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1 Introduction
In [16] Heinig and Maligranda showed that for @ > 0, which is decreasing on (¢, 0), and
® > 0, which is increasing on (¢, 0), with ©() = 0, —0o0 <t < ¢ < 00, the inequality

/ w(0d) < ( f " God [®V<%)]) . (1)

holds for every y € (0, 1], while for 1 < y < oo the inequality is reversed. It has been also
showed that if @ is increasing on (¢, 0) and ® is decreasing on (i, o) with ®(p) = 0, then the
inequality

[ avatr-ocar= ([ orcaal-orca)) . o)

L

holds, where y € (0,1]. In the same paper, Heinig and Maligranda showed that if 0 < p <
q < 00, and u, v are nonnegative functions, then 3D > 0 such that

[ / ” u(%)wq(%)d%] "<p [ / ~ v(%)wp(%)d%] . 3)
0 0
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for a nonnegative decreasing function w iff

R % R ,%
|:/ u(%)d%] <D |:/ v(%)d%:| , VR>O0.
0 0

In addition, they showed that inequality (3) holds for all nonnegative increasing functions
wand 0<p <g<ooiff

[/wu(%)d%]q §D|;/oov(%)d%:|p, VR > 0.
N N

In 1997, Pecaric et al. [19] extended the results from [16] to the case of B-monotone func-
tions. Recall that if s < X implies w(R) < Bw(s) for all s, R € [¢, 0], then w is a B-decreasing
function on [, 0]. On the other hand, if s < R implies w(s) < Bo(R), s,N € [, 0], then w
is B-increasing. Clearly, if B = 1, then the notion of B-monotonicity reduces to the usual
monotonicity.

Pecari¢ et al. [19] showed that if @ : [0,00) — R is a concave, nonnegative, and differen-
tiable function such that @ (0) = 0, w is B-decreasing, B > 1, and © is increasing on [, 0],
such that ©(¢) = 0, then the inequality

0 0
@ <B/ w(%)d(“)(%)) SB/ @' [w(32)O(30)] (w(30)dO(x0)) (4)
holds. In addition, if w is B-increasing with B > 1 and © is increasing on [t, 0] such that
O(1) = 0, then the inequality

1 [¢ 1 [¢
@ <§/ w(%)d®(%)) > 6/ o’ [0(3)O ()] w(50)dO(50), (5)

holds. Analogous results have been derived for the case of a decreasing function ®. More
precisely, if @ is B-increasing, B > 1, and © is decreasing on [¢, o] with ®(p) = 0, then the
inequality

0 0
@ (B/ w(3)d [—®(J¢)]> < B/ o’ [0(3)0 ()] w(5)d [-O ()], (6)
holds, while for a B-decreasing function w, B > 1, and a decreasing function ® such that
®(p) = 0, one has the inequality

1 [¢ 1 [¢
[ (E [ w(s)d [—®(%)]> zz /L @' [0(30)O(0)] w(30)d [-O ()] . @)

Hilger in his seminal work [17] introduced the time scale theory and established a new
dynamic inequality with a general domain called a time scale T. For the dynamic inequal-
ities, see monographs [1, 2, 9], as well as papers [3, 5-8, 11-14, 18, 20-27].

In [24], Saker et al. introduced the inequalities (4)—(7) on time scales. More precisely,
the time scale variant of (4) asserts that if w is B-decreasing on [i,0]T, B> 1, and © is
increasing on [, o]t with ©(¢) = 0, then

o] <B / Qa)(%)GA(%)A%> <B f Qw(%)®A(%)w’[w(%)®(%)] A, (8)

L
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where [t, o]t stands for [¢, 0] N T. Similarly, the time scale analogue of (5) asserts that if @
is B-increasing on [t, 0]1, B > 1, and O is increasing on [, o]t with ©(¢) = 0, then

o) <% / Qw(z)(aA(%)Ax) > % / Qw(%)®A(%)w/ [0 (GO (30)] Ase. 9)
In [24], one can also find time scale variants of the inequalities (6) and (7).

This paper seeks to extend inequalities (1), (2), and (4)—(7) via the time scales nabla
calculus. We will introduce the difference between the results (8) and (9) on delta calculus
in [24] and the nabla calculus. In particular, we will employ the corresponding chain rule
formula, as well as the basic properties of B-monotone functions. Of course, the results
that we will derive contain classical results and the usual monotonicity.

The paper is structured as follows: Sect. 2 involves the basic definitions and properties
on time scales that will be important in proving our main results. Section 3 contains the
extended inequalities (1), (2), and (4)—(7) via the time scales nabla calculus. It turns out
that if T = R, our results reduce to inequalities presented in this Introduction, while for
T =N, the obtained relations are new.

2 Basiclemmas
In this section, we present the basic notions and facts of nabla calculus. For a comprehen-
sive insight of the time scales calculus, the reader is referred to the monographs [9, 10] by
Bohner and Peterson.

The product and the quotient of nabla differentiable functions are also nabla differen-
tiable functions. More precisely, if w, ® : T — R are nabla differentiable at X € T, then

(@O (R) = 0wV (R)OR) + 0’ (R)OV(R) = w(R)OV(R) + 0V (R)OP(R)

and

v ® _ 4
(%)v(m: w (N)O@(R) w(R)OV(R)
(R)OP(R)

provided that ®(R)®”(R) 0. For the proofs of the above properties, the reader is referred
to [4]. The function w : T — R is increasing (decreasing) if ®"(5) >0, > € T (0" (3¢) < 0,
»e).

On the other hand, the chain rule for the nabla derivative asserts that if w : R — R is
continuously differentiable and ® : T — R is continuous and nabla differentiable, then
w o ®: T — R is nabla differentiable and there exists d € [p(R), ®] such that

(o ®)Y (1) = (O (d) OVR). (10)

Relation (10) has been established in [15].
The properties of integration in nabla calculus state that if , 0, c € T, &, B € R and o,
®: T — R are ld-continuous, then
(i) [°lao®)+BOR)] VR =a [*w®)VR+ B [COR)VR,
(i) [°o®)VR=- fg‘ wR)VR,
(i) [“w®)VR = [?oR)VN + f; o(R)VR;
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see [9, Theorem 8.47]. The properties of integration transformation on time scales to the
analogue in continuous and discrete forms state that for (,0 € T and f : T — R, which is
ld-continuous, the following properties hold:

(i) T =R, then [*f(R)VX = [°f(R)dR.

(ii) If T = Z, then

0 f=t+1f(N) lfl <o,
/ fRVR =30 ifi=po,
Yo SR ifi<o;

see [9, Theorem 8.48].

In addition, the integration by parts formula in nabla calculus asserts that

/ gw(&)(av(x)vx = w(R)OR)[? - f QwV(R)®”(N)VN,

L L

provided w, ® : T — R are ld-continuous functions, see [9, Theorem 8.47].

3 Main results
If nothing else is explicitly stated, we assume that all the considered functions are nonneg-
ative, /d-continuous, V-differentiable, and locally V-integrable on [¢, 00)t. Furthermore,
all the considered integrals are well defined.

In addition, throughout this section, @ : [0,00) — R is a nonnegative, concave, and dif-
ferentiable function such that @ (0) = 0.

Now, we are ready to state and prove our main results. Our first results is an extension

of inequalities (1) and (4) in the setting of time scales nabla calculus.

Theorem 1 Let T be a time scale with 1,0 € T, and let w be B-decreasing on [, 0]r, where
B> 1.1If® is increasing on [i, 0]t and O() = 0, then the following inequality holds:

w <B / Qa)(%)®v(%)V%> <B / Qw(z)(av(%)w/ [0 (30)O(39)] V. (11)

L

Proof Denoting

N N
TR):=w (B / w(%)@v(%)V%) -B / w(0)®Y ()’ [ (5)O" (50)] V¢
and
N
JR):=B / w(32)0Y (50)V 3,
we get

R
Y(R):=w (AN)) - B / ()0 G’ [w’ (50)OF (50)] V.
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Now, since w is B-decreasing, it follows that w(R) < Bw(s), for X > x. Moreover, taking

into account that ® is increasing and ®(¢) = 0, we obtain

N N N
AR = / Bw(3)OY (50)V 3¢ > f w(R)OV (1) V3 = w(R) / OV (50)Vi
' . ' (12)

= o®) [O(R) - B(1)] = v(R)OX).

On the other hand, applying (10) to @ (I(R)), we see that there exists ¢ € [p(R),R] such
that

@ AM) ==’ (A) ') (13)
Now, since © is an increasing function, the definition of 3 yields the relation
V() = Ba(®)O”(X) = 0, (14)

which implies that J is increasing on [¢, o] and, consequently, 3(¢) > 37 (R), for £ > p(R).

In addition, since @ is concave on [0, 00), it follows that @’ is decreasing on [0, c0) and so
@' (3Q) =o' (AW). (15)
Taking into account (13)—(15), we arrive at the relation
@¥ (AR)) < Bo®)O' Rz (I'(R). (16)
Clearly, relation (12) implies the inequality @’ (3°(R)) < @’ (0”(R)O*(R)), that is,
Bo(®)©"(®)w’ (I'(R) < Bo(R)O" Rz’ (0" (RO (R)),
since w is nonnegative and O is increasing. Hence, taking into account (16), we have that
@ (AR) < Bo(R)OY R’ (0 (R)O°(R)). (17)
Taking into account the definition of Y, it follows that
TVR) =" (AN)) - BoR)O Nz’ [0"(R)O”(N)],
which, together with (17), yields YV (R) < 0. Consequently, Y is decreasing on [t, o]t and

Y (o) <Y(1),since g > t.
Finally, since @ (0) = 0, we have that Y(0) < T(1) =@ (0) = 0, i.e.,

w <B / Qw(%)@)v(%)v%) <B / Qw(%)@)v(%)w/ [0 (50)©” (30)] V32,

as claimed. The proof is now complete. d
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Remark 1 In particular, if T=R and p(5¢) = 5, our Theorem 1 reduces to the integral
inequality (4) proved by Pecari¢ et al. [19]. Moreover, if T=R,B=1,w(R) =R?,0<p <1,
our inequality (11) becomes the integral inequality (1) proved by Heinig and Maligranda
in [16].

Remark 2 Considering Theorem 1 applied to T = Ny and ¢ = 0, we obtain the following

discrete inequality:

N N
@ (B ZkaG)k) <BY (VO & [0k-1Os1].

k=1 k=1

Remark 3 Considering Theorem 1 applied to T = ¢"° for g > 1, we obtain the following

discrete inequality:

4
@ |BY (1 - ;) 2(3)V,O(5)
n=qL
2 1
<B Z (1 - 5) 20 (30)V,0(0) ' [w(%/q)@(%/q)] .
r=qL

Our next result is a dynamic extension of the integral inequality (5) due to Pecaric et al.
[19].

Theorem 2 Let, 0 € T, and let w be B-increasing on [, 0]r, where B> 1. If ® is increasing
on [, 0]t and ©() = 0, then the inequality

1 [ 1 [
@ <1_3 / a)(%)@v(%)Vx) =2 / w(39)OY G [w(3)O(5)] Vs, (18)

holds.

Proof Let

R R
TR):=w <% / w(z)@v(%)V%) - % / w(0)OY GO [w(3)O(3)] V 3¢
and
1 R
AR) =3 / w(0)®Y (30)V 3,

that is,

1 R
TR) = (AN)) - 3 / w(30)0Y )’ [w(3)O(5)] V3. (19)
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Since w is B-increasing, we observe that w(sc) < Bo(R), for x < R. Furthermore, having in
mind that ® is increasing and ®(:) = 0, it follows that

f ) w(2)OV(50) Vi < / RBa)(N)@V(%)V% = Bw(R) / ) OV () Vi
. . .
= Bo(R) [O(R) - O()] = Bo(R)O®R),

which yields the relation

A < ®OM), (20)
due to the definition of the function 3.

On the other hand, using (10) to @ (3(R)), it follows that there exists ¢ € [p(R), 8] such

that

@ AW) = @' AE)NITX). (21)
Clearly, since © is increasing, we have that

VW) = %w(N)@)V(N) >0, (22)

which means that J(R) is increasing on [, o]r. Consequently, if { < R, then J(¢) < I(R),
and so

@'(3A(¢)) = @' (AN)), (23)
due to the concavity of function @ . Now, taking into account (21)—(23), we get
@V (AR) = %wm)@ﬂ&)w/(:(m). (24)

In addition, by virtue of (20), we have that & '(3(R)) > @’ (0(R)O(R)), and so (note that w

is nonnegative and © is increasing)

1 v ’ 1 \% ’

Ew(N)G Nz’ (AR)) > Ew(N)G) Rz (0(R)OWR)),
which, together with (24), yields the relation

@V (AR) > %w(N)@)V(N)W'(w(N)@(N))'
Now, taking into account (19), we obtain

TY®) =@ V(M) - %w(ﬁ)@vm)w/ [0(R®)OX)]

and, consequently, TV(R) > 0, due to the previous inequality.
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This means that Y is increasing and so Y(¢) > Y(1) = @ (0) = 0, i.e.,

o <% /Q w(%)@v(%)Vx) > é[g w(0)0Y ) [w(50)O(3)] V 71,

which represents (18). d
Remark 4 If T =R, our Theorem 2 reduces to the integral inequality (5) established by

Pecari¢ et al. [19], while for T = Ny and ¢ = 0, inequality (18) can be rewritten in the fol-

lowing form:

N N
1 1
w (l—3 E a)kV@k) > E E (wrVO) o’ [wrOk].

k=1 k=1

Remark 5 Considering Theorem 2 applied to T = 4" for g > 1, we obtain the following
discrete inequality:

w l XQ: 1 —l »w(x)V,0(x)
B q 1

=qu

> 1 XQ: (1 - l) 2w(32)V, Q) [w(3)O(5)]
=B = q q .

In the sequel, we establish time scales versions of the integral inequalities (2) and (6)

from the Introduction.

Theorem 3 Let 1,0 € T, w be B-increasing on [(,0]r, B> 1, and let ® be decreasing on
[, 0]T- If ©(0) = O, then the inequality

@ <B / ’ () [-O(0)]Y v%) <B / ’ () [-0Y (30)] &' [w(30)O(59)] V3, (25)
holds.

Proof Let

TR)=—-w (3*(&)) —B/Q a)(%)@)v(%)w/ [w(30)O(3¢)] V 7,

N
where
1
J*R):=B / 0(30) [-O(0)]Y V.
N
It is easy to see that

T®) = w®)OR). (26)
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Namely, since w is B-increasing and © is decreasing with ®(p) = 0, we have that

B / ’ w(50) [-O(59)]Y V3¢ > / ’ w(®) [-O(0)]Y Vi = w(R) f ’ [-OG)]Y Vi
N N N
= 0(R) [O(R) - O(0)] = w(R)O(R),

so assertion (26) holds.
Now, by virtue of the chain rule (10), there exists { € [p(R), R] such that

oV (TN) = o' (T [T R)] (27)

Clearly, 3* is decreasing on [t, o] since [3*®)]Y = Bo(R)OV(R) < 0, which, together with
the concavity of function @, implies the relation

@' (3() < @' (T W), (28)
provided that ¢ < R. Therefore, relations (27) and (28) imply the inequality
@ ¥ (T*(R)) = Bo(®)O" (R (T*(R)). (29)

On the other hand, taking into account (26), we have that &w’(3*(R)) < &’ (w(R)O(R)), and

s0
Bo(®)B'R)z' (T (V) = Bo(R)O" (R)ar (0(R)O(X)),

that is,
@V (T*(V)) = Bo(®)O' (R)z (0(R)ORN)), (30)

due to (29).

Finally, since TV(R) = - V(J*(R)) + Bo(R)OV (R)w'[w(R)O(R)], taking into account
(30), it follows that TV(R) <0, i.e., Y is decreasing on [t, o]1. Consequently, we have that
T() > Y(0) = -w(0) =0, that is,

w <B / ’ w(50) [-O(0)]Y v%> <B / ’ w(30) [0V ()| @' [w(30)O ()] V 2,

L

which represents (25), as claimed. |

Remark 6 If T =R, our Theorem 3 represents the inequality (6) proved by Pecari¢ et
al. [19]. In addition, if B=1, w(X) = 8?, and 0 < p < 1, we get (2) established by Heinig and
Maligranda [16], while for T = Ny and ¢ = 0, relation (25) reduces to the following discrete
inequality:

N N
@ (BZ«W [—@A) <BY (axV[-Ox)) @' [wx O],

k=1 k=1
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Remark 7 Considering Theorem 3 applied to T = 4" for g > 1, we obtain the following

discrete inequality:

Q
@ (B > (1 - é) %w(%)(—v,,@(%)))

=qu

4
<BY <1 - ;) #0(3)(=V,0(0)) [w(3)O(30)]. (31)

x=qL

In order to conclude our discussion, it remains to give a dynamic extension of the in-

equality (7).

Theorem 4 Let t,0 € T,  be B-decreasing on i, 0], B > 1, and let ® be decreasing on
[¢, 0]1. Then the inequality

o 0
w (éf w(30) [-O(0)]Y V%) z %/ () [-00Go)]Y /[0 ()0 (50)]V 3,  (32)
holds, provided that ©(p) = 0.
Proof Let
0
TR) =-w (3*(&)) + % / w(0) [-0G)]Y &’ [a)p(%)@p(%)] Ve,
N
where
1 re
TR = = / (39) [-O(0)]Y V.
B Jx
Since w is B-decreasing, we have that

fx ' w(30) [-O(G0)]Y Vi < /R ’ Bw(R)[-O(30)]Y V¢ = Bo(R) /N ’ [-0(a)]Y Vi
= Bo(R) [O(R) - O(0)] = Bo(R)OR),
and so
TX) < oR)OR). (33)
Utilizing (10) to @ (3*(R)), we conclude that there exists d € [p(R), R] such that
oV (TN) = (@) [ )] . (34)

It should be noticed here that J* is decreasing on [¢, o]t since

[F®)]" = %wm)@V(m <o,

Page 10 0f 13
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which, together with the concavity of @, yields the relation
@' (3*(d) = &' (T (p(W)). (35)
Therefore, comparing (34) and (35), we get
oV (T N) < éw(M@V(N)w’(:l*(p(m). (36)
On the other hand, since (33) holds, we have that @/(3*(p(R)) > @/(0”(R)OP(R)), i.e.,
%w(x)cav(z«)w’(:*(p(m)) < éw(M@V(N)w’(wﬂ(&)@pm)),
that is,
@V (TW) < %w(xmvm)w’(w‘)m)@/’m)), (37)

due to (36).
Atlast, since TV(R) = —o V' (J*(R)) + 30(R)OY (R)ww [ (R)©” (R)], relation (37) implies
that Y is increasing on [, o]1. Consequently, it follows that

T =T()=-w(0)=0,

which can be rewritten as

1 ¢ \% 1 ¢ \Y ’
@ (Ef (5) [-O ()] V%) > E/ w(30) [-OG)]" T [0’ ()0 (5] V3,

L

i.e., we obtain (32). The proof is now complete. d

Remark 8 By putting T = R and p(3¢) = s in (32), we get (7) of Pecari¢ et al. [19]. Further-
more, if T = Ny, p(k) =k -1, and ¢ = 0, our Theorem 4 provides the following inequality:

N N
1 1
@ (l—g A [—@)k]) > =) oV =0l o [1 O]

k=1 k=1

Remark 9 Considering Theorem 4 applied to T = 4" for g > 1, we obtain the following
discrete inequality:

4

o % Z (1 - é) %w(%)(—vq@(%)))

»=qL

> 1 XQ: 1- 1 7w (22)(=V,00)) @ [w(3/q)O(5¢/q)]
=B 4 q q .

=qL

4 Conclusion and future work

This paper presents several new dynamic inequalities for B-monotone functions in time
scales nabla calculus and also several different inequalities in discrete calculus. In the fu-
ture, we will establish their analogues in diamond alpha calculus.
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