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Abstract

Recently, some new sequence spaces ED(QL“) (0 < p<00), oA%), c(RA%), and £, (”A*)
have been studied by Yaying et al. (Forum Math., 2024, https://doi.org/10.1515/forum-
2023-0138) as matrix domains of A%* = (a‘;{v), where

VCt
i, =) gy - vI™
0 , vim,

and p®(m) := sum of the a power of the positive divisors of m € N. They obtained
their duals, matrix transformations and associated compact matrix operators for these
matrix classes.

This article deals with some geometric properties of these sequence spaces.

Mathematics Subject Classification: 46A45; 46B45; 40C05; 47B07; 47B37

Keywords: Arithmetic divisor sum function; Sequence spaces; Geometric properties

1 Introduction

We recall some known arithmetic functions [1, 16]:

d(m) = Z 1, (Divisor function)

vjm

p(m) = Z v, (Divisor sum function)

vjm

p@(m) = Z v*, (Divisor sum function of order «)

vjm

1 ) m=1,
pum) =1 (-1)° , m=pips--- Py (Mo6bius function)
0 , p*m,forany prime p,
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v
p(m) =m Z %), (Euler’s totient function)

vlm

J(m)=m" Z %, (Jordan’s totient function),

vlm

where m €N and p, denote successive prime numbers.

Lemma 1.1 [16] For any m € N, f(m) = >, e(v) iff gm) = meﬂ(")g(%) =
Zulm M (%)g(n)

We highlight some of the interesting properties of p@(m) (see [1]):
(@) p@@mn) = p@(m)p®(n).
(b) By Lemma 1.1,

pOmy =Y viffme =3 u (%) P (v). (1.1)

v|m vim

(c) For any prime p,

pa(m—l)
p(a)(pn) — pa _1 , o #0;
v+l , a=0.

In general, if m = pll(1 pIZQ P, then

(k1 +1) a(ky+1) o (ky+1)

p .p ---p
pP-1 pr-1  pr-1

p@(m) =

For o = 0, p@(m) = p@(m) = d(m). For o = 1, p®(m) = pP(m) = p(m).

We write w for the set of all real or complex valued sequeces. We further denote by
£, (1 < p < 00) the set of all p-absolutely summable sequences, £, for all bounded se-
quences, ¢, for all convergent to zero sequences), and ¢ for all convergent sequences [14].

Let A = (a,5) be an infinite matrix and A, denotes its " row. Then, we term the sequence
Ax = {(Ax),} = {Z::o a,sxs} as the A-transform of the sequence x = (x;). Let X and Y be any
two sequence spaces. We say that A defines a matrix mapping from X to Y if for each x € X,
Ax € Y. We use the notation (X, Y) to denote the family of all matrix mappings such that
X — Y. Further, for any sequence space X, the set X4 that contains all the sequences whose
A-transforms belong to X is called as the domain of Ain X, i.e., Xp = {x € 0 : Ax € X}. For
different matrix domains in classical sequence spaces, one can refer to [2, 8—11, 15].

Recently, Yaying et al. [22] defined the following sequence spaces via p®(n):

AN = {r=@) cw: AT e},
co%):= {r=(y) ew: A € ¢o},
c®@A*):= =) ew: A ec},

Loo(@A*):= {t=@) ew: A e loo),
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where the matrix 2% = (@ , )n,ven is

UO[
) 0 n;
dyy =1 P90 |
0 , ofn
That is
B 1 0 0 0 0 ]
1¢ 2%
0 0 0
1% 4 2¢ 1 4+ 2¢
30[
1@ 4 3¢ 0 1¢ + 3« 0 0
AT = i 2 * 4¢
0 _ 0
19 + 2% + 4% 1% + 2% 4+ 4¢ 1% + 29 + 4«
1¢ 5%
0 0 0
1% +5¢ 19 +5¢

Since A* is a triangle, its unique inverse by (1.1) is (A*)~" = (a;5,), where

1(2)p )
o —=— , v]n,
ﬂn,t): nO(

0 , bin

20“-transform of a sequence r = (ry) is given by n = (1)

Mo = @D =Y %xv (neN). (1.2)
vln

The relation (1.2) is represented by

1(2)p )

M ne (n € N).
n

tm= (@), =)

vjn

The readers are suggested to consult the papers [18—20] for more insights into sequence
spaces that are constructed by using arithmetic functions. Clearly X (%) = Xg«, where

X =4p,co,c, or Le.

Remark 1.2 For a = 1, £,(A%), co(A%), c(A¥) and £,,(A%) reduce to the spaces defined in
[21].

Theorem 1.3 We have
(1) co(A), c(RA*), Loo(RA*) are BK -spaces with the norm

ULY

—_ o — —
Iellencaey = 1278l = 8P| D —5esol

neN oln

Page 3 of 10
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(2) £, < p < 00) is a BK-space with the norm

p1ip

o0 o
14
—_ o = —_—
Ielepce = 1All, = | YD o <00

n=0 | vn

In this paper, we study some geometric properties of these sequence spaces.

2 Geometric properties
We recall some geometric properties to study in our case. For Banach spaces A and p, let
L : ) — p be alinear operator. We denote B(A, ) and C(A, i) for the spaces of bounded
linear operators and compact linear operators, respectively.

L is weakly compact [13, Definition 3.5.1] if L(Q) is a relatively weakly compact subset
of u whenever Q is a bounded subset of A.

Approximation property [13, Definition 3.4.26] is possesed by A if the set of finite rank
members of B(u, 1) is dense in C(u, A) for any .

A Banach space is said to have the approximation property (AP), if every compact op-
erator is a limit of finite-rank operators.

The approximation property is satisfied by the space £, (1 < p < 00) (see [13]).

The Dunford—Pettis property (in short, D-P property) is possessed by A if every con-
tinuous weakly compact operator L : A — u transforms weakly compact sets in A into a
compact sets in ¢ (such operators are called completely continuous).

Theorem 2.1 [17] Let Ly € B(v,£x). Then, the operator Ly may be extended to L €
B(), L) with || Lol| = ||L||, where v is a linear subspace of A. In this case, £, is said to have

Hahn—Banach extension property.
Let
Sy={ser:|s||=1}.

A normed space A is said to be rotund (or strictly convex) [13, Definition 5.1.1] if for any

51,82 €8, (s1#sx)and 0 < <1,
[lasy + (1 —a)so]| < 1.
A normed space A is rotund [13] iff
2]

for any 1,52 € Sy (s1 7 52).

Proposition 2.2 [13, Proposition 5.1.9] Any normed space that is isometrically isomorphic

to a rotund space is also rotund.

Let X be a Banach space.
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If every bounded sequence (§,) in X has a subsequence (x,) such that the sequence

{tx(x)} converges in the norm, then X has the Banach—Saks property [15], where

1
{t:()) = —=(o+x1+---) (€N).
i+1
If any weakly null sequence (&,) in X has a subsequence (x;) such that {¢;(x)} is strongly

convergent to zero, then X has the weak Banach—Saks property.

The following coefficient is provided by Garcia-Falset [4],
R(X) = Sllp{rliﬂolc inf [|&, - & : (§,) C D(X),§, — §(w), § € DX},
where D(X) represents X’s unit ball.

Remark 2.3 X has weak fixed point characteristics when R(X) < 2 [5].

For 1 < p < 0o, the property (BS),, also known as Banach—Saks type p, is that if a subse-

quence (&) of every weakly null sequence (&) satisfies

<Q.(u+ 1)117

Z Ek[
1=0

for each Q > 0 and for all # € N ([12]).
The Gurarii’s modulus of convexity (see [6, 7]) is defined by

ﬁx(e):inf{1—OiI{glfl||8x+(1—8)y||;x,yeSx,||x—y|| :e},

where 0 < € <2, and Sy denotes the unit sphere in X.

Most recently such properties are studied in [3].

3 Main results

Here we study such geometric properties for our sequence spaces.
Theorem 3.1 The approximation property is possessed by the space £,(*) for 1 < p < oo.

Proof Let L € C(A,£,(2*)) for any Banach space A. It follows that for each bounded se-
quence s = (s,) € A, the sequence (Ls,) has a convergent sub-sequence (Ls,,v) in £,(A%),

ie.,

p

—0
p

||Lsnu —Ls,,

[l?p(Q[a) = ||L (S”u - SV’V) ||IL;(QLO‘) = “ (QLQL) (S”u - S”v)

as u, v — oo. Then, A*L € C(A,£,). Since £, possesses the approximation property, there

exists a sequence T}, € B(%,{,) of finite rank operators such that

IUA“L = T, || — 0.
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Consequently, the sequence ((Ql"‘)’lT,,) € B(A, £,(R1%)) is the required sequence of finite

rank. Also
IL- @y 'T,| = sup | (L =@ T)sl, e
sll=
= sup |[Ls— () T) ][} o
lIsll=1 3
= sup [A°Ls— Tys|”
lIsll=1 !
= sup [|QA“L—T,)sl,
lIsll=1
— 0asn— oo.
This completes the proof. -

Theorem 3.2 The D-P property is possessed by the space £1(2(%).

Proof Suppose that L: £1 (%) — A is a weakly compact operator. Then, L{2(*}™!: £; — A is
a bounded linear operator. Let B C £; be bounded. Then, it follows that {(*}"1B C £;(A%)
is bounded. It follows that the set

L({A“}y'B) = (L{A*}") B

is relatively weakly compact in A, since L is weakly compact. Therefore, L{A*}7: ¢; — A is
aweakly compact operator. Now, the operator L{2*}~! is completely continuous, since the
space £; has the D-P property. Suppose that Q is a weakly compact subset of £1(2(%). Then,
20%Q is a weakly compact subset of £;. Therefore, L{2A*}1(A*)(Q) = L(Q) is a compact
set in u, since L{/A*}~! is completely continuous. Hence, L is completely continuous as
required. g

Theorem 3.3 The space {.,(2*) has the Hahn—Banach extension property.

Proof Let v be a linear subspace of a Banach space A and Ly € B(v, £, (2*)). Then, AL, €
B(v,£). Then the operator %L, can be extended to T € B(A, €y) with ||A“Lo|| = | T||,
since by Theorem 2.1 £, has the Hahn—Banach extension property. Choose the operator
L ={A}"1T. Then, L € B(A, £5(2%)). Also, we observe that

Ls= ({2°)7'T) s = {2} (Ts) = {A°} " (ALo)s) = Los.
for any s € v. Additionally

LI = {2} T|| = {2} (QA“Lo) || = I Loll,
as desired. O

Theorem 3.4 The space £,(2*) (1 < p < 00) is rotund.

Proof Since £, (1 < p < 00) is a rotund, using Proposition 2.2 we get the result. O
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Theorem 3.5 The spaces £1(4%) and € (A*) are not rotund.

Proof Choose a,, b, € £1(2*) given by

1) + (1 + 29 (3) :
, Viseven
a, = V(‘){/) and
e , visodd,
VO(
pn() = (1 +2)u (%) .
- v"‘ , viseven
L=
“) , visodd,
VO(

for all v e N. Then, 2%z = (1,1,0,0,...) € £, and A%b = (1,-1,0,0,...) € £,. It follows that
"ﬂ”eﬂg{a) =1and ”b”[l(ma) =1. Thatis ﬂ,b € Sgl(gla).

Lets= %. Then, A%*s = {M}. Thus,
V(X

lIslle, ey = 1A sllg, = 1.
Hence, we see that

||S||e1(210t) %1

Therefore, the space £1(2*) is not rotund. Similarly, non-rotundness of £ (2(%) can be

proved. O

Theorem 3.6 The space £,(2*) (1 < p < 00) has the property (BS),.

[ee]

1
Proof For a positive number sequence (¢,) such that Z € < B and a weakly null sequence

r=1

(&) € B(£,(A%)). Put xo = & =0 and x; =&, = &;. Therefore, there exists v; € N such that

[o¢]

> xtke®

k=v1+1

<€7.
Lp(AY)

There is an r, € N such that

<€y,
Lp(RAY)

> & k)e®
k=0

when r > ry, since (&,) is a weakly null sequence, then &, — 0 coordinatewise. Set x3 = &,,.

Therefore there exists an r, > r; such that

o]

> xalke®

k=vy+1

< €g.
Lp(AX)
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By using &, — 0 coordinatewise, there exists r3 > r; such that

< €y,

> E ke
k=0

£p(AY)

when r > rs.
By following this procedure, two increasing subsequences (v;) and () can be obtained
such that

< €q,
Lp(A%)

> & (k)e®
k=0

for each r > r,,1 and

o]

D xoe®

k=vg+1

< €y

£p(AY)
where x, = &,,. Thus

r
D Xe

a=0

(p(A)

Va-1 vj

i D xulb)e®+ Y xalk)e® + i Xa(K)e®
k=0

a=0 k=vy_1+1 k=vg+1

£p(A)

r Vo

DY elbe®

a=0 \ k=vy_1+1

r
+2 Z €y
EP(QW) a=0

IA

However, we see that ||§[|¢,(2) < 1. Thus, we have

r Vo

Yol D xaloe®

a=0 \ k=vy_1+1

<(r+1).
£p(A%)

So, we have

p 1
<(r+1)r.

er Z Xa(k)e®

a=0 k=vy_1+1

£p(AY)

By using 1 <(r + 1)% forallr e Nand 1 < p < 0o, we have

1 1
<@F+1PF +1<2r+1)r.

r
3 e
a=0

£p(2A)
Therefore, £,(2*) has Banach—Saks type p. O

Remark 3.7 The space £,(2) is linearly isomorphic to £, and R(€, (%)) = R(¢,) = 2%.
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Theorem 3.8 The space £,(A*) (1 < p < 00) has weak fixed-point property.
Proof The proof is straightforward and follows from Remark 2.3 and 3.7. O

Theorem 3.9 The Gurarii's modulus of convexity for £,(2%) (p > 1) is

5 P 1/p
Be,aey(8) <1 - <1 - (§> ) )

where 0 < 6§ < 2.

Proof Let p €£,(2A%). Then

p 1p
ad v
ay = Q[a = BRZYRN
lelleyce) = 1205, Z Z p(a)(n)x"

n=0 | v|n

For 0 <8 <2, define

— ay-1 LAY 1 ay-1 8
x—({m} (1—(5)) 2 (5),0,0,0,...

and

1/p
y= ({91"}‘1 (1 - (g)p) RD/C e <—%> ,o,o,o,...).

Then, [|2°ll,, = I|%[l¢,(2e) = 1 and |2y ¢, = Il = 1. That is, x,y € S(£,(2A%)) and
|2 — Ql“y“@p = [lx = yll¢pae) = 8. For0 <8 <1,

loex + (1 —oz)y||’£p(ma) = (|2 + (1 O‘)Qlayllfp
8\? 5\7
:1-(—) + 20 — 1] (_) ‘
2 2
Hence
i » 8\
o;‘g; llozx + (1 = o)yl ey = 1 = (§> ‘

That is, forp > 1,

p\ Up
Beyuey(8) <1 - <1 - (g) ) )

Hence proved. d

Corollary 3.10 (i) If § = 2, then By,qu«)(8) = 1. So, £,(U%) is strictly convex. (ii) If0 < § <2,
then 0 < By, e)(8) < 1. So, £,(A%) is uniformly convex.
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