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The goal of this paper is to obtain sufficient and (different) necessary conditions for a
series >’ ay,, which is absolutely summable of order k by a triangular matrix method A,
1 <k <s< oo, to be such that > a,A, is absolutely summable of order s by a triangular
matrix method B. As corollaries, we obtain two inclusion theorems.
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In the recent papers [1, 2], the author obtained necessary and sufficient conditions
for a series > a, which is absolutely summable of order k by a weighted mean method,
1 <k <5< o, to be such that > a,A, is absolutely summable of order s by a triangular
matrix method. In this paper, we obtain sufficient and (different) necessary conditions
for a series > a, which is absolutely summable |A|x to imply the series >’ a,A, which is
absolutely summable |B|;.

Let T be a lower triangular matrix, {s,} a sequence.

Then

n
Tpi= > tusy. (1)
=0
A series >’ a, is said to be summable | T, k > 1 if

an’1|T,,—Tn_1|k<00. (2)
n=1
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We may associate with T two lower triangular matrices T and T as follows:

n
znv: Ztnra n,v=0,1,2,...,
r=v

(3)
2t\m/:fnv_fn—l,v» n=123,....
With s, := z?zo aili,
n n i n n n
Vn = Z LniSi = Z Lni z av/\v = Z av)tv Z tni = Z tnvav)W)
i=0 i=0 v=0 =0 i=v =0 (4)

n

n
Y, := Yn—Yn-1= Z (?mz - Enfl)/\vav = Z /t\m//\vav-
v=0 =0
We will call T as a triangle if T is lower triangular and t,, # 0 for each n. The nota-
tion A,d,, means d,, — dyy+1. The notation A € (|Al, |Bls) will be used to represent the
statement that if >’ a, is summable |A|, then > a,A, is summable |B]|;.

THEOREM 1. Let 1 <k <s< oco. Let {A,} be a sequence of constants, A and B triangles
satisfying
(1) [bunAnl/|ann| = O(Vs~VK),
(i) (n|X,1)*~* = O(1),
(111) lapn — an+}\,n| = O('“nnawrl,nﬂ |))
(iv) 3520 18y(bds) | = O by,
(v) z:lc=1/+l(”|bnn/\n/\|)571 |Av(bm//\v)| = O(Vkl |bwAv|S))
(vi) 3520 1Byt 1bapiidvst | = O(1bandnia ),
(Vll) Zf:vﬂ (n|bnn/\n+l |)S_1 ‘bn,'!/‘FlA'V‘Fl | = O((V| bwAvH |)S_1))
(viii) 35y S0, bndy 3755 @L,Xi1° = O(1),
then A € (A, |Bls).

Proof. If y, denotes the nth term of the B-transform of a sequence {s,}, then

Yn = z buisi = Z byi z/lvav = Z )‘vavz byi = zgnv/\vav:
i=0 i=0 =0 v=0 i=y

v=0

. (5)
Yn-1= z bnfl,vllvav,
v=0
n ~

Y,:= Yn— Yn-1= Z buyAyay, (6)

v=0

where s, = 3.1 o diai.
Let x,, denote the nth term of the A-transform of a series > a,, then as in (6),

n

Xy i=Xn— Xp-1 = Z Ay @y (7)

v=0
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Since A is a triangle, it has a unique two-sided inverse, which we will denote by A’
Thus we may solve (7) for a, to obtain

(8)
Substituting (8) into (6) yields

n n v n v=2
n:zmmm:zuﬂ(z@%):zmﬂ(zaxﬁ@v¢H+%&)
=0 v=0 i=0 v=0 i=0
no n 2
> b

Ay @, Xy + zbm,)l,,aw 1X-1 Z
0

i
v=1 y=2 i=0
. n—1 N n—1 N noo v=-2
~1 ~1 ~1 A~
= bnn/lnannxn + Z bnvlvanv + Z bn,v+l/\v+lav+1,va + Z by a,; X
=0 =0 v=2 i=0
b n—1 "o -2
nn ~1
/‘, X + z bm//‘,yavv + bn v+1)tv+1av+1 v v + z bm;Ay z aw‘Xi
Ann =0 =2
b n—1 N R
nn ’ ’
= Xy + Z (b WAy a »t bn 1/+1A1/+1a1w — by 1/+1A1/+1am/ + by, 1/+1Av+lay+1 y)X
Ann =0
no V=2
+ Z buyAy ayiXi
v=2 i=0
n—1
byn

A Z; 1 n-1_ ) ~ v—2
—An Xy + z %Xv + Z bn,v+1/1v+1 (aw +ayt1,y
=0 4

n
DX+ D by D @
»=0 v=2 i=0

9)
Using the fact that

1 (aw — Ay+1y )
a T a =—(—, (10
LY Ayy Ay+1,9+1 )
and substituting (10) into (9), we have the following
bnn v(bm/)L ) = Ayy — Qy+1,y P = A~
PR o LG O TP IS P e
(Jl V=0 Ayy =0 AyyAy+1,9+1 —

w1+ Trp + T3 + Ty, say.

(11)
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By Minkowski’s inequality, it is sufficient to show that

DT Tw| <00, i=1,2,3,4. (12)

n=1

Using (i),
[ [eY] l’)nnA,
Jii= D> 0 Ty Z
n=1 = Ann
=0(1) X nH(n V) X | (13)
n=1

_ O(l) Z nk—l |Xn | k(ns—s/k—kﬂ |Xn |5*k).
n=1

But ns~k=k+11 X, |57k = (=K | X, |)5"F = O((n] X, ])*%) = O(1), from (ii) of Theorem 1.
Since >’ a, is summable |Al, J;1 = O(1).
Using (i), (iv), (v), (ii), and Holder’s inequality,

n—1 s—1
20(1)2 5= 1<Zv1 Sk by | Ay (Buyhs) | |X7,|S) (z | Ay () )
n=1 =0

0 n—1
DX (1] bunda )7 D by | 7 Ay (B | 1 X |
n=1 v=0
=0(1) Z Vl_S/k | bw/\v | - |Xv | ’ Z (” | brm/ln | )5_1 \Av(z;nvlv) |
v=1 n=y+1

=0(1) > kb | X P b | = 0(1) D v R X |

y=1 v=1
=O(l)zvk71|Xv|k s—s/k— k+1|X|Sk l)zvk1|X|
v=1

(14)
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Using (iii), (vi), (vii), (ii), and Holder’s inequality,

S

]3:22 5— 1|T3| _Z”sl

n=1 n=1

Z bn 1/+1A1/+l <M>Xv

=0 AyyAy+1,+1

0 — N
Ay — a
=S (zwmam Gy~ arety |x|>
n=1

=0 AyyQy+1,v+1

=0(1)

n—1 s
! ( Z | bn,vHAvH | |Xv |>

v=0
- bw/lv o ’
S (S (1) bt 1)

0 n—1 n—1 s=1
= O(l) Z ”S_l ( Z | bW/AV-H | e | bn,v+1/1v+1 | |Xv|s> X ( Z | bwkw—l | | bn,w—lAw—l |)

n=1 v=0 v=0

0 n—1

1) Z (}’l | bunAnit | )S_l Z | byAyia | e | gn,v+l/1v+l | |Xv | ’
n=1 v=0
= O(l) Z | bw/\wl | e |Xv|s Z (I’l | bnnAnH | )571 |/En,v+1/\v+l |
=0 n=v+1
=0 > [byhe |16 bl | = 0() X v X, |
=0 =0

o) S % F ) = o) S x| F = o).

y=0 =0

(15)

From (viii),
S Tl = S 0 S by i =0(1). (16)
= = =2 i=0 O

We now state sufficient conditions, when k = s.

CoroLLARY 1. Let {A,} be a sequence of constants, A and B triangles satisfying
() |bnn|/|ann| = O(l/|)tn|):

( ) |ann - an+}\,n| = O(|annan+1,n+l |))

(iif) 3232 18y(budy)| = O(Ibunal),

(V) Sy (1B VU A (Binds) | = O(F by [F),
(V) 3270 1At 1Bapii it | = OUbuidnsn ),

(Vl) Z:ozv+l(n|bnn/1n+/l\|)k_1|gn v+1/\n+1| - ((V|bwAv+1|)k_l):
(vii) Sy mf S0 bindy 3050 @ XalK = O(1),
then A € (|Alk, |Blk).
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A weighted mean matrix is a lower triangular matrix with entries py/P,, 0 < k < n,
where P, = >'}_, pk-

CoROLLARY 2. Let 1 <k <s< oo. Let {A,} be a sequence of constants, let B be a triangle
such that B, and let { p,} satisfy

(i) byydy = O((py/Py) vV~ 1VK),

(i) (nlX,1)*~* = 0(1),

(iii) 721 1Ay (Bunhy)| = OUbunhal),

(i) Sy (11 Banda ) A (Bihy) | = O By )y [9),

(V) S0l 1Bl Byl = O(1Banhal),

(Vi) St (1 Bda ) bdy | = O((V1By,1, ),
then A € (IN, pulk, |Bls).

Proof. Conditions (i), (ii), (iii)—(vii) of Theorem 1 reduce to conditions (i)—(vi), respec-
tively, of Corollary 1.
With A = (N, pn),

Pn _ﬂ, PnPn+1

Apn — An+ln = = = AnnAn+1,n+1> (17)
Pn Pn+l Pnpn+1

and condition (ii) of Theorem 1 is automatically satisfied.

A matrix A is said to be factorable if a,x = b, ¢ for each n and k.

Since A is a weighted mean matrix, A is a factorable triangle and it is easy to show that
its inverse is bidiagonal. Therefore condition (viii) of Theorem 1 is trivially satisfied. [

We now turn our attention to obtaining necessary conditions.

THEOREM 2. Let 1 <k <s< oo, and let A and B be two lower triangular matrices with A
satisfying

0

ST A |F = O([an |5). (18)

n=y+1

Then necessary conditions for A € (|Al, |Bl;) are
(i) 1bysyl = Oy, 915 1K),
(i) Sye1 1 1A by ) = Oy [9~5%),
(iii) Z:zo:vﬂ nl |/I;n,v+1)tv+1 |* = O(Z::):VJrl nk-1 |Gpt1 |kys/k,

Proof. Define

A* = {{ai} : za,- is summable IAIk},
(19)
B* = {{bi} :Zb,-)t,- is summable IBIS}.
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With Y, and X, as defined by (6) and (7), the spaces A* and B* are BK-spaces, with
norms given by

o 1/k
lall, = {|XO|"+ > k! Ian"} ,

n=1

(20)

0 1/s
lall = {|Yo\s+ > |Yn|s} >

n=1

respectively.

From the hypothesis of the theorem, [|all; < o implies that [|all, < c. The inclusion
map i: A* — B* defined by i(x) = x is continuous, since A* and B* are BK-spaces. Ap-
plying the Banach-Steinhaus theorem, there exists a constant K > 0 such that

llall> < Kllall:. (21)

Let e, denote the nth coordinate vector. From (6) and (7), with {a,} defined by a,, =
ey — eni1, 1 =7, a, = 0 otherwise, we have

VO, n<y,
Xf’l = anw n= 'V,
Avanva n>v,
- (22)
0, n<v,
Y, =1 /l;nvlm n=yv,
\AV(EW/\V), n>.
From (20),
o 1/k
_ k _ A k
||a||1={vk l|aw| + Z nk 1|Avanv| } s
n=v+1 23
0 1/s ( )
llall, = {¢1|bvav|s+ z n51|Av(bnvAv)|s} >
n=v+1
recalling that EW =b,, = by,
From (21), using (18), we obtain
139 N L S P (W B
n=v+1
00 sk sk
s, k-1 k k-1 A~k s . k=1 k k
<K (v law "+ D n* 7 Aa | ) <K (v |a,, | +0(1)]ay| )
n=v+1

- O(|aw|k(vk—l + 1))s/k — 0! |aw|k)s/k.
(24)
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The above inequality will be true if and only if each term on the left-hand side is
O(v*~1|a,,|F)¥k, Using the first term,

YU budy |* = 0(F ! ay | )7, (25)

which implies that |b,,1,| = O(|a,,|v"*~k), and (i) is necessary.
Using the second term, we obtain

)

Z n! |Av(/l;nvAV) |S = O(vk_l |aw | k)S/k = O(VS_S/k | aw|s)y (26)

n=v+1

which is condition (ii).
If we now define a,, = e, 41 for n = v, a,, = 0 otherwise, then from (6) and (7), we obtain

(27)
0, n=<v,
Yo=1-
bn,v+1/\7/+l, n>.
The corresponding norms are
© 1/k
1A k
lall; = { > n G } ,
n=v+1 28
o 1/s ( )
llall, = { z n 7 by At |S} .
n=v+1
Applying (21),
00 o s/k
117 s 1A k
Z n! |bn,v+1/\v+l | = KS{ Z nk-1 |an,v+1 | } > (29)
n=v+1 n=v+1
which implies condition (iii). (I
CoROLLARY 3. Let A and B be two lower triangular matrices with A satisfying
o k1A A |k k
> n A [T =0(|aw] ). (30)

n=vy+1

Then necessary conditions for A € (|Alk, |Blx) are
(1) |byyAy| = O(‘awl\),
(ii) (Z:;w—l nk_lJ\Avbnv/l”k)l/k = O(|aw|v1_l/k);
(iii) X oyer 7 bupii Ay [F = OS5, 15 Han 1 [F).
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COROLLARY 4. Let 1 <k <s< co. Let B be a lower triangular matrix, {p,} is a sequence
satisfying

i nk*(#)k:o(%). (31)

n=v+1 v

Then necessary conditions for A € (N, pulk, |Bls) are
(1) Pv|bw)tv|/pv = O(Vl/s_l/k)’

(i) Xnsyir 7 A (B dy) |F = O(v =% (p,/P,)%),

(iii) Z:o:w.] ns! |bn,v+1Av+1 I*=0(1).

Proof. With A = (N, p,,), (18) becomes (31), and conditions (i)—(iii) of Theorem 2 be-
come conditions (i)—(iii) of Corollary 4, respectively. O

Every summability factor theorem becomes an inclusion theorem by setting each
A =1
CoRroLLARY 5 (see [3]). Let 1 <k <s< oo, Let A and B be triangles satisfying
() [banl/l@na| = O(WYs~VE),
(i) (n1X,1)** = O(1),
(iii) |ann — ans1nl = O(l@un@ns1,n11);
(iv) 575 1Ay(buy)| = O(1 ),
(V) Syt (b1 A ()| = O(* by ),
(vi) 5525 16w 1Byt | = OCIbunl),
(Vi) 371 (1B ) Bt | = O((]byy ),
(vifi) S5y o Sy by 15 @K1 = O(1),
Then if >’ ay is summable | Aly, it is summable |B|;.

COROLLARY 6 (see [4]). Let be {p,} a sequence of positive constants, B is a triangle satisfy-

mng
(i) Pulbunl = O((pa)ys"Vk),
(ii) (n1X,)** = O(1),
(i) 3270 18y(buy)| = O(Ibynl),
(V) Sy (1B DA (B) | = O(F by |9),
(V) 3070 1bwbnpir| = O(1banl),
(Vi) 301 (1B | b1 | = O((V]byy )51,
Then if >’ ay is summable [N, py |k, it is summable |B|;.
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