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1 Introduction

In the field of modern geometric analysis, a challenging problem is to determine the in-
trinsic qualities of a heat type equation on an evolving manifold. Gradient estimation is
a standard technique to understand the local and global behavior of positive solutions to
the heat type equation. Heat type equations are very much well known in mathematics
and physics. This type of study becomes more interesting when different curvature re-
strictions were introduced. This estimation was popularized after the work of Li and Yau

[14], where they studied the equation

(A —gq(x) - d)u(x,t) = 0,

IVl
u

and stated a bound for the quantity

, where A is the Laplace—Beltrami operator and V
is the gradient operator. Today this estimation is known as Li—Yau-type estimation. Next,
P. Souplet and Q. S. Zhang [21] established an elliptic type gradient estimate for bounded
solutions of the heat equation for complete noncompact manifold, by adding a logarith-
mic correction term. This is called the Souplet—Zhang-type gradient estimate. In [8, 9],
Hamilton developed a Harnack estimate on Riemannian manifold with weakly positive
Ricci tensor, which was used in solving the Poincaré conjecture. In recent days, Hui et al.
[12] studied Hamilton—Souplet—Zhang-type estimation along general geometric flow. In
[10] Hui et al. studied weighted elliptic equations on weighted Riemannian manifold not
evolving along any geometric flow. Next, for system of equations on Riemannian mani-
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folds, we can start with Shen and Ding’s [20] study on the system

ur = Au" + ki (H)f(),
ve = AV + k(D)o (n),

with nonlinear boundary conditions. They proved that the above system blows up in fi-
nite time using differential Sobolev inequality. Wu and Yang [24] established the global

existence and finite time blow up of the solution of the semilinear system

u; = Au + e*tP,
(1)

v = Av+ Pyl

There are numerous applications of the relevant equations and inequalities. One can see
[7, 13, 16-18, 27] and the references therein for applications.

Motivated by the works of Wu [23], we consider a closed n-dimensional weighted Rie-
mannian manifold with Riemannian metric g denoted by (M",g,e ?d ), also known as
smooth measure space, where e ®du is the weighted volume form and ¢ is a twice differ-
entiable function on M. Let the Riemannian metric g(¢) be evolving along the geometric

flow

d

5780 = 28y, (2)
where S(e;, €)) := Sj(t) is a smooth symmetric 2-tensor on (M, g(¢)). We denote S = tr(S;) =
g”S,;. Some important of geometric flows are the Ricci flow [8] when S;; = —Ric;;, where
Ric is the Ricci tensor, Yamabe flow [6] when S;; = —%Rgij, where R is the scalar curva-
ture, Ricci-Bourguignon flow [5] when §;; = —Ric; + pRgj;, where p is constant. For any
twice differentiable function ¢ on M and any smooth function f, the weighted Laplacian

operator is defined by

Aof = A - YV,

where A is the Laplace—Beltrami operator.

Differential Harnack estimations on system (1) have been studied by Wu [23] on hyper-
bolic spaces. We have already studied the Hamilton and Souplet-Zhang-type estimation
for positive solution [11] for positive solutions of the following system of weighted semi-

linear heat type equations

A¢f _ﬁ = _e)\lthp) (3)
Agh —hy = €211,

where p, g, 11, Ay are positive constants and f, /1 are smooth functions on M. In this article,

we consider the system (3) along the geometric flow (2), and we confined ourselves to Li—

Yau-type gradient estimate of (3) along (2). Our results are the generalization of the results
Wu [23].
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2 Preliminaries
This section contains some basic results and evolution formulas related to the gradient

estimation.

Lemma 1 [2] The weighted Bochner formula for any smooth function u is given by
1
5 AyplIVul? = |Hess ul|* + (VAgu, Vi) + Rics(Vu, Vi),

where Ricy := Ric + Hess ¢, is called the Bakry—Emery—Ricci tensor and Hess is the Hessian

operator. For m > n, the (m — n)-Bakry—Emery—Ricci tensor [3] is given by

Vo @ Vo

Ricy™ := Ric + Hess ¢ —
m-n

Lemma 2 [2] If a Riemannian manifold M evolves by the geometric flow (2), then for any

smooth function u, the expression ||Vu||? evolves by

9 2

5% IVul|* = -28(Vu, Vu) + 2{Vu, Vu,),
and the expression Agu evolves by

%(A,pu) = Apu; — 287V Viu — (2div S — VS, Vu) + 28(V, Vi) — (Vu, V),
where div S;j denotes the divergence of Sj;.

Lemma 3 [2] For any smooth function f and m > n, we have

2
\Hess 12 > B _
m

1
—(Vf, V)2 (4)

Lemma 4 (Young’s inequality) [26] If a, b are nonnegative real numbers and p > 1, g > 1

are real numbers such that 117 + % =1, then

- — (©)

The above inequality is a generalized version of Young’s inequality. For convenience, we
categorize both (5) and (6) as Young’s inequality.

Let T > 0 be any real number. For any two points x,y € M and for any ¢ € [0, T], the
quantity d(x,y,t) denotes the geodesic distance between x and y under the metric g(¢).
For any fixed xy € M and R > 0, we define a compact set Qar 7 = {(x,£) : d(x,%0,£) < 2R,0 <
t<T}CM" x (-00,+00).
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Let v : [0,00) — [0, 1] be a C%-cut off function given by

1, s€[0,1],
V(s) = (7)
0, s €[2,00),

satisfying ¥ (s) € [0,1], —co < ¥'(s) <0, ¥"(s) > —c; and ”%%“2 < ¢1, where ¢; is a con-
stant. For R > 1, we define

nt) = ¥ (’(’;’ ”>, (8)

where r(x, £) = d(x, xo, £). Since ¥ is Lipschitz, so by Calabi’s argument [4], we can assume
that i is everywhere smooth and hence we can use maximum principle to find our esti-
mation. Using generalized Laplacian comparison theorem [15, 19, 25], we get
(i) Agr(x,t) < (m - 1)k coth(vkir(x, 1)),

(i) Apn > ~Lm- V(R +2)~ B,

(i) 12 < g,
3 Li-Yau-type gradient estimation
In this section, we provide a detailed derivation of the Li—Yau-type estimation of the sys-
tem (3) along the flow (2). At the end, a Harnack-type inequality is also derived.

Fix %9 in M and let T > 0 be any real number. Throughout the paper, we consider (f, %) =
(e*,€") as a positive solution to the system (3) with the restrictions

IZISMSKI:

IZQSVSKQ,

for some positive constants k1, k2, k1, K2. We define some nonnegative constants

sup |Vl = my, sup Vel = y1,
Qar,T Qar,T

sup [Vl =M, sup [Vl =T1,
Mx[0,T] Mx[0,T]

Putting f = €%, 1 = " in (3), we have

Apu =y = || Vul||> — ert+ru ©)
Agv—v; = —||Vy||> — er2trua,
Let it = —e*#77% and ¥ = —*2!*“4~V hence system (9) reduces to
(Ay — 001 = —|Vu|| + it
o (10)

(Ap =)y =—|VV|?* + 7.

Lemma 5 Let (u,v) be a solution to the equation (10). If there exist positive constants ki,
ko, k3, ky such that

Ricy™ > —(m - kg, —~kog <S8 < ksg, [IVS| < ka
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on Qur 1, then for any € € (0, %), the function Fy := t(|Vul||* — M(uy + 1)) satisfies

Ayu)® Atk F
Botl” 22 G2 — 2 tkoe | VI — 2VE Vit — L
m 2€ t

(Ag = 0)F1 > 2t(1 — Ae)
9 9 HAL 9
= 2t(1 — re)(m — D)k || Vul||” = 2¢(A — Dk3||Vu||” - A (ky + k3)
€

— 3Atmky | Vul? + H
and the function Fy := t(|Vv||? = M(v; + V)) satisfies

Agv)? Atk F.
(Ag — 0,)F, > 26(1 — ,\e)M - 2—2||VV||2 — 2thye||[ V|2 = 2VF, Vv — ?2
m €

At
— 2t(1 = re)(m — Dk || VV|? = 2¢O — Dis|| Vv||? - —”2 (ky + k3)?
€

— 3Atnky | VY2 + K

(11)

(12)

where H = =2t(A — 1)VuVu — AtVuVe, — AMtAyu and K = =2t(h — 1)VIVv — AtVVV e, —

AtA4V.
Proof Given that F; = t(|| Vu|?> — A(u; + i1)). Using Lemma 1 we have
AyF; = 2t||Hess ul> + 2L{(V Apu, Vu) + 2tRicy(Vu, Vu) — Mt Ayu; — At Ay,

From £ = || Vu||? - A(u + it), we get

F _
Apu = e (A = 1)(uy + 0,
VF; _
quﬂA = —T — ()\. - 1)(Vut + VM).
Using (14) and (15) in (13) we deduce

AyF; = 2t||Hess u||2 —2VFVu - 2t(A = 1)(Vu; + Vu)Vu + 2tRicy(Vu, Vu)

AU — AEAiL.

F, 0,F
From (14), we get 3,(Agu) = t_zl - tTl — (A = 1)(ug + ity). Thus (16) reduces to

AyF; = 2t||Hess u||2 —2VFVu - 2t(A = 1)(Vu; + Vu)Vu + 2tRicy(Vu, Vu)
MF;

e + A0 Fy + M(A — Dt(uy + 1) — At(2div S;; — VS, Vu)
—2At(S,Hess u) + 2AtS(Vp, Vu) — At(Vu, V,) — Mt Ay
By Lemma 2, the evolution of F; is given by

A , )
0.F1 = 7 + 80| Vu||” — Ay + 1y))

F _
= +t(-28(Vu, Vu) + 2(Vu, Vi) — At(uy + ity).

(13)

(14)

(15)

(16)

(17)

(18)

Page 5of 16
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Combining (17) and (18), we have

F
(Ag —0;)F; = 2t||Hess ul* + 2tRicy(Vu,Vu) —2VF Vu — 71 +20tS(Vo, Vu)

—2t(A — DS(Vu, Vu) — At(2div Sy — VS, Vu) — 24£(S, Hess u)
1
~2h(div S = 5 VS, Vu) + H, (19)
where H = —2¢(A — 1)ViaVi — MVuV e, — At Ayit.

Since —(ky + k3)g;j < Sjj < (ky + k3)g;; implies [|S||*> < n(kz + k3)?, hence for any € € (0, 1)
using Young’s inequality we get

(S, Hess ) < €|[Hess ul|” + :—E(kz +ks)?, (20)
Al

2ALS(V, Vu) > —Z—kznwn2 — 2atkye|| V2. (21)
€

In similar way we find
. 1 3
l|divS;; — EVS|| < Eﬁk4, (22)

and using Lemma 3 we get

Apuw? 1

|IHess u||> > (Vu, Vo)2. (23)

Using (20) to (23) in (19) we have (11).
Due to the symmetry in the system of equations (10), replacing F; by F,, u with v and
‘H by K in (11) we obtain (12). d

Theorem 1 If ki, ks, ks, ky are positive constants such that
Ricy™ > —(m - Dkig, —kog < S < kg, |[VS| < ks

on Qup 1 and (f, h) is a positive solution to the system (3) along the flow (2), then for any for
any A >1and e € (0, %) we have

IV/I? Y p) 4mA\? 2mA2 L
72 —)»(f M) < 301 _ ) + 3(1_}\6)(252+(u +V) + Dy, (24)

||Vh||2 t_ Faipr) < 4m).2 2mA?
h? ~ 3t(1- )\e) 3(1 - re)

<Hﬂ+(u + ZV )) +D;, (25)

where

po A m2 s mAipi,

R e r LAk vt

. mAp [ 1.
P i (3vE 3VE) 5 (5%
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]y 1
Ey = 2hksent® + Z—E(kz +h3)* + ~aty2 4

4

- nA 1
Ey = 20kpem? + 2—(k2 +ka)? + =22yl +
€

4
)\T]kz

Eg= ——= +2n(1 = xé)(m — Dky + 2nks(A — 1) + 3ni~/nk,

2€

+BA =i n + pnu A +ut(n-1)+1,

= )\7]/(2

Ey = et 2n(1 — xe)(m — Dky + 2nks(h — 1) + 3ni/nky
€

+BA =2V n + pnv A+ vV (n-1)+ 1,

= _eA1t+pK2—K1 — —17[*,

1—/* — _eA2t+qK1—K2 — —1_/*.

8(1 - re)(A —1)?’

8(1 - re)(A — 1)’

Proof Let Gy = nF; and G, = nF,, where n is defined in (8). Fix 77 € (0, T] and assume
G1, G achieve maximum at (xo, ) € Qar 1, - If G <0, G2 <0, then the proof is trivial. So

assume that G (xo, to) > 0, Ga(xo, to) > 0. Thus at (xg, £y) we have

VG =0, AG; <0, 9;G; >0,

VG, =0, AG, <0, 3,G, > 0.

Therefore,
F
VF =-—Vpy,
n
F,
VF, = -V,
n
and

0> (Ap —09)G1 = Fi(Ap — 0)n + n(Ay — 3)F1 +2(Vn, VFy),

0= (Ay —01)Gy = Fa(Ag = 9)n + n(Ay — 3)F, + 2(Vn), VE).

By [22], there is a constant ¢, such that

—Fin; = —cokoFy,

—Fyn = —cakoFo.

Using (28), (32) and generalized Laplacian comparison theorem in (30) we get

[ 2 3c
0> (Eo(m - Dk + 2 R—zl + c2k2> Fy +n(Ay — 0,)F).

(26)
(27)

(28)

(29)

(30)
(31)

(32)
(33)

(34)

Similarly, using (29), (33) and generalized Laplacian comparison theorem in (31) we have

[ 2 3c
0>- (EO(’” -k + D R—; + c2k2> Fy +1(Ag — 8,)F>.

(35)

Page 7 of 16
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Following the same techniques as in [2], we set

Vil
g = Vel o, (36)
F
1 (x0,t0)
V|2
g - 1V >0, (37)
F
2 (x0,t0)

We now consider (34) and (36). Then, at (x, y), we have

IIVull = V&, (38)
L _
& - °§1 DE = 1Vul? = g + ), (39)
n(Vu, V) < *;—C_ln%ﬂnwn, (40)
9
3A1ky | V| < 2kq||Vul? + gm\2/<4. (41)

Using (11) of Lemma 5 we get

1 &1 —1\? Antok:
0> —QF —1+2nte(1 —re)— (& - 061 P20 g2
m to)» 2€

nF1
—2nAtoka€ | VI* - 2nto(1 — Ae)(m — Dky || Ve —ZWVHVu—t—

0

nit
—2nto(A — Dks||Vau|)* - Toﬂ(kz +k3)? = 3nhto/nkal| Vu||* + nH(to), (42)

where Q = 2 (Wl 1)( k1 + R) + 301 +62k2, H(to) = —2t0()\ l)VuVu AtOVuV¢t )\toAd)M
Multiplymg (42) with nty we get

1-4 Lt -1\° ant3k
02 ~Q1oGy + 26— € (gl - °glt > G- '7 02616y - 2t hem?
0

A
—2nt3(1 - re)(m — D)k £1Gy — 2n*toVE, Vi — nGy — 2nt5ks (. — 1)E Gy
—%‘%n%kz + ks)* = Bntgh/nka1 Gy + 0 toH (ko). (43)

We can find

20%t0(VEF;, Vi) < 2ntof 0 Ey||Vul
- 2vh gk, (44)

We now find a bound for n%tyH. Given that iz = —e*1#*"~* Thus

Vii = - P4 (pVy — Vi),

Ayit = (P | VV|* + | Vull® = 20(Vv, Vi) + pAgv — Ayu).

Page 8 of 16



Li et al. Journal of Inequalities and Applications (2024) 2024:131

Hence
11 3 3
AN A it = urtd { P*nEGy + nE1Gy — pnELEL GEGE + pn Ay — n2A¢u} , (45)
1 1 1 1
200 = Degn* = (p(Vv, Vu) — | Vu|?) = =2(A — D5 {pnt Gy &85 — nGlsl} , (46)

—htgn* (Vi Vo) = —rtgn* [ Vull | Ve |

11
> 503G E N, 47)
Combining the above three equations we get a lower bound for n*#H given by
_ 1111 . 3 11
n°toH > 265 — DipnG{ G £, + 2 — DigunGiéy — Mgn2 GLE i
11 1 1
+ilhty {ansz +0§1G1—pn&[ &5 GI Gy +pi°Dgv - n2A¢u}

11 1 1 11
> —(3) - Qpnit2E2 £2 GEGE + (3A — D2 GiE + A2 GEEI n

+pNIAEE Gobs + PUMEEN A gy — AEINE A s, (48)

From the definition of & and &, we get

~Agu= (8- S F

iyt (49)
~Agv= (6 -9 By
or equivalently
n2A¢M=—ﬁG1 - %&Gl, (50)
U2A¢V = —ﬁGz — %ngz.
Using (44), (48), (49), (50) in (43) we get
,1—Xe g1 -1\ , . nttk 2.2 2
0> -QtGy + Zto p & - o Gl —-A e &Gy — 2)\.t07] k26m1
C 3 1
~2nty(1 = Ae)(m — k1§ Gy - 2%%@2 £ —nG1 - 2ntgks(A - DG1&
”‘M(Z) 2 2 2 Y P
—?7} (k2 + kg) — 37]t0)»\/zk4G1$1 - (3)\. — 2)pr;ut0G1 G2 %_1 52
11
+(3h — 2ant2E, Gy + AN GREL 1 + piihtiGats
1 A—-1 1 A—-1
a2 | ——Gy — Gy ) -2 -——G; - Gi). 51
+P”0(M02 )»Szz)u0<kt01 )L‘§11> (51)
By Young’s inequality we have
11 41-2re)(A -1 tomA?
Y Gletg < MR =D o o o 1 . (52)

R = A2 4R2(1 - re)(n - 1)

Page9of 16
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Let

Ey = Qty + 1 + it*ty, where i* = —*1foPee—k

ni
Ez = Z)Lkzém% + E(kz + k3)2,

)»T)kz

Ey = +29(1 = Aée)(m — Dy + 2nks(h = 1) + 3nia/nks + 5" (3 = 2)1

2e
+pni* A + uF (L - 1)

and E = pii*(nh — A + 1).
By Young'’s inequality we have

(fohyr)*
4

3 1 1
Men2GlEP Y < + 13 Gi&1.

Using (52) and (53) in (51) we get

2(1-%e) , 28(1-re)(A-17 , , tomA*c;

0> G
S VR puY 1917 a1 = Ae)(k n¢

—tOEz Eotg& G1 + Engz +ptoljl*G2 - (3)\ — 2)p1/l tOG G2 El %_2
By Young’s inequality, we have

(Br = 2P*(@*)’t3

t ~
(3% - 2)pit* t0G2$1 )G 52 < v 0G,& + 12Gy6, .

Using (55) in (54) and updating Ey, E; and E; we obtain

2(1-re) , 251 —re)(h— 1)
0= mA2? G+ mA?

—E()t(%%_l G1 +pt()ljl*G2.

£2G? —E1G, - t2E,

Applying Young’s inequality on the term Et3£,G; we find

EXt3m)? 5 22621 = re)(h - 1)2

Eot’£,G +
ol LS A reoGo1p T MA2

Using (57) in (56) we infer

2(1 re)

Py E1 G1 - tOEg +pt0u G2

Similarly, using (35) and (37), we can deduce

2(1 - e
0 g E1G2 - t()EZ + qtov Gl,
mA?

or equivalently

21-2e) )
0> W E1 G1 (thz +ptou* G2) ’

-EG;

(53)

(54)

(55)

(56)

(57)

(58)

(59)

(60)

Page 10 of 16
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2(1 - )»6)
0 e — El Gz - <t0E2 + qtol/*Gl) (61)
mA?

where the terms E;, Eq, E2Es, E, Eo are defined as follows

= Qt()+1—b_t*t0

El = Qt() +1- 1_/*lf0,

1 mA*E}
Ey = 2kgert + Py 1 k) + a2y s B0
2= oy + 5 o+ ke)” 4 OV oG, 1
m)\zfg

- nA 1
Ey = 20koemt? 4 e (hy + ks) 4 22y 4 ——— e O
2= 2rhem+ g (ot ko) Y S o012

Ank
Eg= i 2n(1 = Ae)(m — Dk + 2nk3(h — 1) + 3ni/nky

2€
+BA =i n + pnur +ut(n-1)+1,
~ )ﬂ’]kz
Ey= = = +20(1 = he)om ~ Dy + 20ks (.~ 1) + 3ni/nky
€

+BAL =2V n + pnv* A+ vV (n—-1) + 1.

For any a > 0 and b, ¢ > 0 the equation ax? — bx — ¢ < 0 implies x < 2 + \/E Hence from
(60) and (61), we get

G, < "E M2 RE 4 ptoinGa) 62)
+ ploit, Gy),
LS 90 a0 TV 2T m e 072 H Pl
mA2E, MA2 -
G 2E, + ptov, Gy). 63
2_2(1 7O \/2(1_)&)(0 2 + plov.G1) (63)

Using an elementary inequality ./x+y < /x + ,/y for nonnegative ¥, y, in (62) and (63)
we obtain

mI2E; mA2 ) mA2 _
1< + t5Ey + || ————ptoit, Gy, (64)
2(1 = he) 2(1 - Xe) 2(1 = Xe)
AE A2 22
Gy < " ! + " thz + m—qt()l_/*Gl. (65)
2(1 — he) 2(1 - he) 2(1 — he)

Applying Young’s inequality in (64) and (65), we get
AE ME, 1 (m\ptoia,
Glfm Ly e 02+_mpou +Gy
2(1 - Ae€) 2(1-A€) 4\ 2(1-27re)
- mA2E; N mAE, 1 (m)Pptois, mA2E,
+— +
“21-xe) V20 -re) 4\20-1re) /) 20-re)

mA2t2E, N mA2 ptov*\/f
20— 2e) "\ 2(0-2e)

2mA? - 4| ma
Sm(fl‘FEl) 3 21— )L)(\/Eiz"' Ez)
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mA\2ptoit,

+ 20 o) (66)

Again, using Young’s inequality in (65) and using (66) we have
AE AM2E, 1 [ mAptyv, 2mA? .
Gy < mh o, MRt 2 (TPRE) | 2T (E1+E1)
20—2re) V20-ne) 4a\21-2re)) 30-1re)
4 | mrt: - mA2ptoii,
— | ——KE E _— 67
"3y 20 e VERIVE Y ST 67)
Setting

4 | mA? - mA\2pit,
Dy=c |———E+E)+ ———,
3\ 2(1 - 2e) 2(1 — ke)
. mir (4 7 /- mAZp 1
Di= |\ svE+gVE )+ s |t ),
! \/2(1—Ae)<3 2% 3 2>+2(1—)\e)<u+4")

(66) and (67) reduces to

2mi2 T
G1 = 3050 E1 + E1) + oDy, (68)

2m»? 77 7
G, < B(Irrile)(El + ZEl) + toDs.

We have n = 1 whenever d(x,xy, T1) < R. To obtain the result on F;, F,, we put n = 1 and
thus

_ Fi(x,T1) - G1(x0, o) - 2mA?

< (Ey + Ey) + Dy,
(x,T7) Tl Tl 3T1(1 - )\6) ! ! 1

IVull* = A(u; + it)

_BET) _ Gt) _ 2md

VI = A(ve +7) <
*,T1) Tl Tl 3T1(1 —)\.6)

7 ~ -
(El + EEI) +D1.

The rest of the proof is clear as T; is chosen arbitrarily. O

The above theorem gives the local Li—Yau-type gradient estimation. The following

Corollary gives the global Li—Yau-type gradient estimation.

Corollary 1 Ifky, ky, ks, ks are positive constants such that
Ricg"” > —(m - 1)kig, —kog < S < ksg, |VS| < ky

on M x [0, T] and (f, h) is a positive solution to the system (3) along the flow (2), then for

any > >1and € € (0, %) we have

(2coky + @ + ) + Dy, (69)

ISP (f gy A2 22
72 = 3t(1-re)  3(1-he)

IVh|? /A 4mA? 2mA? (11 7. 2
—a = =) < ok + 6+ =V ) + Dy, (70
2 n ) S 5d T T aa e (g ek B gV )+ Dy (70)
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b 4 mA2 £ % mA\2pit,

l—g m(z*' 2)+m;

2 4 1_
Pr=yaaie Ae)( Vs ﬁ) 21 - x)( +7LV*>’

mA2E3

8(1 - re)(A —1)2’
mA2ER

8(1 - re)(A —1)2’

o ni 1
Ey = 20keM? + 2—(/<2 +k3)* + Exzrf +
€

E2 = 20kpeM? + —(k2 +k3)? + AZFZ

k
Eo = ;7 2 L 25(1 = Ae)(m — Dky + 2nks(h — 1) + 3n2/1iky
€

+(BA =)' n + pnu A+ ut(n-1)+1,

.k
E - ;762 (1 = re)(m — k1 + 2nks(h — 1) + 3ni/nky

+BL =2V n + pnv* A+ vV (n-1)+1,
—% _ A t+pra—K1 _

u* =—e = —U,,

1—/* — _eX2t+qK1—K2 — _1—)*'

Proof Taking R — oo in (24), (25) and using the global bounds of |V¢||, [ V¢;|| we have
(69) and (70), respectively. a

Theorem 2 (Harnack-type inequality) Ifki, ko, ks, ks are positive constants such that
Ricy™ > ~(m - Dkig, ~kog <S < kag, VS| < ks

on M and (f,h) is a positive solution to (3) along (2), then we have the Harnack-type in-

equality given by
fOns1) s N
1,81 —L€
e ’ 71
FOmsa) — ( ) exp {C[O’l 51), (92,82)] + /S; th} 71)
hy1,s1) D .
1,81 S92 —A€ ~
<| — ) ) s dt , 79
h(ya,82) ~ (51) exp {C[O’l 51); (92, 82)] +/S1 Q } (72)
where
_ 2mA B B D
Q:u*+M(2C2k2+M*+V*)+ Tl’
Q=" 2mh 1 k 7.\ . D
- 3(1 A€) 2 o +iU" i Ry

A 2
and C[(y1,51), (¥2,82)] = 1 sup / IV @®)|%dt, the supremum is taken over all possible curves
v S1

joining (y1,51), (¥2,82) over M.
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Proof Let (y1,51), ¥2,52) € M x (0, T] be two points such that s; < s,. Choose a geodesic
path v : [s1,52] — M satisfying v(s;) = y1, v(s2) = ¥,. Hence for f = %, h = ", we have from
Corollary 1

_/sz %u(v(t), t)dt

$1

s s
= —/ atudt—/ (Vu,V'(t))dt
s1 51

82 2
5—/ (”V;” +(Vu,v/(t))) dt

4m
3(1 e )ln(s )+/ Qdt, (73)

u(y1,s1) — u(y2,82)

and

2
v(y1,51) — V(y2,82) = —/ d_tv(v(t)’ tdt

$1

s $9
= —/ Btvdt—/ (Vv,V'(8))dt
s1 s1
$2 v 2
< —/ <” VI dt + (Vv, \/(t))) dt
81 )\'

4mh 2
m 1Il(s1 ) + ‘/51 th. (74')

We know that —ax? — bx < b . Setting x = Vu, a = %, b =V'(t) we deduce

2 / 2
Vel W), Vi) < ?»IIVit)II ‘ (75)

Similarly, puttingx = Vva = 1, b= v'(t) we get

2 / 2
IV, 9y < MO, 6)

Combining (75) and (73) we get

A [ dmh s 52
u(y1,81) — u(y2,82) < Zf V' (&)ldt + m 1n(ﬁ) + /s; Qdt.

s1
Taking supremum on the right-hand side of the above equation over all possible curves v,
joining (y1,81), (¥2,s2) we find

u(y1,81) — u(y2,82) < Cl(y1,81), 2, 82) + ——— 111(5 )+ / Qdt.

4m
3(1- )L)

Taking exponent on both sides by putting u = Inf, v = In s we get (71). In similar way, using
(76) and (74) we get

A2
v(y1,51) = V(y2,82) < Z/ W@ Pdt + ————— 1n(s )+/ Qdt.
1

51

3(1 A)
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Again, taking supremum on the right-hand side just like before, we derive

4dm 52
VO $1) = V(32,52) < CLOL, 51 (72 52)] + ﬁln(‘:—jn f Qe

Taking exponent on both sides after putting u = Inf, v = In &1, we get (72). This completes
the proof. d

4 Concluding remark

In this paper, we have presented a detailed work on finding certain bounds for the
2

quantities ”j{;” -X (]]iﬁ - e’“‘hp> and uvh# -X (hh—‘ - e’\ztfq> on a smooth measure space

(M",g,e~?du), evolving along the geometric flow (2), where p, g, A1, A, are positive con-

stants, A > 1 is a real number and (f, 4) is a positive solution to the system (3) along (2).
We have also derived a Harnack-type inequality given by (71) and (72), which provides
information about the amount of heat located in two different places of the manifold in
two different time. As future work, we suggest to extend this method of deriving gradient
estimates for single as well as for system of heat type equations to space-times. As future

work, one can extend these results to heat equations on Finsler manifold (see [1]).
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