence of positive solutions for
p-Laplacian problems with singular nonlinearities (see [14—18]), but the results on the
existence of positive solutions for p(x)-Laplacian problems with singular nonlinearities
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are rare. Our aim is to give the existence of positive solutions for problem (P), and give
the asymptotic behavior of positive solutions near boundary.

Throughout the paper, we assume that 0 < y(x) € C(Q) and p(x) satisfy

(Hy) p(x) € CH(Q), 1 < p~ < p* < +oo, where p~ = infq p(x), p* = supg, p(x).

Because of the nonhomogeneity of p(x)-Laplacian, p(x)-Laplacian problems are more
complicated than those of p-Laplacian ones, many results and methods for p-Laplacian
problems are invalid for p(x)-Laplacian problems (see [6]), and another difficulty of this
paper is that f(x,u) = 1/u’™ cannot be represented as h(x) f (u). Our results partially
generalized the results of [18].

2. Preliminary

In order to deal with p(x)-Laplacian problems, we need some theories on the spaces
LPX(Q), WHP™(Q) and properties of p(x)-Laplacian which we will use later (see [3, 8]).
Let

LPW(Q) = {u | uis a measurable real-valued function, J | u(x) |p ™ dx < oo},
Q

(2.1)
CHQ)={ueC(Q)|u>0inQ, u=0on0Q}.
We can introduce the norm on LP™¥(Q) by
p(x)
Iulp(x):inf{u>0|J % dx<1.}. (2.2)
Q

The space (LP*)(Q), | - | p(x)) becomes a Banach space. We call it generalized Lebesgue
space. The space (LP™¥)(Q), | - | 5(x)) is a separable, reflexive, and uniform convex Banach
space (see [3, Theorems 1.10, Theorem 1.14]).

The space WH?¥)(Q) is defined by

WP (Q) = {ue LPY(Q) | | Vu| € LP¥(Q)}, (2.3)
and it can be equipped with the norm

lul = ulpe) + |Vl piy,  Yue WHE(Q). (2.4)

W(}’p(x)(Q) is the closure of C* (Q) in WHr®(Q), WHP™(Q)) and W(:’p(x)(Q) are sep-
arable, reflexive, and uniform convex Banach spaces (see [3, Theorem 2.1]).
Ifue W&,f (x)(Q) N C§(Q), uis called a positive solution of (P) if u(x) satisfies

IQ |Vu|P(x)—2Vqudx - JQ ﬁqu =0, Vge W(}»P(x)(Q)’ (2.5)

for any domain Q € Q.
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Let W0 loc (Q) {u| there is an open domain Q € Q s.t. u € WS’P()C)(Q)}, and define
A WEPP(Q) 1 CHQ) ~ (WP (Q))* as

(Au, @) :I (|w|P(X>*2VuV<p—i<p)dx, (2.6)
Q uy(x)

where u € Wltc (Q)NCH(Q),pe W, WP JC)(Q)' then we have the following lemma.

0,loc

Lemma 2.1 (see [5, Theorem 3.1]). A: Wll () Q)N CIHQ) — (W, loc (Q)) is strictly
monotone.

Letg € (W, loc *,if (g,9) =2 0, forall p € W’ f;(cx (Q), ¢ = 0 a.e. in Q, then denote
g=0in (W, 1l‘z(cx)(Q)) ; correspondingly, if —g = 0 in (Woly’ﬁ(cx)(ﬂ))*, then denote g <0 in

(Wojoe (C2))*.
Definition 2.2. Let u € Wll () Q)N CHQ). If Au=> 0(Au < 0) in (Wéff)cx)(ﬂ))*, then u
is called a weak supersolution (weak subsolution) of (P).
Copying the proof of [10], we have the following lemma.
LEMMA 2.3 (comparison principle). Let u,v € Wlof ) Q)N C(Q) be positive and satisfy

Au—Av=0in (W 10C (Q))*. Let ¢(x) = min{u(x) —v(x),0}. If p(x) € WOloc (Q) (i.e.,
u>vonodQ), thenu>va.e. in Q.

Lemma 2.4 (see [7]). If g(x,u) is continuous on Q x R, u € WHPX(Q) is a bounded weak
solution of —Apyu+g(x,u) =0 in Q, u=wy on dQ, where wy € WLre)(Q), then u €
Cllt;?(ﬂ), where a € (0,1) is a constant.

3. Existence of positive solutions
In order to deal with the existence of positive solutions, let us consider the problem
A .
T IO,
(lul +ay) (3.1)
u(x) =0 forx € 0Q,

pU =

where {a,} is a positive strictly decreasing sequence and lim,—1. a, = 0. We have the
following lemma.

LEMMA 3.1. For any n = 1,2,..., problem (3.1) possesses a weak positive solution @, €
C(Q).

Proof. The relative functional of (3.1) is

[ PO g
- Jgp(x)w”("” dx jQFn(x,u)dx, (3.2)

where F,(x,u) = [, M((|t| +a,)?™)dt. Since @ is coercive in Wol’p(x)(Q), then ¢ possesses
anontrivial minimum point @,, then |@,| is also a nontrivial minimum point of problem
(3.1), then (3.1) possesses a weak positive solution. The proof is completed. O
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Here and hereafter, we will use the notation d(x,0Q)) to denote the distance of x € Q
to the boundary of Q. Denote d(x) = d(x,0Q) and 9Q¢ = {x € Q | d(x) < €}. Since 0Q
is C? regularly, then there exists a positive constant ¢ such that d(x) € C?(9Q,,), and
[Vd(x)| = 1. Let § € (0,(1/3)0) be a small enough constant. Denote

d(x), d(x) <4,
d) 198 _ 32071
o = 1o+ L (T) dt, 6=d(x)<20, (3.3)
28 _ 2/(p~-1)
5+ L ((285 ”) dt, 28 <d(x).

Obviously, v (x) € CH(Q) N C{(Q).
LemMma 3.2. IfA >0 is large enough, then vi(x) is a subsolution of (P).

Proof. Since |Vd(x)| = 1, when A > 0 is large enough, we have

A

—Ap(x)vl =-Ad(x) <
vi(x)

Vx e Q, d(x)<é. (3.4)

By computation, when § < d(x) < 26, we have

A pvi = —div { [ (W)Z/(P_l)]p(X)_l Vd(x)}

[(26 d(x))z/(p 1)]P(x Ad(x)

2/(p~—1)q p(x)— _ 2/(p~-1)
[(28 d( x)) ] Vd(x)Vp(x)]ln<28 8d(x)>
p(x —1)[28—d(x -1)/(p~ 1))~
i) p -1 [ ]
(3.5)
When A > 0 is large enough, it is easy to see that
—Ap(x)vl < #(x)’ VxeQ, 6<d(x)<26,
[Vl(x)]y
N (3.6)
NV =0 < , VxeQ, 20 <d(x).
T P

From (3.4) and (3.6), we can conclude that v;(x) is a subsolution of (P). O
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THEOREM 3.3. IfA >0 is a large enough constant, then problem (P) possesses only one posi-
tive solution uy, and uy is increasing with respect to A.

Proof. Denote u, = @, + a,, where @, is a solution of (3.1). Since {u,} is a sequence of
positive solutions of

—ANppd=—= 1InQ
p(x) >
w) (IT)

u(x) =a, forxeodQ,

then every u,, is subsolution and supersolution of —A pxu = 1/u’® in Q. According to
comparison principle, we have that u, > u,; for n = 1,2,.... Since v;(x) is a subsolution
of (P) and v (x) = 0 on 9, then u,, > u,; = v, for n = 1,2,.... According to Lemma 2.4,
we have that {u,} has uniform C"* local regularity property, and hence we can choose
a subsequence, which we denoted by {ul}, such that u}, — w and Vu) — h in Q. In fact,
h=VwinQ.

For any domain D € (), for any ¢ € W& P (D). The C"¥ regularity result implies that
the sequences {u,} and {Vu,} are equicontinuous in D; from the C"% estimate we con-
clude that Vw € C¥(D) for some 0 < a < 1. Thus w € WHP® (D) n C¥(D). From the
Ch* regularity result, we see that |Vu)|P~1|Ve| < C|V¢l| on D, and since the function
& — |&€]P72¢ is continuous on R”, it follows that |Vul(x)|P72Vul(x) - Vo(x) —
[Vw(x)[P~2Vw(x) - Vo(x) for x € D. Thus, by the dominated convergence theorem, for
any ¢ € W&’P(x)(D), we can see that

JD | Vul(x)|? 7Vl (x) - V(x)dx — JD | Vw(x) [P Vw(x) - Vo(x)dx. (3.7)

Furthermore, since 0 < A/([ul(x)]?™) < A/([uly;(x)]"™), and A/([ul(x)]’®) —
A/ ([w(x)]*®) for each x € D, by the monotone convergence theorem we obtain

A A Lp(x)
———od —»J ———q@pdx, V w, P (D). 3.8
JD [uh(x)]y(x)q) b [w(x)]y(x)q) S )
Therefore, it follows that

p-2 _ _ A _ 1p(x)
ID|Vw(x)| Vw(x) - Vo(x)dx JD [W(x)]y(x)q)dx 0, VeeW,""(D), (3.9)

and hence w is a weak solution of —A,yw = A/( [w(x)]*™) on D.

Obviously, w is a solution of (P), and satisfies w > v;. According to comparison prin-
ciple, it is easy to see that (P) possesses only one positive solution, and u, is increasing
with respect to A. O



6 Journal of Inequalities and Applications

4. Asymptotic behavior of positive solutions

In the following, we will use C; to denote positive constants.

TueoreM 4.1. Ifuis a positive weak solution of problem (P), then Cyd(x) < u(x) asx — 0.

Proof. Similar to the proof of Lemma 3.2, there exists a positive constant C, such that
when & > 0 is small enoug& then v,(x) = Cyd(x) is a subsolution of (P) on 0Qs. Thus
u(x) = v (x) = Cod(x) on 0Qs. The proof is completed. O

Denote p* = max,.jg,. y(x) and 4 = min, 5q, y(x).

THEOREM 4.2. If 1 < y4 < ¥, for any weak solution u of problem (P), we have

Cs[d)]? < u(x) < Cu[d(x)]®*  asx — 9, (4.1)

where 0) = max <, (p(x)/(p(x) = 1+y(x))), 0, = ming < (p(x)/(p(x) — 1 +p(x))).

Proof. From Theorem 4.1 we only consider (P) in the case of 1 < y4 < y*. Denote

a(d(x))’, d(x) < 6,

28 N2 D)
a59+J aeée*(%) dt, 26 < d(x),
S5

where a and 6 are positive constants and satisfy 8 € (0,1), 0 < § is small enough.
Obviously, v3(x) € CH(Q) N C§(Q). By computation,

—Apva(x) = —(@0)P@1(0 - 1) (p(x) — 1) (d(x)) VPO (14 TI(r)),  d(x) <9,
(4.3)

where

(VpVd)lnad (VpVd)lnd Ad

N =G D0 " -1 D -1

(4.4)

Obviously [TI(x)| < 1/2, when § > 0 is small enough. Let 8 = 8, and a € (0,1) is small
enough, when § € (0,4a) is small enough, we can conclude that

A

[v2 ()]

—Dpv3(x) < d(x) <. (4.5)
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By computation, when § < d(x) < 24, we have

_ 2(p- -1 PH1
A pyvs = —div{[a@éel (%) ] Vd(x)}

_ [a689—1 (28 —d(x) )”(p—UT“H
_— ===

28 —d(x) )MP_U (4.6)

x[Vd(x)Vp(x)]lna@Se‘l( .

_ 2(p~—1)PH)-1
- [ae)a@l (%) } Ad(x)

+

2 (px) 1) (afo?1) P! [25 —d(x) ](2(p(x)1)/(p1))1

6 p—1 )
Thus, there exists a positive constant C* such that
| = Apovs| < CFeO VP11 5 < d(x) < 26. (4.7)
Obviously,
vi(x) <a(0+1)8%, §<d(x)<20. (4.8)

Let 0 = 6,, when a € (0,1) is small enough, § € (0,a) is small enough, then

—AP(X)V3(X) < [(A)]y(x), 0< d(x) < 20. (4.9)
Vo (X
It is easy to see that
_Ap(x)V3(x) =0< [(A)]y(x), 28 < d(x). (4.10)
Vo (X

Combining (4.5), (4.9), and (4.10), it is easy to see that when 6 = 6, a € (0,1) is small
enough and § € (0,a) is small enough, then v(x) is a subsolution of (P), then u(x) >
Cs[d(x)]% on 0Qs.

Similarly, when & > 0 is small enough, 6 = 65, and a > max, g, (u(x)/8%) is large
enough, we can see that v(x) is a supersolution of (P) on dQs, and u(x) < a[d(x)]% on
9Q;s. The proof is completed. O

THEOREM 4.3. Iflimgx)—o p(x) = po and limga)—o p(x)/(p(x) — 1+ y(x)) = s, wheres < 1
is a positive constant, u is a solution of (P), then

ux) o
amcdw)y L CT d%ggo[ep(")’l(l —0)(p(x)—1)

1 1/(p(x)—1+y(x))
] (4.11)
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Proof. It can be obtained easily from Theorem 4.2. O

TueOREM 4.4. If1 = y*, for any positive constant 6 € (0,1), u is a weak solution of problem
(P), then there exists a positive constant Cs such that Cyd(x) < u(x) < Cs(d(x))? as x — 0Q.

Proof. According to Theorem 4.1, it only needs to prove u(x) < Cs(d(x))? as x — 9Q.
Define a function on 9Q; as v4(x) = Cs(d(x))?, where Cs > (1/8?) max, g, 4(x). Similar
to the proof of Theorem 4.2, when § > 0 is small enough, then v4(x) is a supersolution of
(P) on 0Qs, then u(x) < v4(x) = C5(d(x))? on 9Qs. The proof is completed. O

THEOREM 4.5. If yy < 1 < y*, uis a weak solution of problem (P), then there exists a positive
constant Cg such that Cid(x) < u(x) < Ce(d(x))? as x — 9Q, where 6 = ming()<s(p(x)/
(p(x) = 1+y(x))).

Proof. According to Theorem 4.1, it only needs to prove u(x) < Cs(d(x))? as x — 9Q.
Similar to the proof of Theorem 4.2, when § > 0 is small enough, then vs(x) = Cs(d(x))?
is a supersolution of (P) on 9, then u(x) < vs(x) = Cs(d(x))? on 0Qs. The proof is
completed. O
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