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Abstract
In this article, we introduce the structure of a new extended cone b-metric-like space
over a Banach algebra. In this generalized space, we define the notion of generalized
Reich-type mappings and prove a fixed point result. We also prove a fixed point result
using α∗ –ψ multivalued contraction and provide some of its consequences. Finally,
we furnish with applications to establish the validity of our results.
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1 Introduction
In 2007, Huang and Zhang [1] reinitiated the concept of a cone metric space over a Banach
space as the generalization of metric spaces. They used an ordered Banach spaceA instead
of R as the range set of metric d, that is, they used d : X ×X →A. They proved some fixed
point results, including the Banach Contraction principle. After that, many researchers
published many articles involving a cone b-metric. For more details, see [2, 3].

Later in 2016, Huang and Radenović [4] extended the idea of a cone metric space over
Banach algebras to cone b-metric spaces over Banach algebras. They proved Banach and
Kannan-type theorems for such spaces.

Recently, Du [5] noted that fixed point theorems in generalized cone metric spaces and
in usual metric spaces are equivalent. In particular, the author proved that the celebrated
fixed-point theorems of Banach, Kannan and Chatterjea in both topological vector spaces
and cone metric can be derived easily from the usual metric space set-up, by a simple
manipulation, namely, using a scalarization function.

Very recently, Liu and Xu [6] introduced a cone metric space over a Banach algebra
and defined generalized Lipschitz mappings where the contractive coefficient is a vector
instead of the usual real constant. They proved the existence of fixed points in such settings
under the conditions that the underlying cones are normal cones. Furthermore, they gave
an example to explain that the fixed point theorems in cone metric spaces over Banach
algebras are not equivalent to those in metric spaces. Subsequently, Liu and Xu [6] and
Huang and Radenović [4] omitted the normality of cones by using c-sequences.
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In 1993, Czerwik [7] introduced the notion of a b-metric space by replacing the trian-
gular property of a metric space. Later in 2017, Kamran et al. [8] further extended the
concept of b-metric spaces by introducing extended b-metric spaces. They introduced a
function θ : X × X → [1,∞) instead of b in the triangular inequality. They established a
Banach-like contraction and proved some fixed-point results in such spaces. This shows
that the class of such spaces is much more larger than the class of b-metric spaces and the
class of metric spaces.

In 2017, Fernandez et al. [9] proposed cone b-metric-like spaces over Banach algebra,
as a generalization of b-metric-like spaces and investigated the fixed point of generalized
contractions and expansive mapping in the setting of cone b-metric-like spaces over Ba-
nach algebras with a nonnormal cone.

In 1971, Reich [10] introduced a new type of contraction which we call Reich contrac-
tion. It generalizes the two eminent contractions (i.e., Banach contraction and Kannan
contraction). On the other hand, Samet et al. [11] in 2012 initiated the idea of α-admissible
mappings in metric spaces. Recently, in 2015 and 2017, Malhotra et al. [12] used the idea
of α-admissibility in cone metric spaces by using Banach algebras and proved Banach and
Kannan type theorems. Later in 2017, Hussain et al. [13] used the concept of α-admissible
mapping in cone b-metric spaces over Banach algebras and proved the Banach type results
for such spaces.

Recently, Ullah et al. [14] presented the definition of an extended cone b-metric space
over a Banach algebra and then proved some related fixed point results. Inspired by the
concept of a new extended b-metric space and a cone b-metric-like space, we will here de-
fine a generalized space called a new extended cone b-metric-like space which generalizes
many spaces.

Nadler [15] extended the Banach contraction principle from single-valued to multival-
ued contraction maps, considering the metric defined on closed and bounded subsets of a
nonempty set M. Moreover, by changing the wide structure of underlying space, the fixed-
point theory is widespread by introducing the notions of a b-metric space [16], a b-metric-
like space [17], a partial metric space [18], a quasi b-metric space [19, 20], a cone rectangu-
lar metric space [21], new extended b-metric space [22], cone metric spaces [23, 24], cone
b-metric spaces [25], extended b-metric spaces [26]. Some useful applications related to
partial differential equations and fractional derivatives are presented in [27],[28] and [29].
In 2012, Samet et al. [30] introduced the notion of α – ψ-contractive type mappings. Re-
cently, Asl et al. [31] introduced the notion of α∗ – ψ-contractive mappings to extend the
notion α – ψ– contractive mappings. Mehmood and Ahmad [32] generalized the result
of [31] and obtained some fixed point results in cone metric spaces.

In this work, we initiate the setting of a new extended cone b-metric-like space over a
Banach algebra and proved fixed point results for single valued mappings. We also ob-
tain some fixed points results involving multi-valued mappings generalizing the result of
Mehmood and Ahmad [32] in the context of new extended cone b-metric-like space over
a Banach algebra. We also present some illustrated examples and applications.

2 Preliminaries
We need the following definitions and results, in the sequel.

Let A be a real Banach algebra. That is, A is a real Banach space in which an operation
of multiplication is defined, subject to the following properties: (∀x, y, z ∈ A and α ∈R)
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(1) (xy)z = x(yz),
(2) x(y + z) = xy + yz and (x + y)z = xz + yz,
(3) α(xy) = (αx)y = x(αy),
(4) ‖xy‖ ≤ ‖x‖‖y‖.
Here, we will assume that a Banach algebra has a unit e such that ex = xe = e, for unit e

and for all x ∈ A. An element x ∈ A is said to be invertible if there is an inverse element
y ∈ A such that xy = yx = e.

We have the following proposition.

Proposition 2.1 [24] Let A be a real Banach algebra with unit e and x ∈A. If the spectral
radius verifies

r(x) = lim
n→∞‖xn‖ 1

n = inf
n≥1

‖xn‖ 1
n < 1,

then e – x is invertible. Actually, we have

(e – x)–1 =
∞∑

i=0

xi.

Let A be a real Banach algebra and θ be its zero element. A subset K of A is called a cone
if

(1) K is non-empty closed;
(2) αK + βK ⊂K, for all non-negative real numbers α, β ;
(3) K2 = K∩K ⊂K;
(4) K∩ (–K) = θ .
If the interior of K, denoted by intK, is nonempty, then the cone K is called a solid cone.
For a given cone K ⊂A, we can define a partial ordering � with respect to K by x � y if

and only if y – x ∈K. Here, x < y will stand for y – x ∈ intK.
We define another partial order 
 on A by x 
 y iff x – y ∈ intK.
The cone K is called normal if there is a number M > 0 such that for all x, y ∈K,
θ ≤ x ≤ y �⇒ ‖x‖ ≤ M‖y‖. The least positive number satisfying the above is called the

normal constant of K.
A complex number λ ∈C is said to be spectral value of x ∈ A, if x – λe is non-invertible

in A. The set of spectral values of x ∈ A, denoted by σ (x), is called the spectrum of x. The
spectral radius r(x) is defined as r(x) = sup{|λ| : λ ∈ σ (x)}.

Lemma 2.2 [33] Let A be a real Banach algebra and x, y ∈ A. If x and y commute, then
1. r(x + y) = r(x) + r(y),
2. r(xy) = r(x)r(y).

Definition 2.3 [24] Let A be a real Banach algebra with a solid cone K. A c-sequence is a
sequence {xi} in K such that for every c ∈ A with c � θ , there exists n ∈N such that xi 
 c,
for all i > n.

Lemma 2.4 [4] Let α,β ∈K be any two arbitrary vectors and {an}, {bn} be two c-sequences
in a solid cone K of a Banach algebra A. Then, {αan + βbn} is a c-sequence.



Shereen et al. Journal of Inequalities and Applications        (2024) 2024:129 Page 4 of 24

Definition 2.5 Let X be a nonempty set and A be a Banach algebra. Suppose that a map-
ping d : X × X →A satisfies for all x, y, z ∈ X:

(1) θ � d(x, y) and d(x, y) = θ iff x = y
(2) d(x, y) = d(y, x),
(3) d(x, z) � d(x, y) + d(y, z).
Then, d is called a cone metric on X and (X, d) is called cone metric space over Banach

algebra.

The notion of a b-metric space was considered by Bakhtin and Czerwik [7] as a gener-
alization of a metric space.

Definition 2.6 Let X be a nonempty set and let b ≥ 1 be a given real number. A function
d : X × X → [0,∞) is called a b-metric if the following conditions are satisfied for all
x, y, z ∈ X:

(1): 0 ≤ d(x, y) and d(x, y) = 0 iff x = y,
(2): d(x, y) = d(y, x),
(3): d(x, z) ≤ b[d(x, y) + d(y, z)].
Then d is called a b-metric on X and (X, d) is called a b-metric space.

Definition 2.7 [4] Let X be a nonempty set, b ≥ 1 and A be a Banach algebra. Suppose
that a mapping d : X × X →A satisfies for all x, y, z ∈ X:

(1): θ � d(x, y) and d(x, y) = θ iff x = y;
(2): d(x, y) = d(y, x);
(3): d(x, z) � b[d(x, y) + d(y, z)].
Then, d is called a cone b-metric on X and (X, d) is called a cone b-metric space over a

Banach algebra.

Remark 2.8 If b = 1, then we say that d is a cone metric over a Banach algebra A. So, we
can say that a cone b-metric is the generalization of a cone metric.

Example 2.9 Consider the Banach algebra A = C[0, 1] with unit element e(t) = 1 and
supremum norm, where multiplication is defined pointwise as (xy)(t) = x(t)y(t). Let X = R

and K = {x ∈ A : x(t) > 0;∀t ∈ [0, 1]}. Define d : X × X →A by

d(x, y)(t) = ‖x – y‖p
∞et

for all x, y ∈ X, where p > 1 is a constant then (X, d) is a cone b-metric space over Banach
algebra with coefficient s = 2p–1, but it is not a cone metric space over Banach algebra.

Definition 2.10 [22] Let X be a nonempty set, θ be a function defined as θ : X × X ×
X → [1,∞). A new extended b-metric is a function d : X × X → [0,∞) such that for all
x, y, z ∈ X:

(E1) d(x, y) ≥ 0,
(E2) d(x, y) = 0 ⇔ x = y,
(E3) d(x, y) = d(y, x),
(E4) d(x, z) ≤ θ (x, y, z)[d(x, y) + d(y, z)].
The pair (X, d) is called a new extended b-metric space.
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Recently, Ullah at el. [14] introduced an extended cone b-metric space over a real Banach
algebra as follows:

Definition 2.11 Let X be a nonempty set, A be a Banach algebra and φ : X × X → [1,∞)

be a given function. Suppose that a mapping d : X × X → A satisfies for all x, y, z ∈ X:
(1) θ � d(x, y) and d(x, y) = θ iff x = y,
(2) d(x, y) = d(y, x),
(3) d(x, z) � φ(x, z)[d(x, y) + d(y, z)].
Then d is called an extended cone b-metric on X and (X, d) is called an extended cone

b-metric space over Banach algebra.

We recall the definition of generalized α-admissible, α-regular, and generalized Reich-
type mappings in the setting of extended cone b-metric spaces over a Banach algebra.

Definition 2.12 [14] Let (X, d) be an extended cone b-metric space over A with K an
underlying solid cone. Given α : X × X → [0,∞). Let T : X → X be a mapping.

(1) T is said to be a generalized α-admissible mapping if for x, y ∈ X, α(x, y) ≥ φ(x, y), we
have α(Tx, Ty) ≥ φ(Tx, Ty).

(2) (X, d) is said to be α-regular if for any sequence {xn} ∈ X with α(xn, xn+1) ≥ φ(xn, xn+1)

for all n ∈N and xn → x, we have α(xn, x) ≥ φ(xn, x).

Definition 2.13 [14] Let A be a Banach algebra with underlying solid coneK and (X, d) be
an extended cone b-metric space overA. Given φ : X ×X → [1,∞) and α : X ×X → [0,∞).
Then, the self map T on X is called a generalized Reich-type contraction if there exist
k1, k2, k3 ∈ K such that ∀x, y ∈ X with α(x, y) ≥ φ(x, y), we have

(1) 2φ(x, y)r(k1) + (φ(x, y) + 1)r(k2 + k3) < 2,
(2) d(Tx, Ty) � k1d(x, y) + k2d(x, Tx) + k3d(y, Ty).

3 Main results
Here, we generalize the extended cone b-metric space to a new extended cone b-metric-
like space over a real Banach algebra A. We also extend the generalized Reich-type con-
traction theorem in this space.

First, we define a new extended cone b-metric space.

Definition 3.1 Let X be a nonempty set, A be a Banach algebra and φ : X × X × X →
[1,∞) be a mapping. Suppose that a mapping d : X × X →A satisfies, forall x, y, z ∈ X:

(1): θ � d(x, y) and d(x, y) = θ iff x = y,
(2): d(x, y) = d(y, x),
(3): d(x, z) � φ(x, y, z)[d(x, y) + d(y, z)].
Then d is called a new extended cone b-metric on X and (X, d) is called a new extended

cone b-metric space over a Banach algebra.

Example 3.2 Let A = C[0, 1] be a usual unital Banach algebra with the supremum norm.
Let K = {f ∈ C[0, 1] : f (t) ≥ 0,∀t ∈ [0, 1]} and X = R. Define d : X × X →A by

d(x, y)(t) = (1 + |x| + |y| + |z|)|x – y|pet ,
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for any x, y, z ∈ X and for all t ∈ [0, 1]. Conditions (1) and (2) are clearly satisfied. For (3)
take x, y, z as arbitrary.

d(x, z)(t) = ((1 + |x| + |y| + |z|)|x – z|et

≤ (1 + |x| + |y| + |z|)(|x – y| + |y – z|)et

≤ (1 + |x| + |y| + |z|)(d(x, y)(t) + d(y, z)(t))et

≤ (1 + |x| + |y| + |z|)(d(x, y) + d(y, z))(t),∀t ∈ [0, 1]

Therefore d(x, z) � (1 + |x| + |y| + |z|)(d(x, y) + d(y, z)). Since x, y, z are chosen arbitrarily,
thus d is a new extended coneb-metric space over Banach Algebra with φ(x, y, z) = 1 + |x|+
|y| + |z|, forall x, y, z ∈ X.

Definition 3.3 Let X be a nonempty set, A be a Banach algebra and φ : X × X × X →
[1,∞) be a mapping. Suppose that a mapping d : X × X →A satisfies, for all x, y, z ∈ X:

(1) θ � d(x, y) and d(x, y) = θ �⇒ x = y,
(2) d(x, y) = d(y, x),
(3) d(x, z) � φ(x, y, z)[d(x, y) + d(y, z)].
Then, d is called a new extended cone b-metric-like on X and (X, d) is called a new

extended cone b-metric-like space over a Banach algebra.

Example 3.4 Let A be a real Banach algebra, X = {0} ∪N and p be a positive even integer.
Define a mapping φ : X × X × X → [1, +∞) by

φ(x, y, z) =

{
|x| + |y| + |z| + 1, if x �= y;
1, if x = y.

for all x, y, z ∈ X. Define d : X × X →A by

d(x, y)(t) = |x + y|pet

for all t ∈ [0, 1]. Then, (X, d) is a new extended cone b-metric-like space over Banach alge-
bra. Conditions (1) and (2) are clearly satisfied. Now, to prove (3), we take x ∈ X as arbitrary
and see that

(i) If x = y, then (3) is clear.
(ii) If x �= y, x = z, then

φ(x, y, z)[d(x, z) + d(z, y)](t) = (|x| + |y| + |z| + 1)[|x + z|p + |z + y|p]et .

≥ (|x| + |y| + |z| + 1)|x + y|pet

≥ |x + y|pet

= d(x, y)(t).

(iii) If x �= y, y �= z, z �= x, then

φ(x, y, z)[d(x, z) + d(z, y)](t) = (|x| + |y| + |z| + 1)[|x + z|p + |z + y|p]et .
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≥ (|x| + |y| + |z| + 1)

2
|x + z + z + y|pet

=
(|x| + |y| + |z| + 1)

2
|x + 2z + y|pet

≥ |x + 2z + y|pet

≥ |x + y|pet

= d(x, y)(t).

Example 3.5 Consider the real Banach algebra A = R
2 with solid cone K = {(a, b) ∈ R

2 :
ab ≥ 0}. Let φ : X × X × X → [1,∞) be defined as φ(x, y, z) = x + y + z + 1 for X = {1, 2, 3}.
Also, we define d : X × X → A by

d(1, 2) = d(2, 1) = (80, 80),
d(1, 3) = d(3, 1) = (1000, 1000),
d(2, 3) = d(3, 2) = (600, 600),
d(1, 1) = d(2, 2) = d(3, 3) = (0, 0) = θ .
Clearly, the first two conditions are satisfied. For the third condition, let us consider

φ(1, 3, 2)[d(1, 3) + d(3, 2)] – d(1, 2)

= 7[(1000, 1000) + (600, 600)] – (80, 80) = (11120, 11120) ∈K,

φ(1, 2, 3)[d(1, 2) + d(2, 3)] – d(1, 2)

= 7[(80, 80) + (600, 600)] – (1000, 1000) = (3760, 3760) ∈K,

φ(2, 1, 3)[d(2, 1) + d(1, 3)] – d(1, 2)

= 7[(80, 80) + (1100, 1000)] – (600, 600) = (1660, 1660) ∈K.

Therefore, for all x, y, z ∈ X, we have

d(x, z) � φ(x, y, z)[d(x, y) + d(y, z)].

Hence, (X, d) is a new extended cone b-metric -like space over A.

Example 3.6 Consider the Banach Algebra A = C1
R

[0, 1] and cone K = {x ∈ A : x(t) ≥
0,∀t ∈ [0, 1]}. Let φ : X × X × X → [1,∞) be defined as φ(x, y, z) = x + y + z + 1 for
X = {1, 2, 3}. Also we define d : X × X → A by;

d(1, 1)(t) = d(2, 2)(t) = d(3, 3)(t) = 0, d(1, 2)(t) = d(2, 1)(t) = 10et , d(2, 3)(t) = d(3, 2)(t) =
40et , d(1, 3)(t) = d(3, 1)(t) = 80et ,

for all t ∈ [0, 1] then (X, d) is new extended cone b-metric-like space over a Banach al-
gebra but it is not a usual cone metric-like-space over Banach algebra. Since

d(1, 2) + d(2, 3) = 10et + 40et < 80et = d(1, 3).

Remark 3.7 (1) A new extended con b-metric-like space generalizes a new extended cone
b-metric space since a new extended cone b-metric-like space on X satisfies all of the
conditions of a new extended cone b-metric space, except that d((x, x) need not be θ for
x ∈ X.
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(2) If φ(x, y, z) = φ(x, z) then a new extended cone b-metric-like space over Banach alge-
bra reduces to an extended con b-metric-like space over Banach algebra,

(3) If φ(x, z) = b ≥ 1, then an extended cone b-metric-like space over a Banach algebra
reduces to a cone b-metric-like space over a Banach algebra.

Remark 3.8 In general, a new extended cone b-metric-like is not necessarily a continuous
function, but here we will consider it as a continuous function.

Definition 3.9 Let (X, d) be a new extended cone b-metric-like over a Banach algebra
A and {xn} be a sequence in X. Then, {xn} is said to be: (i) a convergent sequence which
converges to x ∈ X if and only if

lim
n→∞d(xn, x) = d(x, x)

(ii) a θ -Cauchy sequence if d(xn, xm) is a c-sequence that is for every c ∈ ∫
K (i.e. θ 
 c),

there exists a natural number N such that d(xn, xm) 
 c for all n, m ≥ N .
(iii) A θ -complete if every θ -Cauchy sequence in X is convergent to a point x ∈ X, that

is

lim
n,m→∞d(xn, xm) = lim

n→∞d(xn, x) = d(x, x) = θ

Remark 3.10 (1) If {xn} converges to x ∈ X, then d(xn, x) and d(xn, xn+m) are c-sequences
for any m ∈N.

(2) If ‖xn‖ → 0 as n → ∞, then for any c � θ , there exists N ∈N such that for all n > N ,
we have xn 
 c.

We now define generalized α-admissible mapping and α-regular space in terms of a new
extended cone b-metric-like spaces over Banach algebras.

Definition 3.11 Let (X, d) be a new extended cone b-metric-like space over A with K an
underlying solid cone. Let α : X × X → [0,∞) and T : X → X b mappings, then

(1) T is said to be generalized α-admissible mapping if for x, y, z ∈ X, α(x, y) ≥ φ(x, y, z)

implies that α(Tx, Ty) ≥ φ(Tx, Ty, Tz).
(2) (X, d) is said to be α-regular if any sequence {xn} ∈ X with α(xn, xn+1) ≥ φ(xn, xn+1, xn+2)

for all n ∈N and xn → x implies that α(xn, x) ≥ φ(xn, x, xn+1).

We now define a generalized Reich-type contraction by using the new extended cone
b-metric-like spaces over Banach algebras.

Definition 3.12 Let A be a Banach algebra with underlying solid cone K and (X, d) a new
extended cone b-metric-like space over A, and φ : X ×X → [1,∞) and α : X ×X → [0,∞)

be mappings. Then, the self map T on X is called a generalized Reich-type contraction if
there exists k1, k2, k3 ∈ K such that ∀x, y ∈ X with α(x, y) ≥ φ(x, y, z):

(1). 2φ(x, y)r(k1) + (φ(x, y) + 1)r(k2 + k3) < 2 and for each x0 ∈ X with xn = Tnx0,

lim
n→∞φ(xn, xn+1, xn+2) <

1
‖q‖ ,

where q = (2e – k)–1(2k1 + k) for k = k2 + k3.
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(2) d(Tx, Ty) � k1d(x, y) + k2d(x, Tx) + k3d(y, Ty).

We now prove our main result.

Theorem 3.13 Let (X, d) be a complete new extended cone b-metric-like space over a Ba-
nach algebra A. Given α : X × X → [0,∞) and an underlying solid cone K. Let T : X → X
be a generalized Reich-type contraction with vectors k1, k2, k3 ∈K. Suppose that:

(1) T is generalised α-admissible;
(2) There exists an element x0 ∈ X such that α(x0, Tx0) ≥ φ(x0, Tx0, T2x0);
(3) (X, d) is regular or T is continuous.
Then, T has a fixed point x ∈ X.

Proof Let x0 ∈ X such that α(x0, Tx0) ≥ φ(x0, Tx0, T2x0).
Define

xn = Tn(x0).

We have

α(x0, x1) ≥ φ(x0, x1, x2).

Since T is generalized α-admissible, one writes

α(Tx0, Tx1) = α(x1, x2) ≥ φ(x1, x2, x3).

By induction, we get

α(xn, xn+1) ≥ φ(xn, xn+1, xn+2).

Consider

d(xn, xn+1) = d(Txn–1, Txn) � k1d(xn–1, xn) + k2d(xn–1, Txn–1) + k3d(xn, Txn).

That is,

(e – k3)d(xn, xn+1) � (k1 + k2)d(xn–1, xn). (1)

Similarly,

d(xn+1, xn) = d(Txn, Txn–1) � k1d(xn, xn–1) + k2d(xn, Txn) + k3d(xn–1, Txn–1).

Hence,

(e – k2)d(xn+1, xn) � (k1 + k3)d(xn–1, xn). (2)

Adding (1) to (2), we get

(2e – k2 – k3)d(xn, xn+1) � (2k1 + k2 + k3)d(xn–1, xn).
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Put k = k2 + k3. We have

(2e – k)d(xn, xn+1) � (2k1 + k)d(xn–1, xn). (3)

Note that

2r(k) ≤ [φ(xn, xn+1, xn+2) + 1]r(k) ≤ 2r(k1) + [d(xn, xn+1) + 1]r(k) < 2,

then

r(k) < 1 < 2 �⇒ r(k) < 2.

Now, by Proposition 2.1, 2e–k is invertible and (2e–k)–1 =
∑∞

n=0 = kn

2n+1 , r(2e–k)–1 < 1
2–r(k) .

Hence, (3) becomes

d(xn, xn+1) � qd(xn–1, xn),

where, q = (2e – k)–1(2k1 + k). Thus, for all n ∈N, we have,

d(xn, xn+1) � qd(xn–1, xn)

� q2d(xn–2, xn–1)

....

� qnd(x0, x1). (4)

For m > n, we have

d(xn, xm) � φ(xn, xn+1, xm)[d(xn, xn+1) + d(xn+1, xm)]

� φ(xn, xn+1, xm)[d(xn, xn+1) + φ(xn+1, xn+2, xm)[d(xn+1, xn+2) + d(xn+2, xm)]

� φ(xn, xn+1, xm)d(xn, xn+1) + φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)d(xn+1, xn+2)

+ · · · + φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)...φ(xm–2, xm–1, xm)d(xm–1, xm)

� φ(xn, xn+1, xm)qnd(x0, x1) + φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)qn+1d(x0, x1)

+ · · · + φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)...φ(xm–2, xm–1, xm)qm–1d(x0, x1)

� φ(x1, x2, xm)φ(x2, x3, xm)...φ(xn, xn+1, xm)qnd(x0, x1)

+φ(x1, x2, xm)φ(x2, x3, xm)...φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)qn+1d(x0, x1)

+ · · · + φ(x1, x2, xm)φ(x2, x3, xm)...φ(xm–2, xm–1, xm)qm–1d(x0, x1)

� d(x0, x1)[φ(x1, x2, xm)φ(x2, x3, xm)...φ(xn, xn+1, xm)qn

+φ(x1, x2, xm)φ(x2, x3, xm)...φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)qn+1

+ · · · + φ(x1, x2, xm)φ(x2, x3, xm)...φ(xm–2, xm–1, xm)qm–1]

= d(x0, x1)[qn
n∏

i=1

φ(xi, xi+1, xm) + qn+1
n+1∏

i=1

φ(xi, xi+1, xm)
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+ · · · + qm–1
m–1∏

i=1

φ(xi–1, xi, xm)].

Since lim
n,m→∞‖q‖φ(xn, xn+1, xm) < 1, the series

∑∞
n=1 qn	n

i=1φ(xi, xi+1, xm) converges abso-
lutely by ratio test.

Let S =
∑∞

n=1 qn	n
i=1φ(xi, xi+1, xm) and Sn =

∑n
j=1 qj	n

i=1φ(xi, xi+1, xm).
Since A is a Banach algebra and the series Sn is absolutely convergent, it is convergent

in A. Thus,

Sm–1 – Sn = qn
n∏

i=1

φ(xi, xi+1, xm) + qn+1
n+1∏

i=1

φ(xi, xi+1, xm) + · · ·

+ qm–1
m–1∏

i=1

φ(xi–1, xi, xm) → θ

as n, m → ∞, so is d(x0, x1)[Sm–1 – Sn].
For m > n, we have

d(xn, xm) � d(x0, x1)[Sm–1 – Sn].

Thus, {xn} is a Cauchy sequence in X. Since X is complete, there exists x ∈ X such that
xn → x as n → ∞. We show that x is fixed point of T .

Suppose that T is continuous, then xn+1 = Txn → Tx as n → ∞. Since limit of a sequence
is unique, we have Tx = x.

If (X, d) is α-regular, then

α(xn, x) ≥ φ(xn, x, xn+1).

Now,

d(x, Tx) � φ(x, xn+1, Tx)[d(x, Txn) + d(Txn, Tx)]

� φ(x, xn+1, Tx)d(x, Txn) + φ(x, xn+1, Tx)[k1d(xn, x) + k2d(xn, Txn) + k3d(x, Tx)]

� φ(x, xn+1, Tx)d(x, Txn) + φ(x, xn+1, Tx)k1d(xn, x) + φ(x, xn+1, Tx)k2d(xn, Txn)

+φ(x, xn+1, Tx)k3d(x, Tx)

� φ(x, xn+1, Tx)d(x, xn+1) + φ(x, xn+1, Tx)k1d(xn, x) + φ(x, xn+1, Tx)k3d(x, Tx)

+φ(x, xn+1, Tx)k2φ(xn, xn+1, x)[d(xn, x) + d(x, xn+1)]

� [φ(x, xn+1, Tx)(e + φ(xn, xn+1, x)k2]d(x, xn+1) + φ(x, xn+1, Tx)k3d(x, Tx)

+φ(x, xn+1, Tx)[k1 + φ(xn, xn+1, x)k2]d(xn, x),

which further implies that

[e – k3φ(x, xn+1, Tx)]d(x, Tx) � [φ(x, xn+1, Tx)(e + φ(xn, xn+1, x)k2]d(x, xn+1)

+ φ(x, xn+1, Tx)[k1 + φ(xn, xn+1, x)k2]d(xn, x). (5)
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Similarly,

d(x, Tx) � φ(x, xn+1, Tx)[d(x, Txn) + d(Txn, Tx)]

� φ(x, xn+1, Tx)d(x, Txn) + φ(x, xn+1, Tx)[k1d(x, xn) + k2d(x, Tx) + k3d(xn, Txn)]

� φ(x, xn+1, Tx)d(x, Txn) + φ(x, xn+1, Tx)k1d(xn, x) + φ(x, xn+1, Tx)k2d(x, Tx)

+φ(x, xn+1, Tx)k3d(xn, Txn)

� φ(x, xn+1, Tx)d(x, Txn) + φ(x, xn+1, Tx)k1d(xn, x) + φ(x, xn+1, Tx)k2d(x, Tx)

+φ(x, xn+1, x)k3[d(xn, x) + d(x, xn+1]

� φ(x, xn+1, Tx)[e + φ(x, xn+1, x)]d(x, xn+1) + φ(x, xn+1, Tx)k2d(x, Tx)

+φ(x, xn+1, Tx)[k1 + φ(x, xn+1, x)k3]d(xn, x),

which implies

[e – k2φ(x, xn+1, Tx)]d(x, Tx) � [φ(x, xn+1, Tx)(e + φ(xn, xn+1, x)k3]d(x, xn+1)

+φ(x, xn+1, Tx)[k1 + φ(xn, xn+1, x)k3]d(xn, x). (6)

Adding (5) to (6), we have

[2e – k2φ(x, xn+1, Tx) – φ(x, Tx, xn+1)]d(x, Tx) � [φ(x, xn+1, Tx)[2e + φ(x, Tx, xn+1)

+φ(xn, xn+1, x)k3]d(x, xn+1)

+φ(x, xn+1, Tx)[2k1 + φ(x, xn+1, Tx)k2

+φ(xn, xn+1, x)k3]d(xn, x).

That is,

[2e – kφ(x, xn+1, Tx)]d(x, Tx) � [φ(x, xn+1, Tx)[2e + φ(x, Tx, xn+1)k]d(x, xn+1)

+φ(x, xn+1, Tx)[2k1 + φ(x, xn+1, Tx)k]d(xn, x). (7)

Also,

r[φ(x, xn+1, Tx)k] = φ(x, xn+1, Tx)r(k)

≤ 2φ(x, xn+1, Tx)]r(k1) + [φ(x, xn+1, Tx) + 1]r(k) < 2

By Proposition 2.1 and (7), 2e – φ(x, xn+1, Tx)k is invertible so Eq. (7) implies

d(x, Tx) � [2e – k2φ(x, xn+1, Tx)]–1[2e – k2φ(x, xn+1, Tx)(2e + kφ(x, xn+1, Tx))

d(x, xn+1) + φ(x, xn+1, Tx)(2k1 + φ(x, xn+1, Tx)k)d(xn, x)].

By using Remark 3.10, the sequences {d(xn+1, x)} and {d(xn, x)} are c-sequences. Hence, by
Lemma 2.4, the sequence {τ1d(xn+1, x) + τ2d(xn, x)} is a c-sequence, where

τ1 = [2e – k2φ(x, xn+1, Tx)]–1φ(x, xn+1, Tx)(2e + kφ(x, xn+1, Tx))



Shereen et al. Journal of Inequalities and Applications        (2024) 2024:129 Page 13 of 24

and

τ2 = [2e – kφ(x, xn+1, Tx)]–1φ(x, xn+1, Tx)(2k1 + φ(x, xn+1, Tx)k)].

Therefore, for c ∈ int(K), there exists n0 ∈N such that,

d(x, Tx) � τ1d(xn+1, x) + τ1d(xn, x) 
 c.

This implies that d(x, Tx) = θ . Hence, Tx = x. �

We prove the following result as a consequence of our main theorem.

Theorem 3.14 Let (X, d) be a new extended cone b-metric-like space over a Banach alge-
bra A with an associated cone K. Let T be a self map on X such that

d(Tx, Ty) � kd(x, y),

where k ∈ K such that r(k) < 1 and for each x0 ∈ X, lim
n,m→∞φ(xn, xn+1, xm) < 1

‖k‖ , then there
exists a unique fixed point x ∈ X. Furthermore, for each x0 ∈ X, the iterative sequence {xn}
defined by xn = Txn–1 = Tnx0 converges to x.

Proof By taking k1 = k, k2 = k3 = θ and α(x, y) = φ(x, y, z), all the conditions of Theo-
rem 3.13 are satisfied. Thus, there exists x ∈ X, which is a fixed point of T . T proves
uniqueness, let there be x∗ ∈ X such that Tx∗ = x∗, then we have

d(x, x∗) = d(Tx, Tx∗) � kd(x, x∗).

Since r(k) < 1 so by Proposition 2.1, e – k is invertible, and so d(x, x∗) = θ . �

4 Applications
We will use the following lemma.

Lemma 4.1 Let ψ be a Lebesgue measurable function defined on [0, 1] with k ≥ 1. Then,
we have

∣∣∣∣
∫ 1

0
ψ(s)ds

∣∣∣∣
k

≤
∫ 1

0
|ψ(s)|kds.

Example 4.2 Let A = X = C
1
R

[0, 1] be the space of all real-valued differentiable functions
with continuous derivative defined on [0, 1]. If K = {f ∈ A : f (t) ≥ 0, t ∈ [0, 1]}, then K is a
non-normal cone. Let X = [0,∞) and φ : X × X × X → [1,∞) be defined as

φ(x, y, z) = max |x(t)| + max |y(t)| + max |z(t)| + 2p.

Define d : X × X →A by

d(x, y)(t) = ‖x – y‖p
∞et ,

then d is a new extended cone b-metric-like.
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Theorem 4.3 Consider the following nonlinear integral equation

f (t) =
∫ 1

0
F(t, f (x))ds, (8)

where F satisfies the following:
(i) F : [0, 1] ×R →R is continuous.
(ii) There exists a constant M ∈ [0, 1

2 ) such that, for each f0 ∈ X, we have Mp <
1

lim
n,m→∞φ(fn ,fn+1,fm) and for all t ∈ [0, 1] and x, y ∈R,

|F(t, x) – F(t, y)| ≤ M|x – y|,

then the equation (8) has a unique solution in X.

Proof Define F : X → X by

F(f (t)) =
∫ 1

0
F(t, f (s))ds. (9)

By using Lemma 4.1, we have

d(F(f ), F(g))(t) = et‖F(f ) – F(g)‖p
∞

= et max
x∈[0,1]

‖F(f )(x) – F(g)(x)‖p

= et max
x∈[0,1]

∣∣∣∣
∫ 1

0
F(t, f (s))ds –

∫ 1

0
F(t, g(s))ds

∣∣∣∣
p

= et max
x∈[0,1]

∣∣∣∣
∫ 1

0
(F(t, f (s)) – F(t, g(s)))ds

∣∣∣∣
p

≤ et max
x∈[0,1]

∫ 1

0

∣∣(F(t, f (s)) – F(t, g(s)))
∣∣p ds

≤ et
∫ 1

0
(M|f (s) – g(s)|)pds

= etMp
∫ 1

0
|f (s) – g(s)|pds

≤ etMp max
x∈[0,1]

|f (s) – g(s)|pds

= Mpd(f , g).

By taking k = Mpe, we have r(k) < ‖Mpe‖ = Mp < 1
lim

n,m→∞φ(fn ,fn+1,fm) . Thus, all the conditions

of Theorem 4.3 are satisfied, so there is a unique fixed point of F . �

5 Multivalued fixed-point theorems in new extended cone b-metric-like spaces
In order to extend fixed-point results to multi-valued mappings, we first need to define
some concept of distance between two sets. One such notion is the notion of the Hausdorff
metric, introduced by Hausdorff. It gives a concept of distance between two sets of a new
extended cone b-metric-like space.
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We denote by N(X)(resp.B(X), CB(X)) the set of nonempty (resp. bounded, sequentially
closed and bounded) subset of a new extended cone b-metric-like space.

Let (X, d) be a new extended cone b-metric-like space over a Banach algebraA. For p ∈ X
and A, B ∈ CB(X), we define

s(p) = {q ∈A; p � q},
s(p, B) =

⋃

b∈B

s(d(p, b)) =
⋃

b∈B

{x ∈A; d(p, b) � x},

and

s(A, B) =

(
⋂

a∈A

s(a, B)

)
⋂

(
⋂

b∈B

s(b, A)

)
.

Definition 5.1 Let � be a family of nondecreasing functions, ψ : K →K such that
(i) ψ(θ ) = θ and θ < ψ(t) < t for t ∈K \ {θ},

(ii) t ∈ IntK implies t – ψ(t) ∈ IntK,
(iii) lim

n→+∞ψn(t) = θ for everyt ∈ K \ {θ}.
where K be a solid(normal or non-normal)cone.

Lemma 5.2 Let (X, d) be a new extended cone b-metric-like space with a cone K. For x, y ∈
X and y ∈ B ⊂ X, if d(x, y) � a, then a ∈ s(x, B).

Lemma 5.3 Let (X, d) be a new extended cone b-metric like space with a cone K. Then, we
have

(i) Let p, q ∈A. If p � q, then s(q) ⊂ s(p);
(ii) Let x ∈ X and A ∈ CL(X). If θ ∈ s(x, A), then x ∈ A;
(iii) Let q ∈ K and let A, B ∈ CL(X) and a ∈ A. If q ∈ s(A, B), then q ∈ s(a, B);
(iv) For all q ∈K and A, B ∈ CL(X), we have q ∈ s(AB) if and only if there exist a ∈ A and

b ∈ B such that d(a, b) � q.
(v) Let k ∈K and consider γ ≥ 0, then γ s(k) ⊂ s(γ k).

Remark 5.4 Let (X, d) be a new extended b-cone metric-like space. If A = R and K =
[0, +∞), then (X, d) is a metric space. Moreover, for A, B ∈ CL(X), H(A, B) = infs(A, B) is
the Hausdorff distance induced by d. Also, s({x}, {y}) = s(d(x, y)) for all x, y ∈ X.

Definition 5.5 Let X be a nonempty set, T : X → C(X) a multivalued mapping and α :
X × X → [0,∞). The mapping T is called α∗-admissible function if

α(x, y) ≥ 1 �⇒ α∗(Tx, Ty) ≥ 1

where x, y ∈ X.

Definition 5.6 (α∗ – ψ Multivalued Contraction) Let (X, d) be a new extended cone b-
metric-like space over a Banach algebraA with φ : X × X × X → [1,∞) and K be the
suppressed solid cone. Then the multivalued mapping T : X → C(X) is said to be α∗ – ψ
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multivalued contraction if there exist α : X × X → [0, +∞) such that

ψd(x, y) ∈ α∗(Tx, Ty)s(Tx, Ty),∀x, y ∈X. (10)

where α∗(A, B) = inf{α(a, b) : a ∈ A, b ∈ B}

We now present a fixed-point result using multivalued mappings in a new extended cone
b-metric-like space over a Banach algebra.

Theorem 5.7 Let (X, d) be a complete solid (normal or non-normal) cone metric space
with cone K, α : X × X → [0, +∞) be a function, ψ ∈ � be a strictly increasing map and
T : X → CB(X), F is α∗-admissible and α∗-ψ-contractive multifunction on X. Suppose that
there exist x0, x1 ∈ X such that α(x0, x1) ≥ 1. Assume that if {xn} is a sequence in X such that
α(xn, xn+1) ≥ 1 for all n and xn → u as n → +∞ then α(xn, u) ≥ 1 for all n. Then, there exists
a point x∗ in X such that x∗ ∈ Tx∗.

Theorem 5.8 Let (X, d) be a complete new extended cone b-metric-like space over a Ba-
nach algebra A. Let α : X × X → [0,∞) be a function, ψ ∈ � be a strictly increasing map
and φ : X × X × X → [1,∞) be such that lim

n,m→∞‖ψ‖φ(xn, xm, xn+1) < 1. Let the mapping
T : X → CB(X) be an α∗-admissible and α∗-ψ-contractive multi-function on X. Suppose
that there exist x0, x1 ∈ X such that α(x0, x1) ≥ 1. Also assume that if {xn} is a sequence in X
such that α(xn, xn+1) ≥ 1 for all n and xn → u as n → +∞ then α(xn, u) ≥ 1 for all n. Then,
there exists a point x∗ in X such that x∗ ∈ Tx∗.

Proof Let x0 ∈ X and x1 ∈ Tx0 be arbitrary choosen. We may suppose that x0 �= x1. Then

ψ(d(x0, x1)) ∈ α∗(Tx0, Tx1)s(Tx0, Tx1).

By definition, we have

ψ(d(x0, x1)) ∈ α∗(Tx0, Tx1)

((
∩

x∈Tx0
s (x, Tx1)

)
∩

(
∩

x′∈Tx1
s
(
x′, Tx0

)))

ψ(d(x0, x1)) ∈ α∗(Tx0, Tx1)

(
∩

x∈Tx0
s (x, Tx1)

)
.

ψ(d(x0, x1)) ∈ α∗(Tx0, Tx1) s (x, Tx1) for all x ∈ Tx0.

Since x1 ∈ Tx0, so we have

ψ(d(x0, x1)) ∈ α∗(Tx0, Tx1) s (x1, Tx1)

ψ(d(x0, x1)) ∈ α∗(Tx0, Tx1) s (x1, Tx1) = α∗(Tx0, Tx1)

(
∪

x∈Tx1
s (d (x1, x))

)
.

So there exists some x2 ∈ Tx1, such that

ψ(d(x0, x1)) ∈ α∗(Tx0, Tx1)s (d(x1, x2)) = s
(
α∗(Tx0, Tx1)d(x1, x2

)
)
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which implies that

α∗(Tx0, Tx1)d(x1, x2) � ψ(d(x0, x1)).

Hence

0 ≺ d(x1, x2) � α∗(Tx0, Tx1)d(x1, x2) � ψ(d(x0, x1))

x1 �= x2 andα(x1, x2) ≥ 1. Thus α∗(Tx1, Tx2) ≥ and d(x1, x2) ≤ ψ(d(x0, x1)).
If x2 ∈ Tx2, then x2 is a fixed point of F . Assume that x2 /∈ Tx2. Then

ψ(d(x1, x2)) ∈ α∗(Tx1, Tx2)s(Tx1, Tx2).

By definition, we have

ψ(d(x1, x2)) ∈ α∗(Tx1, Tx2)

((
∩

x∈Tx1
s (x, Tx2)

)
∩

(
∩

x′∈Tx2
s
(
x′, Tx1

)))

ψ(d(x1, x2)) ∈ α∗(Tx1, Tx2)

(
∩

x∈Tx1
s (x, Tx2)

)
.

ψ(d(x1, x2)) ∈ α∗(Tx1, Tx2) s (x, Tx2) for all x ∈ Tx1.

Since x2 ∈ Tx1, so we have

ψ(d(x1, x2)) ∈ α∗(Tx1, Tx2) s (x2, Tx2)

ψ(d(x1, x2)) ∈ α∗(Tx1, Tx2) s (x2, Tx2) = α∗(Tx1, Tx2)

(
∪

x∈Tx2
s (d (x2, x))

)
.

So there exists some x2 ∈ Tx2, such that

ψ(d(x1, x2)) ∈ α∗(Tx1, Tx2)s (d(x2, x3)) = s
(
α∗(Tx1, Tx2)d(x2, x3

)
).

That is

α∗(Tx1, Tx2)d(x2, x3) � ψ(d(x1, x2)).

Hence

0 ≺ d(x2, x3) � α∗(Tx1, Tx2)d(x2, x3) � ψ(d(x1, x2))

It is clear that x2 �= x3 and α(x2, x3) ≥ 1. Thus α∗(Tx2, Tx3) ≥ 1 and
d(x2, x3) < ψ2(ψ(d(x0, x1))).
If x3 ∈ Tx3, then x3 is a fixed point of F . Assume that x3 /∈ Tx3.

ψ(d(x2, x3)) ∈ α∗(Tx2, Tx3)s(Tx2, Tx3).
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By definition, we have

ψ(d(x2, x3)) ∈ α∗(Tx2, Tx3)

((
∩

x∈Tx2
s (x, Tx3)

)
∩

(
∩

x′∈Tx3
s
(
x′, Tx2

)))

ψ(d(x2, x3)) ∈ α∗(Tx2, Tx3)

(
∩

x∈Tx2
s (x, Tx3)

)
.

ψ(d(x2, x3)) ∈ α∗(Tx2, Tx3) s (x, Tx3) for all x ∈ Tx2.

Since x3 ∈ Tx2, so we have

ψ(d(x2, x3)) ∈ α∗(Tx2, Tx3) s (x3, Tx3)

ψ(d(x2, x3)) ∈ α∗(Tx2, Tx3) s (x3, Tx3) = α∗(Tx2, Tx3)

(
∪

x∈Tx3
s (d (x3, x))

)
.

So there exists some x3 ∈ Tx3, such that

ψ(d(x2, x3)) ∈ α∗(Tx2, Tx3)s (d(x3, x4)) = s
(
α∗(Tx2, Tx3)d(x3, x4

)
).

That is

α∗(Tx2, Tx3)d(x3, x4) � ψ(d(x2, x3)).

Hence

0 ≺ d(x3, x4) � α∗(Tx2, Tx3)d(x3, x4) � ψ(d(x2, x3)).

It is clear that x3 �= x4 and α(x3, x4) ≥ 1. Thus α∗(Tx3, Tx4) ≥ 1 and d(x3, x4) < ψ3(ψ(d(x0, x1))).
By continuing this process, we obtain a sequence {xn} in X such that xn ∈ Txn–1, xn �= xn–1,
α(xn, xn+1) ≥ 1 and d(xn, xn+1) � ψn(d(x0, x1)) for all n.

For m > n, we have

d(xn, xm) � φ(xn, xn+1, xm)[d(xn, xn+1) + d(xn+1, xm)]

� φ(xn, xn+1, xm)[d(xn, xn+1) + φ(xn+1, xn+2, xm)[d(xn+1, xn+2) + d(xn+2, xm)]

� φ(xn, xn+1, xm)d(xn, xn+1) + φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)d(xn+1, xn+2)

+ · · · + φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)...φ(xm–2, xm–1, xm)d(xm–1, xm)

� φ(xn, xn+1, xm)ψnd(x0, x1) + φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)ψn+1d(x0, x1)

+ · · · + φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)...φ(xm–2, xm–1, xm)ψm–1d(x0, x1)

� φ(x1, x2, xm)φ(x2, x3, xm)...φ(xn, xn+1, xm)kψnd(x0, x1)

+φ(x1, x2, xm)φ(x2, x3, xm)...φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)ψn+1d(x0, x1)

+ · · · + φ(x1, x2, xm)φ(x2, x3, xm)...φ(xm–2, xm–1, xm)ψm–1d(x0, x1)

� d(x0, x1)[φ(x1, x2, xm)φ(x2, x3, xm)...φ(xn, xn+1, xm)ψn
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+φ(x1, x2, xm)φ(x2, x3, xm)...φ(xn, xn+1, xm)φ(xn+1, xn+2, xm)ψn+1

+ · · · + φ(x1, x2, xm)φ(x2, x3, xm)...φ(xm–2, xm–1, xm)ψm–1]

= d(x0, x1)[ψn
n∏

i=1

φ(xi, xi+1, xm) + ψn+1
n+1∏

i=1

φ(xi, xi+1, xm) + ...

+ψm–1
m–1∏

i=1

φ(xi–1, xi, xm)].

Since lim
n,m→∞‖ψ‖φ(xn, xn+1, xm) < 1, for each m ∈N, the series

∑∞
n=1 ψn	n

i=1φ(xi, xi+1, xm)

converges absolutely by ratio test.
Let S =

∑∞
n=1 ψn	n

i=1φ(xi, xi+1, xm) and Sn =
∑n

j=1 ψ j	n
i=1φ(xi, xi+1, xm).

Since A is a Banach algebra and the series Sn is absolutely convergent, it is convergent
in A. Thus,

Sm–1 – Sn = ψn
n∏

i=1

φ(xi, xi+1, xm) + ψn+1
n+1∏

i=1

φ(xi, xi+1, xm) + · · · + ψm–1
m–1∏

i=1

φ(xi–1xi, xm)

converges to θ asn, m → ∞, so is d(x0, x1)[Sm–1 – Sn].
Thus, for m > n, we have,

d(xn, xm) � d(x0, x1)[Sm–1 – Sn].

Thus, {xn} is a Cauchy sequence in X. Since X is complete, for n → ∞, we have, xn → u ∈
X. Now, since {xn} is sequence in X such that α(xn, xn+1) ≥ 1,

Since α(xn, u) ≥ 1 for all n and T is α∗–admissible, so α∗(Txn, Tu) ≥ 1 for all n. From
(3.1), we have

ψ(d(xn, u)) ∈ α∗(Txn, Tu)s(Txn, Tu)

or all n ∈N. By definition we obtain

ψ(d(xn, u)) ∈ α∗(Txn, Tu)s(xn+1, Tu).

Thus, there exists vn ∈ Tu such that

ψ(d(xn, u)) ∈ α∗(Txn, Tu)s(d(xn+1, vn)) = s(α∗(Txn, Tu)d(xn+1, vn))

which implies that

α∗(Txn, Tu)d(xn+1, vn) � ψ(d(xn, u)).

Hence

0 ≺ d(xn+1, vn) � α∗(Txn, Tu)d(xn+1, vn) � ψ(d(xn, u)) � d(xn, u).

Since xn → u as n → ∞, for c ∈ intK. Also, there exists N ∈ N such that d(xn, u) 

c

2φ(u,xn ,xn+1) andd(xn+1, x) 
 c
2φ(u,xn ,xn+1) , for N(c) = N ≤ n.
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Now, by using triangular inequality, we have

d(u, xn) � φ(u, xn, xn+1)[d(u, xn+1)d(xn+1, xn)]

� φ(u, xn+1, Tx)d(u, xn+1) + φ(u, xn, xn+1)d(xn+1, xn)]

� φ(u, xn+1, Tx)d(u, xn+1) + φ(u, xn, xn+1)α(xn, u)d(xn+1, xn)]

� φ(u, xn+1, Tx)d(u, xn+1) + φ(u, xn, xn+1)k(xn+1, xn)

� φ(u, xn+1, Tx)d(u, xn+1) + φ(u, xn, xn+1)d(xn+1, xn)


 φ(u, xn+1, Tx)
c

2φ(u, xn, xn+1)
+ φ(u, xn, xn+1)

c
2φ(u, xn, xn+1)


 c.

Thus, lim
n→∞xn = u. Since Tu is closed, u ∈ Tu. This shows that x is a fixed point of T . This

completes the proof. �

The consequences of the above theorem are presented here as follows:

Corollary 5.9 Let (X, d) be a complete new extended cone b-metric-like solid(normal or
non-normal) with cone K. Let α : X × X → [0, +∞) be a function and θ : X × X × X →
[1,∞) be such that lim

n,m→∞φ(xn, xm, xn+1) < 1
‖k‖ and T : X → CB(X) is α∗-admissible and

there exists a constant k ∈ [0, 1) such that

kd(x, y) ∈ α∗(Tx, Ty)s(Tx, Ty)

for all x, y ∈ X. Suppose that there exist x0, x1 ∈ X such that α(x0, x1) ≥ 1. Assume that
if {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n and xn → u as → +∞, then
α(xn, u) ≥ 1 for all n. Then, there exists a point x∗ in X such that x∗ ∈ Tx∗.

Corollary 5.10 Let (X, d) be a complete new extended cone b-metric-like solid(normal or
non-normal)cone K, ψ ∈ � be a strictly increasing map, φ : X × X × X → [1,∞) be such
that lim

n,m→∞φ(xn, xm, xn+1) < 1 and T : X → CB(X) be multivalued mapping such that

ψ(d(x, y)) ∈ s(Tx, Ty)

for all x, y ∈ X. Then, there exists a point x∗ in X such that x∗ ∈ Tx∗.

Corollary 5.11 Let (X, d) be a complete new extended cone b-metric-like solid (normal or
non-normal) with cone K, φ : X × X × X → [1,∞) be such that lim

n,m→∞φ(xn, xm, xn+1) < 1
‖k‖

and T : X → CB(X) be a multivalued mapping. If there exists a constant k ∈ [0, 1) such
that

kd(x, y) ∈ s(Tx, Ty)

for all x, y ∈ X. Then, there exists a point x∗ in X such that x∗ ∈ Tx∗.
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Corollary 5.12 Let (X, d) be a complete new extended cone b-metric-like solid(normal or
non-normal) cone K metric space, α : X × X → [0, +∞) be a function, ψ ∈ � be a strictly
increasing map and T : X → CB(X) is α∗-admissible such that

α∗(Tx, Ty)H(Tx, Ty) ≤ ψ(d(x, y))

for all x, y ∈ X. Suppose that there exist x0 ∈ X such that α(x0, Tx0) ≥ 1. Assume that if
{xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n and xn → u asn → +∞ then
α(xn, u) ≥ 1 for all n. Then, there exists a point x∗ in X such that x∗ ∈ Tx∗.

Corollary 5.13 Let (X, d) be a complete new extended cone b-metric-like solid(normal or
non-normal) with cone K , α : X × X → [0, +∞) be a function, φ : X × X × X → [1,∞) be
such that lim

n,m→∞φ(xn, xm, xn+1) < 1
‖k‖ and T : X → CB(X) is α∗-admissible. If there exists a

constant k ∈ [0, 1) such that

α∗(Tx, Ty)H(Tx, Ty) ≤ kd(x, y)

for all x, y ∈ X. Suppose that there exists x0 ∈ X such that α(x0, Tx0) ≥ 1. Assume that if
{xn} is a sequence in X such that α(xn, xn+1) ≥ 1 for all n and xn → u asn → +∞ then
α(xn, u) ≥ 1 for all n. Then, there exists a point x∗ in X such that x∗ ∈ Tx∗.

Corollary 5.14 Let (X, d) be a complete new extended cone b-metric-like solid (normal or
non-normal) with cone K, φ : X × X × X → [1,∞) be such that lim

n,m→∞φ(xn, xm, xn+1) < 1
‖k‖

and T : X → CB(X) be a multivalued mapping. If there exists a constant k ∈ [0, 1) such
that

H(Tx, Ty) ≤ kd(x, y)

for all x, y ∈ X. Then, there exists a point x∗ in X such that x∗ ∈ Tx∗.

6 Applications
6.1 Non-linear Functional Integral Equations
Let R be the line and let J = [0, 1] ⊂ R. Consider the nonlinear functional integral equa-
tion(in shortFIE),

x(t) = k(t, x(μ(t))) + [f (t, x(θ (t)))](q(t) +
∫ σ (t)

0
g(s, x(η(s)))ds) (11)

for t ∈ J , where q : J → R, μ, θ , σ , η, J and f , g, k : J × R → R are continuous.
The FIE(11) and its special case have been studied in the literature very extensively via

different fixed point methods for various aspects of the solutions. See Dhage[29], Dhage
and O’Regan [30] and the references there in. Here we shall prove the existence of local so-
lutions of FIE(11) by an application of the abstract fixed point theorem of previous section
under some suitable conditions different from others.

Let M(J , R) and B(J , R) denote respectively the spaces of all measurable and bounded
real-valued functions on J . We shall seek the solution of FIE(11) in the space BM(J , R) of
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bounded and measurable real-valued functions on J . Define a norm

‖ x ‖BM= max
t∈J

|x(t)|. (12)

Clearly, BM(J , R) is a Banach algebra with this maximum norm.
By a solution of FIE (11) we mean a function x ∈ AC(J , R) that satisfies the equation(11),

where AC(J , R) is the space of all absolutely continuous real-valued functions on J .
Notice that
AC(J , R) ⊂ BM(J , R).
Define,

T (x(t)) = k(t, x(μ(t))) + [f (t, x(θ (t)))](q(t) +
∫ σ (t)

0
g(s, x(η(s)))ds)

Then clearly fixed point of T is the solution of the integral equation(11). Now we apply
Theorem 2.12 to prove that T has unique fixed point.

Now consider,

∣∣T (x(t)) – T
(
y(t)

)∣∣

=

∣∣∣∣∣∣

{
k(t, x(μ(t))) + [f (t, x(θ (t)))](q(t) +

∫ σ (t)
0 g(s, x(η(s)))ds)

}

–
{

k(t, y(μ(t))) + [f (t, y(θ (t)))](q(t) +
∫ σ (t)

0 g(s, y(η(s)))ds)
}

∣∣∣∣∣∣

=

∣∣∣∣∣
k(t, x(μ(t))) + [f (t, x(θ (t)))](q(t) +

∫ σ (t)
0 g(s, x(η(s)))ds) – k(t, y(μ(t)))

–[f (t, y(θ (t)))](q(t) +
∫ σ (t)

0 g(s, y(η(s)))ds)

∣∣∣∣∣

=

∣∣∣∣∣
k(t, x(μ(t))) – k(t, y(μ(t))) + [f (t, x(θ (t))) – f (t, y(θ (t)))]

×
{∫ σ (t)

0 g(s, x(η(s)))ds) –
∫ σ (t)

0 g(s, y(η(s)))ds)
}

∣∣∣∣∣

≤ ∣∣k(t, x(μ(t))) – k(t, y(μ(t)))
∣∣ +

∣∣f (t, x(θ (t))) – f (t, y(θ (t)))
∣∣

×
{∫ σ (t)

0

∣∣g(s, x(η(s))) – g(s, y(η(s)))
∣∣ds

}

here assume that
(H1) k and g are Lipschitz with constants L1 and L2.
(H2) f satisfies

∣∣f (t, x(θ (t))) – f (t, y(θ (t)))
∣∣ ≤ α1(t)e–

∥∥x+y
∥∥

therefore we have
≤ L1

∣∣x(μ(t)) – y(μ(t))
∣∣ + L2

∣∣x(θ (t)) – y(θ (t))
∣∣σ (t) |α1(t)| e–

∥∥x+y
∥∥

≤ ∥∥x – y
∥∥

[
L1 + L2 ‖σ‖‖α1‖ e–

∥∥x+y
∥∥
]

Provided that

∇ :=
[

L1 + L2 ‖σ‖‖α1‖ e–
∥∥x+y

∥∥
]

< 1 (H3)

This shows that T has a unique fixed point, which is solution of integral equation (11).
We sum up all above discussion in the form of the following theorem.
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Theorem If k, f and g satisfy (H1) , (H2) and (H3), then a unique solution of integral
equation (11) exists.

7 Conclusion
In this article, we introduced the notion of a new extended cone b-metric-like space over
Banach algebra. Some examples and properties were given in this space. We proved some
fixed point results using a generalized Reich-type mapping. Furthermore, we proved a
multivalued result using α∗ – ψ contraction. Some related consequences and useful appli-
cations have been furnished.
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