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1 Introduction
Let Q C R” be a bounded open domain with boundary I of class C2, and let {T';, "y} be
a partition of I'. We are concerned with the energy decay property of the solutions of the

following system:

U (x, 1) — Au(x, t) + I(ux, t) — v(x, t) =0, (x,£) € 2 x (0, +00),
Vie(x, t) — Av(x, £) + I(v(x, £) — u(x, 1)) = 0, (x,1) € Q x (0, +00),

u(x, t) = v(x, t) = 0, (x,t) € T'1 x (0, +00), (1.1)
g_,: = _plaf’nu(x’ t)r (x; t) € FZ X (0, +OO),
B = 0y, i, 1), (x,2) € T3 x (0,+00),

where [, p1, py are positive constants, and the initial conditions are

u(x,0) = ug(x), usx,0)=u(x), xe€g,
v(x,0) = vo(x), vi(x,0)=vi(x), xe€Q.
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The notation 9, stands for the generalized Caputo fractional derivative of order o, 0 <
a < 1, with respect to the time ¢. It is defined as follows:

t
9""f () = ﬁ /0 (t-9)" e_"(t_s)% (s)ds, n=0.

In recent years, the scientific community has experienced a growing interest in unrav-
eling the intricate dynamics and practical applications of wave equations. The behavior of
waves, whether occurring naturally, such as seismic waves in the earth’s crust or in engi-
neered systems like acoustic waves in materials, captivates both researchers and practi-
tioners alike. Considerable research efforts have been devoted to investigating wave equa-
tions with diverse damping types and exploring their stability and controllability. These
waves emerge when a vibrating source disrupts the surrounding medium. Researchers
have shown a keen interest in addressing damping-related challenges, whether local or
global and have illustrated different forms of stability.

In [16], B. Mbodje explored the asymptotic behavior of solutions within the system:

2u(x, t) — ul(x,t) = 0, (x,) € (0,1) x (0, +00),
u(0,£) =0,

0,u(1,t) = =k, u(1,t), a € (0,1),n > 0,k > 0,
u(x,0) = up(x),

ozu(x,0) = vo(x).

He demonstrated that the corresponding semi-group lacks exponential stability, showing
only strong asymptotic stability. Additionally, the system’s energy diminishes over time,
approaching a decay proportional to ¢! as time extends to infinity.

In [5], Akil and Wehbe considered a multidimensional wave equation with boundary
fractional damping acting on a part of the boundary of the domain:

ung(x,t) — Au(x, ) =0,  (x,2) € Q x (0, +00),
I/l(x, t) = 07 (x; t) € FO X (01 +OO),
84 (x,t) + v 07 " u(x, £) = 0, (x,£) € 'y x (0, +00).

They demonstrated the system’s strong stability while establishing that it lacks uniform
stability. Additionally, they derived a polynomial energy decay for smooth solutions of the
form ¢~Ta . This analysis assumes specific geometric conditions for the boundary control
region and leverages the exponential decay of the wave equation with standard damping.

In [9], Atoui and Benaissa examined a transmission problem involving waves under a
nonlocal boundary control:

P (%, 1) — Tyt (x,2) = 0, (x,t) € (0,1p) x (0, +00),
P2Ve(%, 1) — TaVie(, ) = 0, (x,2) € (lo, L) x (0, +00),
u(lo, 1) = v(lo, 1), prtitty (lo, £) = p172vs (o, 1), V2t € (0, +00),
u(0,6)=0, vy (L,t) + ypatad; v (L, t) = 0, Vt € (0, +00).

They established that the energy decay in this context is characterized by polynomial de-
cay rather than exponential. Employing the spectrum method, they demonstrated the ab-
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sence of exponential stability. Furthermore, they applied the Borichev-Tomilov theorem
to ascertain the specific polynomial decay rate.
Recently, in [13], Beniani et al. examined a system comprising coupled wave equations
featuring a diffusive internal control of a general nature:
dpu—Au+ ¢ [ 0(@)p(x, 0,t)do + v =0,
v — A+ [T 0@, o,t)do + Bu =0,
u=v=0, on 0,
P, 0, 8) + (& + NP, 0, 1) — dug(w) = 0,
Pu(x,0,8) + (0 + M, @, t) - dvo(w) = 0,
u(x,0) = uo(x),  d;u(x,0) = u1(x),
v(x,0) = vo(x),  9v(x,0) = v1(x),
o, w,0) = do(x,w), and @x,w,0) = @o(x,w).

They showed the absence of exponential stability and explored the asymptotic stability of
the model, establishing a general decay rate that depends on the density function ¢. The
references [2—4, 6, 17] compile a series of published works that underpin the mathematical
formulation of problems related to fractional differential equations and provide insights
into the decay rate of the energy of the solution to (1.1).

This paper is organized as follows. In Sect. 2, we reformulate the system (1.1) into an
augmented system by coupling the wave equations with compatible diffusion equations.
Subsequently, we establish the well-posedness of our system using a semi-group approach.
In Sect. 3, we show that the system lacks exponential stability. In Sect. 4, we demonstrate
the strong stability of our system, even in the absence of resolvent compactness, by com-
bining a general criterion of Arendt and Batty with Holmgren’s theorem, and we show a

general decay rate result.

2 Preliminary results and well-posedness
We first recall the following result due to [5]:

Theorem 2.1 [5] Let (1 be the function:
(€)=, £eR", 0<a<l.
Then, the relationship between the “input” U and the “output” O of the following system:

3t<ﬂ(§,x,t) + (|$|2+n)¢('§:x’t)_u(xrt)ﬂ(é) ZO’ %‘ ER”: n 20; t>0;

<P(€,x:0)=0»
2 si rs+1
0y = 2T () [ n©eenna,
N 2 R
is given by

O=1"""U=D""U,
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where

1

[I“’”U] (x,t) = m

t
/ t-0)* eI (x,7) dr.
0

Now, let us recall some results that will be needed later.

Lemma 2.2 [1,5,12] IfA€D={r € C|NRr+n>0}U{IJAr #0}, then

(Al +m)*t.

/ wE n 2t
rn M+ + €2 25in(an)F(§+1)

and

,bLZ (E) 2 I’lﬂ% +00 (y—l)“ 2 .
ens e - d A 21,
(/Rn (|)L| +0+ |E|2)2 S) <2F (g n 1) 1 = y) (Al +n)

Lemma 2.3 [5] Let n > 0, then we have

/* |§-|20¢—n+2 4
) %' < +0Q.
R (14112 +7)

Using the previous theorem, system (1.1) can be rewritten as the following augmented

model:

U (x,£) — Au(x, ) + [(u(x, £) — v(x, £)) = 0, (x, 1) € Q2 x (0, +00),
Va(x, £) — Av(x, ) + I(v(x, t) — u(x, £)) = 0, (x,t) € 2 x (0, +00),
8[90 (s’xr t) + (|‘§|2 + 77) 2 (E:x: t)

— (&) u(x,t) =0, (x,t) e 'y x (0,+00), £ e R”,

Iy (&, x,8) + (1617 +n) ¥ (5,%,0) (2.1)
— (&) ov(x,t)=0, (x,8) €'y x (0,400), £ € R”,

u(x,t) =vix, t) =0, (x, ) € I'1 x (0, +00),

Gy +01C Jpu (€)@ (5,2, 1) dE = 0, (x,2) € Tz x (0, +00),

2+ 02C fon i (E) Y (€,x,8) dE =0, (x,2) € T3 x (0,+00),

with the following initial conditions:

u(x,0) = uo(x), uix,0)=u(x), x€Q,
v(x,0) = vo(x), vi(x,0)=11(x), x€L,

<p($,x,0)=0, Iﬂ(S’x»O)=O, E eRn:

and C = 2sin(am)T(5+1)

7
mr2+1
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We define the energy of the solution of (2.1) by

1
E(t)=§/ (e, OF + [V, )]
Q

+ v O + Vv, O + lulx, £) — vix, 0)]*) dx (2.2)

nC
i

/ lp(&,%,8)*dEdT + %/ |V (&,%,t)|*dEdT.
2 Iy JR? 2 ry, JR”?

For all £ > 0, we have the following energy identity:

Lemma 2.4 Let U = (u,v,y,z, ¢, V) be a regular solution of problem (2.1). Then, the func-
tional energy defined in equation (2.2) satisfies

d
CE0=-pC / / (1612 + 1) l(&, % O)Pdedr
Iy JR”

e /r / (€12 + 1) 1/ (&,x, DIPdEdT.

2 JR?

Proof Multiplying equations (2.1); and (2.1), by u, and v;, respectively, using integration
by parts over €2, equations (2.1); and (2.1),, applying Green’s formula, and adding the two
equations, we obtain:

14d
2dt
e f ( /R E ) E x, t)ds) s, T
Iy n
I'y R”
=0.

</ (e, O + e, O + Va1 + |V, O + 1 - v)(a, t)lz)dx>
Q

(2.3)

Multiplying equations (2.1); and (2.1), by p; Ce and p, Cr, respectively, using integration
over I'; x R”, and adding the two equations, we obtain

1d ,
m(mc/m [ ot dsdanC/FZ i
+ piC / / (&2 + mlg(,x, DPdedr

Ty JR

+ psC / f (&2 + Iy (&% )P dedT
ry JR? (2.4)

e / ( /R u«(%‘)w(é,x,t)dé> (e, AT
Iy n

e f ( /R u(é)w(é,x,t)dé)vt(x,t)dl“
I'y n

=0.

V&, x, t)IzdeF)

Combining equations (2.3) and (2.4), we obtain

d
SE®=-pC f / (1612 + 1) lp(&, % O PdEdT
Iy n

0. [ [ (6P n) e mordsar.

Iy JR?

This completes the proof of the lemma. d
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We now discuss the well-posedness of (2.1). For this purpose, we define the following

Hilbert space (the energy space):

H = (H}, (R))* x (LX(Q))* x LXR" x Ty)),
where H}. () is given by

H{ (Q)={uecH'(Q)u=00nT}.

For U = (u,v,y,2z,¢,¥)T and U, = (uy,v1,91,21,91,¥1)7, we define the following inner
product in H

(U,Ur)y = / (yy1 +2zz1 + VuVuy + VvV + l(u - v)(u —171)) dx
Q
+ ;C f f (&, X)5,(€, ) dEdT + p,C / / V(& 0T, x) dedT.
r, JR2 r, JR

(2.5)

We then reformulate (2.1) into a semi-group setting. Introducing the vector function U =

w,v,5,2,0, T, system (2.1) is equivalent to

u=AuU, t>0,
Al t> (2.6)
U(0) = Uy,
where Uy := (1o, Vo, U1, V1, Yo, wo)T. The operator A is linear and defined by
u y
v z
Au—I(u—
Al |- u=lu=v) (2.7)
z Av—I(v—u)
¢ —(1&1%+ 1) @ + ylr,u(§)
4 — (1€ +n) ¥ + 2zlr, u(§)
The domain of A is then
:v,9,2,0,9)" € H:u,v e HE (Q), Au, Av € L*(RQ),
&g, [ElY € LA(R” x Ty),
— (17 L*(R" x T'y),
DAy = | ~(EF+n)@ +5Ir,n(§) € LR x T (2.8)

81 = —p1C [ WE)P(E, %)dE,
— (1€ +n) ¥ +ylr, u(E) € LX(R" x Ty),
0| = =05 C fon (EW (E,%)dE.

We have the following theorem of existence and uniqueness.

Theorem 2.5
1. If Uy € D (A), then system (2.1) has a unique strong solution

UeC'R,DAYNC (R,,H).
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2. If Uy € H, then system (2.1) has a unique weak solution
UeC'R,,H).

Proof First, we prove that the operator A is dissipative. For any U € D(A), we have

R AU, Uy, = - C / fR (&2 + n) o€, x)PdedT
Ty n

—;C / f (16 + ) [ (5, %) PdEdT = 0.

Iy JR?

(2.9)

Hence, A is dissipative. We will show that the operator AI — A is surjective for A > 0. Given
F = (1, /2.f3.f1.f5.f6) € H, we prove that there exists U € D(A) satisfying

(M -A)U=F. (2.10)

Equation (2.10) is equivalent to

Au—-y=fi,
A—z=f,
Ay—Au+l(u-v)=f, 2.11)
rAz—Av+Iv—u)=fi,
A+ (1617 + 1) @ —ylr,n(€) = fs,
A+ (IE17 + 1) ¥ — 2l 1(6) = fo.
Then, from (2.11); and (2.11),, we find that

{y =Mi=f (2.12)

z=Av—f.

It is clear that y € H{. (2) and z € H} (). Furthermore, from (2.11)5 and (2.11)s, we can
find ¢ and ¢ as

@ = el T Py AP’
v = Sfo@wg | Aryr®)  p@uE) (213)
TOlERen T A+lER+n T a+lEPen

i _ &8s Ay k@) fieuE)

By inserting (2.12); into (2.11); and (2.12), into (2.11),, we get

}“2 —_A — = A 5
u—Au+lu—-v)=fi+ M (2.14)
A= Av+ v —u) =fi + Afy.
Solving system (2.14) is equivalent to finding u,v € H{. (22) N H*(2) such that
/ (Mux — Auy +l(u—v)x)dx = / (s + A1) x dx,
i (2.15)

/ (szg - AVC +l(V—u){)dx: (ﬁ;+kf2)§dx
Q Q
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for all x,¢ € H}l(Q). From (2.15), one can see that the functions u and v satisfy the fol-

lowing system:

[ G+ VuT g+t vy ds i [ ( / M(E)(p(é,x,t)d‘i) xdr
Q ry, \JRrr
=/ (f3+kf1)xdx,
Q (2.16)
[ Gve e vvve io-we)dse mC [ ( [ M(E)l/f(é,x,t)dé)idl"
Q ry \JR"
- / (+ 1) L.
Q

Using (2.13) in (2.16), we get

/(A2ux+Vqu +l(u—v)x)dx+,01C/ (/ M(&)M “g‘) xdl’
Q Iy n A+1E12+n
=/ (f3+kf1)xdx,

Q
/ (sz§+VvV§ +l(v—u)§)dx+p2C/ (/ M(E)Mdé) ¢dr
Q ry \JRn A+1E2+7
:/ (fa + Af2) L dax.

Q

(2.17)

By inserting (2.12) into (2.17), we obtain

/s;()ﬂux +VuVy + l(u—v)x)dx + pIACf (/n n (S)#d’g’) xdl'

J5(6) fllrz(f;‘)M(E) )
= dx—;mC dr,
/Q(I%H\ﬁ)x X - p1 /rz(/wu(s) ey )@
/Q(sz;+VvV§+l(v—u)§)dx+p2AC/ (/ u (é)W é) dr

- [ aeds-mc [ ([ nu@)fé@ RO ) car.

Then,

/ (kzux +VuVy + l(u—v)x)dx+f (kzvg“ +VvVe +l(v—u)§)dx
Q Q

2 u|l"2
+ mw/rz (/Ru © |s|2+nd5> xdr

AC 26y M d) AT
‘o /rz(/w“@)xﬂahn £)¢ o
:/Q(}’?,+Aﬁ)xdx+f(ﬂ;+kﬁ)§dx

Q
—p1C/ <f M(s)f”@)‘ﬁ“;@)“@)ds>X(x)dr
R A+ €7+

Iy
o / < /R CGRIANGIE d§> codr
ry n

A+lEP+n

Consequently, problem (2.18) is equivalent to the problem

a((u,v),(x,8) =L(x,¢), (2.19)

Page 8 of 25
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where the bilinear form a : (Hp, (R2) x H}I(Q))2 —> C and the linear form L : H}. (Q) x
HF () — C are defined by

a((w,v),(x,¢)) =f (Mux + VuVy + l(u-v)x) dx

(szg +VvVe + (v - u)g“) dx

+
Q
2 M|F2
+p1AC/F2 </Rnu (5)7)\+|S||2+'7d§> xdll
AC 2 Ld) dr,
+ 2 frz(fwu(s)mwws ¢

and

L(X,g):/ﬂ(}%+kf1)xdx+/(f4+)»f2)§dx

Q
—,01Cf (/ M(S)ﬁ@)_ﬁhg(g)'u(g)dé)X(x)dF
ry \JRr A+lEF+7

2
C / < / RCGRAMGIG d$> Cdr
r, e A+IER+n

It is easy to verify that a is continuous and coercive, and L is continuous. Applying the
Lax-Milgram’s theorem, we infer that for all (x,¢) € HII-1 () x H}l (2) problem (2.19) has
a unique solution (u,v) € H} | X H} .- Moreover, by the regularity theory for the linear
elliptic equations, it follows that u, v € H*(Q).

To establish the existence of U in D(A), it is necessary to demonstrate that ¢(x;£),
V(x;€), |€]@(x; €), and €| (x; &) belong to L3(T"y x R™). From (2.13), we obtain:

2
/ 0 6)I2 dé Ty < 3 / WO e ar,
ry Jre W (14 |62+ 1)

+3(/r2(|xu| +A7) d Z)An%da

Using Lemma 2.2, it is evident that:

f |E|2a—n d5</ |€;|2u—n d%-<+oo
1111"(1+|.§|2+n)2 T Jrn L+ [EP+n '

Moreover, considering that f; € L2(I'; x R"), we have:

2
f lfS(xy'i:N d%. dr, < 1 5 / [fé(x,&'ﬂzd&' dl'y < +00.
- A +n)” Jry Jre

5 JRA 1+|§|2+n

Therefore, applying the trace theorem, we conclude that ¢(x, ) € L*(I', x R"). Further,
from (2.13), we derive:

2
// |§w<x;s>|2dsdr253// BRSOy,
Iy JR” n 1+ |§|2+n

20-n+2
3 (/r2 (1Al +1AF) @ 2) /R (1 |E||5|2 1) “

Page 9 of 25
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Using the trace theorem and Lemma 2.3, we obtain:

200—n+2
pal? + il dr)/ T e oo
(./r2(| ul'+ |AF) drs R"(l+|§|2+77)2 s

Given that |£]? < |£]? + n + 1 and f; € L*(T'; x R"), we find:

2
/ / |§f5(x1 S)| dé dr < / / Ifs(x’é-‘)|2d§' drz < +00.
ry JR 1+|§|2+77 r2 JR

Thus, |£@| € L*(Ty x R™).
Similarly, it can be shown that v (x; ), |Ev (x;€)| € L2(Ty x R™).
Finally, there exists a unique U := (&, v,7,z,¢, ) € D(A) that solves (\/ — A)U = F.
Therefore, the operator AI — A is surjective for any A > 0. Finally, the result of Theorem

2.5 follows from the Lumer-Phillips theorem. O

3 Lack of exponential stability
With the objective of demonstrating the lack of exponential stability, we need the following

theorem:

Theorem 3.1 [15, 18] Let S(t) = e’ be a Cy semi-group of contractions on the Hilbert
space. Then, S(t) is exponentially stable if and only if

o (A D{iB:B R} =R, (3.1)
and
lﬂl@w | GBI = A7 ) < +00- (3.2)

Our main result in this section is the following:

Theorem 3.2 The semi-group generated by the operator A is not exponentially stable in
the energy space H.

Proof Let —a? = (ia,)* be a sequence of eigenvalues corresponding to the sequence of

normalized eigenfunctions u, of the operator A, such that |«,| — 0o as n — oo and

Au, =—-o2u,, inQ, (3.3)
u, =0, onl'.

Our objective is to demonstrate, given certain conditions, that if i« satisfies (3.1), then

(3.2) does not hold. In other words, we aim to establish the existence of an infinite num-

ber of eigenvalues of A approaching the imaginary axis, which prevents the exponen-

tial stability of the wave system (2.1). To begin, we compute the characteristic equation

yielding the eigenvalues of 4. Let A be an eigenvalue of A with associated eigenvector



Chaili et al. Journal of Inequalities and Applications (2024) 2024:121 Page 11 of 25

U = (u,v,y,z¢,%)". Then, AU = AU is equivalent to:

A—-y=0,

Aw—2z=0,

Ay —-Au+l(u-v)=0,
AM—-Av+Ilv-u)=0,

ap + (1617 + 1) @ = ylr,1u(6) = 0,
A+ (€17 + 1) ¥ —2lr,u(€) = 0.

We observe that if we consider the decomposition given by ® := u + v, ® := y + z and
A := ¢ + ¥, we have:

1D -0 =0,
20— AD =0, (3.4)
A+ (161 +n) A = O, u(8) = 0.

Taking 0 :=u —v, k :=y—zand o := ¢ — ¥, we have:

A0 —k =0,
Mc— A6 +216 =0, (3.5)
Ao + (&7 + 1) 0 —k|ru(§) = 0.

The problem presented in (3.5) can be reformulated as
‘/t = Al V} V(O) = VO!
where Vj = (6o, k0, 00)T, and A; : D(A) ¢ H — H is defined as follows
A1 (0,k,0) = (i, A0 =210, — (1> + 1) & + k|, 1u(5)).
Moreover, we note that
ui=2(@+0), vi=31(@-0),y:=10O+«k), z2:=1(0©-«), 9= 1(A+0) and ¥ :=
J(A-0).
We define the Hilbert space
H = H{ (Q) x L*(Q) x L*(R"),
equipped with the following inner product
(Vi,Va)y = / (010, + VO, VD,) dx + (p1 + p2) C/ / A1A, dEdT,
Q ry JR”

(WbWZ)H:/ (6162 + VK1VK_2+1919_2)dx+(/01+,02)C/ / 010, dédr,
Q Ty JRA

where Vi = (91,01, A1), Vo = (P2, 09, Ag), W1 = (61,k1,01), and Wy = (6,k2,02). Note
that the inner product (U3, Us)4 defined in (2.5) satisfies the equality

1
(U, Up)yy = 3 (V1 Va)g + (W1, Wa) ).
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Now, we must proceed to solve the problems (3.4) and (3.5). From (3.5);, we have

K = 20. (3.6)
Inserting (3.6) in (3.5),, we get

AB = (3% +21)6. (3.7)

From (3.3) and (3.7), we obtain the existence of a sequence of eigenvalues 1, of A; corre-
sponding to the sequence «,,, such that

—a)0y = NG, = (7] +21) 6,
then, we obtain
o =22 -2l

)
&> + 1 + ity
direct computation gives

6, T
By taking o, = Oulr, and V,, = (,—,9,,,0,,) . We have V,, € D(A;). Then, a

ioy,

On. O
ioy, 216,
.Al 0 = | io,6, — -
n ioy,
oy, io,0,
It follows that
0
216,
(il - ANV, =| =
oy,
0
Using the fact that

n

21

Ay

— 0 as |a,| — oo,

and the fact that 6, is a normalized eigenfunction of the operator A, for each n € N, one
gets

Il Geral = AD ™ ll2py —> 00 as | —> 0.
This completes the proof. g

4 Stability
4.1 Strong stability of the system
In this part, we use the general criteria of Arendt and Batty (see [8]), following which a

Al

Co-semi-group of contractions e’ in a Banach space is strongly stable if A has no pure

imaginary eigenvalues and o (A) N iR contains only a countable number of elements.
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Our main result in this part is the following theorem.

Theorem 4.1 [7] Suppose that n > 0. The Cy-semi-group e\! is strongly stable in H; i.e,
for all Uy € H, the solution of (2.6) satisfies

; At _
tl_1>moo ||e L10||H =0.
For the proof of Theorem 4.1, we need the following lemmas:

Lemma 4.2 A has no eigenvalues on iR.

Proof We distinguish two cases, il =0 and iA # 0.

Case 1. Solving AU = 0leads to U = 0, thanks to the boundary conditions in (2.8). Hence,
i2 = 0 is not an eigenvalue of A.

Case 2. We will argue by contradiction. Let us suppose that there exists A € R, 1 #0, and
U #0, such that AU = iAlU. Then, we get

iru—y=0,

iMv—2z=0,
iAy—Au+l(u-v)=0,
irz—Av+Ilv-u)=0,

irg + (1€ + 1) @ = I, 1(6) = O,
Mg+ (1&17 + 1) ¥ — 2l u(€) = 0.

Then, from (2.9), we have

=0, Y=0.

Hence, from (2.8) and (4.1); and (4.1)4, we obtain

% —0andz=0, onTy,

{g—"f:()andy:O, on 'y,
v

andsou=v=0onT%,.
By eliminating y and z, the system (4.1) implies that

A2u—-Au+lu-v)=0, on £,
“A2v—Av+Il(v-u)=0, on £,

u=v=0, on I,
du _ v _
3_1)_8\)_0’ on I,

Using the unique continuation theorem, one gets # = v= 0 on Q2 and therefore U = 0.

This completes the proof. O

Lemma 4.3 For . #0 or A = 0 and n # 0 the operator irI — A is surjective.

Page 13 of 25
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Proof Case1: A #0.
We will demonstrate that the operator iAl — A is surjective for A # 0. Letting F =
(fi.forforfurf5.f6) € H, we seek for X = (u,v,y,z,¢,¥) € D(A) solution of the following

equation
(iM-A)X=F.
Equivalently, we have

iu-y=f,

iAv—z=f,
iAy—Au+lu—-v)=fs,
iAz—Av+Il(v—u)=fi,

g + (&1 +n) ¢ = ylr, 1) = f5,
Mg+ (1517 +0) ¥ — 2l m(€) = fo.

(4.2)

From (4.2); and (4.2),, we find that

iy = i —fi, (4.3)
zZ=i\v—fy.

By inserting (4.3); into (4.2)3 and (4.3), into (4.2)4, we get

i—k2u—Au+l(u—V) =f3 +iM, (4.4)

A= Av+I(v—u) =fi + irf.

Solving system (4.4) is equivalent to finding (u,v) € H}I(Q) X H}I(Q) such that

/(—k2ux—AuX+l(lft—V)X)dx=/ (fg+ikf1)xdx,

Q

/(—A2v§—Av§+l(v—u)§)dx=/ﬂ(ﬁ;+ikﬁ)§dx,
Q

Q

(4.5)

for all (x,¢) € HE () x HE ().

From (4.5), one can see that the functions u and v satisfy the following system

/Q (=22ux + VuVy + lu—v)x) dx + ,olcfr
=/Q(f3+i)\ﬁ)xdx, 2
fQ (=32v¢ + VVVE + (v - w)t) dx + pzc/F
=/S2(ﬁ;+ikjf2)§dx. 2

([, merote e ) xar

( /R e t)ds) ¢dr

Page 14 of 25
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Then, using (4.2); and (4.2)4, we get

/ (—Azux +VuVy +l(u—v))()dx+p1C/ </ M(E)Mdé) xdl’
Q ry, \JR" i+ E2+7
:/ (fs + irfr) xdx,

Q
/ (—szg“ +VvV§+l(V—u)§)dx+p2C/ (/ /L(&')Md&) ¢dr
Q r, \JRr# i+ IE2+n
=/ (fa + irf5) Cdx.

Q

(4.6)

By inserting (4.3) into (4.6), we obtain

/ (-2uy + VuVy +l(u—V)X)dx+iAp1C/ (/ ,lL%%‘),Ld%') xdTl
Q R i+ IE+1

Iy
. £(8) = filr, (&)
=/Q(fs+v\ﬁ)xdx—m€/r2 (/Rnu(s)f’ ml';'2+f7‘ dé)x(x)dl",

/Q(—kzvg“ + VvV + (v —u)g)dx + iApZC[ (f]R" n (é)#dé) cdr

= /Q (fi+ infy) tdx = poC /F 2 ( / ”M(E)J%(él)k fl";'g@)“ © ds) {(x)dr.

Then,

(—Azux +VuVy + l(u- V))() dx + / (—szg +VvVe +Il(v- u){) dx
Q

Q
e [ ([, e ),

vIr,
+zkp2Cf (/R”/L (E)MH%_|2 dé){dr,

—/ (f3+lkﬁ)xdx+/ (fa + irf) Cdx,
Q Q

—p1C/ </ u(s)ﬁ@_mré@)“@)dg)X(x)dF,
" ir+1E17+n

Iy
_p2C/ </ u(é)fé@?_m”z@)“@)ds) c@)dr.
Ty n A+ &7+

We can rewrite (4.7) as

L (@0, G09)) + (@), 06 Oy @ = £ 000, (4.8)

where
((u,v), (X,C))H%l(g) = /Q (VuVy + VvV + lu—-v)(x - ¢))dx,

L (@, 0) =22 /Q (ux +v0) dx— irpy C /F 2 ( / n M(s)mbféﬁds) xdl

. 2 VIFz
_z/\po/rz (_/Rn,u € rr |$|2+nds> ¢dr,

Page 15 of 25
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and

E(X,;):f(f3+mﬁ)xdx+f(ﬁ+ixﬁ)gdx
Q

Q
—,01C/ (/ M(E)ﬁ(é?—ﬁlré@)u@)dg) £ ()dT
ry \JRr S

—ng/ (/ M(s)ﬁ@?—ﬁhé@)ﬂ(@dg) £ (x)dT.
r, \Jrr L+ 1512+

Using the continuous embedding from L2(Q) into H~1(R) and the compactness embed-
ding from Hlll () into L2(R), we deduce that the operator L, is compact from L2(2) into
L*(2). Consequently, by the Fredholm alternative, proving the existence of (1, v) solution
of (4.8) reduces to proving that 1 is not an eigenvalue of L, for £ = 0. Let us suppose that

1 is an eigenvalue, then there exists (#,v) # 0 such that

2

L@, 6:0) = (@9, 06 Oy @ Y000 € (HE (@) (49)
In particular, for (x, ¢) = (&, v), it follows that
, 1)
S (R L Rt fR i
1) (4.10)

. 2
— 02 C lIVIlIz2 /]R" mdf

— 2 2 2
- ”VMIILZ(Q) + ”VV”LZ(Q) +1 ||I/l - V”LZ(Q) .

Taking the imaginary part in (4.10), we deduce that
u=v=0,on I},

Considering u and v are within D(A), we infer that
u=v=0,onT.

From (4.9), we obtain

“A2u—-Au+lu-v)=0,0n%,
“22v—Av+Ilv-u)=0, on 2,
M:V:O, onl.

Utilizing the analogous reasoning as presented in Lemma 4.2 based on the boundary ge-
ometric condition, one derives u = v = 0. Then, U = 0. Hence, iAl — A is surjective for all
A eR*,

Case2: . =0and n #O0.

Page 16 of 25
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System (4.2) is reduced to the following system:

-y =fi,

—z=f,
“Au+l(u-v)=f;,
—Av+I(v—-u)=fi,

(1€ +n) @ = yIr,u(§) = f5,
(IE1> +n) ¥ — zlr, w(§) = fo.

Consequently, from (4.7), we obtain

(VuVy +l(u—-v)x)dx + / (Vv + (v —u)¢)dx,
f5(8) —filr, (§)p(§)

:Q/Qf?)de+/Qﬁ1§dx_p1C/Q </ u(&) 112+ 7

'y R”
e | < [ we -t ds) oo
r, \Jr# |E1* +7

dé) x(®)dl, (4.11)

Thus, system (4.11) can be written as the problem

ay (u,v), (X, 8)) = Ly(x, ), (4.12)

where the bilinear form a,, : (HILI(Q) X H}I(Q))2 — R and the linear form L, :Hlll(Q) X
HF, () — R are defined as follows

ay ((u,V),(X,C))=/ (VuVy +l(u—v)X)dx+/ (VYW + (v —u)¢) dx,
Q Q
and

Loo0) = /fsxdx+/f4§dx
Q Q
—p1C/ ([ M(E)ﬁ(f)—ﬁzlrz(é)u(é)dé)X(x)dr
r R 1>+ 1

2
e[ ( [ wie O Ll On®) ds) T
s e £ +7

It is clear that the bilinear form a4, is continuous and coercive, and the linear form L,
is continuous. Then, by Lax-Milgram’s theorem, the variational problem (4.12) admits a
unique solution (x,v) € Hy. (R2) x Hf, (), for all (x,¢) € HE () x HE (2). Then, we de-
duce from (4.11) that (u,v) € H%(2) x H*(S2). Consequently, the operator A is surjective.

The proof of the lemma is thus complete. d

The following lemma is similar to Lemma 2.10 in [5], whose proof we have followed with

slight modifications to fit our context.

Lemma 4.4 Assume that n =0. Then, 0 € o(A).
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Proof We argue by contradiction. We suppose that 0 € p(A). Let consider wy € H}l (Q) be
an eigenfunction of the system:

—Awy = pioy, in K,

Wk =0, on Iy,

3

% =0, on I'y.

Now, we define the vector F = (0,w,0,0,0,0) € H. Assume that there exists U =
(,v,9,2,9,%) € D(A) such that

AU =F.
It follows that

Z = Wk, in Q,
y=0, inQ,
—|EPY + u()z=0, only,

and we deduce that ¥ (x, &) = |&] 2t kT, We easy can check that, for o €]0, 1[, the func-
tion ¥ (x,&) ¢ L2 (I'y x R"). So, the assumption of the existence of U is false, and conse-
quently the operator A is not invertible. d

Proof of Theorem 4.1. By Lemma 4.2, the operator A has no pure imaginary eigenvalues
and by Lemma 4.3 R(iA — A) = H for all A € R* and R(ix — A) = H for A = 0 and for all
n > 0. Therefore, the closed graph theorem of Banach implies that o (4) NiR =@ if n >0
and o (A) NiR = {0} if 5 = 0. This completes the proof. (]

4.2 The rate of decay of the Cy semi-group

Our main result in this part concerns the polynomial decay of the energy of the solution of

(1.1) under a geometric condition. For this purpose, we consider the following hypothesis:
Denote v the outward unit normal vector to I'. Fix x¢ in © and define m(x) = x — xy. We

assume that

m-v<0onl; and m-v>mgyonly, (4.13)

where myj is a positive constant. We say that the boundary I" satisfies the boundary mul-
tiplier geometric control condition (MGC).

Theorem 4.5 Assume that n > 0 and the boundary multiplier geometric condition (MGC)
(4.13) holds then for all initial data Uy € D(A), there exists a constant C > 0 independent
of Uy, such that the energy of the solution U of (1.1) satisfies the following estimation:

EQ@) < |l peay-

2
I-a

To prove Theorem 4.5, we establish a particular resolvent estimate based on a result of
Batty in [10, 11] and Borichev and Tomilov in [14].
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Theorem 4.6 Assume that A is the generator of a strongly continuous semi-group of con-
tractions (et'A) 1~ 0N the energy space H. If iR C p(A), then for a fixed £ > 0, the following
conditions are equivalent.

L sup; g [GA = A7 £, = O (1AI),

2. HetAUO ”H <X, Vt>0,UeD(A), for some C > 0.

sl

t
We are now able to prove the energy of smooth solution of system (1.1) decays polyno-

mial to 0 as ¢ goes to infinity.

Proof of Theorem 4.5 As a consequence of Theorem 4.6, one has to prove that the operator
A defined by (2.7) and (2.8) satisfies:

. . -1 —a
lim sup ||(l)J—A) 2y = OUAI™®).

AER,|A|—+00

For clarity, we divide the proof into several steps.
Step 1. By contradiction, suppose that

. . _1
limsup ||(ix = A) " |l £) = 00.
AR I o00

Then, there exists a sequence of real number 4, > 0 with A, — oo, and a sequence of
vectors (U,),, € D(A) with

1Unll# =1, (4.14)
such that
AL (in,d — AU, = F,=0(1), inH. (4.15)

For simplicity, we drop in the next the index n. Our goal is to derive from (4.15) that U
converges to zero, which consists of a contradiction.
Note that (4.15) is equivalent to

iMu—-y= A ,

Al—a
iAV—z= f2 )

)Ll—ot
iy—Au+lu-v)= ]:3 )

kf“’ (4.16)

i)»z—Av+l(v—u)=)Lﬁa,
g + (167 + 1) 0 3leyu(®) = 2,
D+ (6 4 n) ¥~ el u(©) = 2,

where

Fz(fl) 21)31)4>, 5¢fé)€H'
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Taking the inner product in H of (4.15) with
U=uvyz¢0y)",

and using the fact that

Re (.- AU, Uy, = ;1C fr /R (61 + 1) l(&, %, P dEdT
2 n

+ p2C (I€1% +n) W (&,x,0)|*d&dT,
I

2 JR?

we obtain
172 o(1) 0(1)
I (|§§|2 + 77) (P”LZ(R”xrz) = T and || (|‘f|2 + 77) WHLz(]R”sz) = g
A2 )LT
and we deduce that
o(1) o(1)
||§0||L2(Rﬂxr2) = )Lu ’ ||1/f||L2(1Rnxr2) Tia
2 2
— — and =—.
ey 25 Wlpe, A7

Now, multiplying equation (4.16); by (iA + |£|% + )"}, integrating over R”, and applying
the Cauchy-Schwartz inequality, one gets:

g
————d
|}// 2|/ |)\‘|+|$|2 )n+1 g
g ( 2 )
S L ’ 4
= (/Rn (|)L| + |g|2+n)2n S) / |Ep(x,6)|°dE
1 |€_—|2n </ )
) d
+ |A|17a (V/]R” (|)\.| +|E|2 2n+2 E) %(x $)| é;‘

Using Young’s inequality, Lemma A.3 in [5], and integrating over I'y, we deduce

lyiry 2 (ry) = 0(1). (4.18)
Similarly, we obtain
lzirs 1 2(ry) = 0(1). (4.19)

Note also that from (4.16); and (4.16),, we deduce

lull 2 = % and [[v]2 = ﬁ. (4.20)

Page 20 of 25
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Step 2. By eliminating y and z, system (4.16) implies that

fs+irfq

Au-Au+lw-v)=—"—-"2, on ¢,

)\1—0{

A

22— Av+l(v—u)=f4+l fz, on £,

Al-e (4.21)
u=v=0, onm I}y,
0 1 0 1
& 05_3 an ad = 0(1_3 in  L*(Iy).
av A2 v A2

By taking ¢ = u + v, we get
—f3 —fo — iM1 — iA

Mo+ Ap= L f“MfQﬁ l fZ, on Q,
¢=0,onTly, (4.22)
a 1
90 2D i 12y,
av

First, multiplying equation (4.22); by (n — 1)¢, integrating over 2, and then using green

formula and the boundary conditions, we get

2 - 1)/|¢|2dx—(n 1)/|V¢|2dx+(n 1)/ —cbdr
. 1)/ —f5—fi —iAfi - mfz

Al—a

Using (4.17), (4.20), (4.22), and the fact that ||f; ”Hll—l(Q) =0(1), |If2||H11.1(Q) =o(1), Ifsll 2 =
o(1) and ||f3]l;2(q) = 0(1), we deduce

(n— 1)/ | g |2dx — (n — 1)/ |V |2dx = (1). (4.23)
A
Next, multiplying equation (4.22); by 2( - V) and integrating over 2, one gets:
222 / O m-V)dx +2 / A¢ (m - V)dx
_ (4.24)
o [ BB e A
A

Applying the integration by parts to the first integral in the left-hand side in equation
(4.24), we get

2,\2/ ¢(m~Vq§)dx=—nf Ap|2dx + A2 | (m-v)|g|*dT. (4.25)
Q Q

Iy

Using the green formula on the second integral in the left-hand side in equation (4.24), we

gets

2/ Ad)(m-Vq_&)dx:(n—Z)/ |V¢|2dx+2/ %(m~V¢_S)dF—/(m.v)|V<D|2dF.
Q Q r ov r

(4.26)
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Inserting (4.25) and (4.26) in (4.24), we deduce

a9 _
—n/ |A¢|2dx+(n—2)f |V¢|2dx+A2/ (m-v)|¢>|2dr‘+2/ —¢(m~V¢)dF
Q Q Iy ) r dv
—/(m.v)|V<I>|2dF - 0(1)
r Ea
(4.27)
Combining (4.23) and (4.27), we obtain
2 2 2 2 d¢ 7
(Ap|“dx+ | |Vo|°dx= A (m-v)|p|°dl’ +2 | —(m-V)dTI'
Q Q Iy rdv (4.28)
2 o(1) )
- [ mv)|VO|°dl + ——-.
. Ta
Using (4.18) and (4.19), we infer that
22 (m-v)|edr = o(1). (4.29)
Iy
On the other hand, it is easy to see that
9 - 0P
2/ —¢(m~V¢)dF —/(m.u)|vq>|2dr = | (m-v)|—*dl
r v r g I v (430)
+ 2/ —¢(m -V@)dl —/ (m.v)|VO|%dr.
Iy v Iy
Inserting equations (4.29) and (4.30) in equation (4.28), we get
0P 0 -
/ |A¢|2dx+/ [V |*dx = o(1) +/ (m - v)|—|%dT + 2/ —¢(m -V¢)dr
o o ry v ry dv (4.31)
- f (m.v)|V|%dr.
Iy
Letting € > 0 and using the Young inequality, we get
3 . ag |
29{/ —¢(m -V@)drl' < %/ % dl +e | |[V®|%dT
Iy av € Iy av Iy
1
—c / |V [2dT + 0(1) (4.32)
I'y A2

Inserting equation (4.32) in equation (4.31) and using the (MGC) condition, we get

/|A¢|2dx+/ Vo 2dx < (e —myg) | |VP?dT + o(1).
Q Q

Iy

Taking € < my, we get

/ | o |2dx + / Vo |2 dx < o(1). (4.33)
Q Q
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Thus, using equation (4.33), we obtain

”(D”Hll-l(ﬂ) =o(D). (4.34)

Step 3. By replacing v by ® — u in (4.21), we find
28
QL= 22— Au =1 +% on Q,
u=0 onljy,

ou_ o 2y,

l-a

81)_)\7

We proceed exactly as the beginning of the proof, and the system is verified by ¢. However,
in this case, we used A% — 2/ instead of A% and (4.34) to find

||u||H1£1(Q) =0(1) and consequently ||v||H11_1(Q) =o(1). (4.35)

Step 4. On the other hand, multiplying (4.16), by # and (4.16), by v leads to:

/ikyz?tdx—/ Auitdx+l/(u—v)lftdx:/ fiu dx,
Q Q Q QAT

/ikzﬁdx—f Avfldx+l/(v—u)17dx =f ffv dx.
Q Q Q QAT

Then,

—/yﬂdx+/ |Vu|2dx+,01C/ </ M(S)go(“g‘,x,t)dé)itdl“+l/(u—v)z_4dx
Q Q ry \JR" Q

:/ Jst dx,
Q )Ll—ot

—/zmdx +/ |Vv|2dx+p2C/ (/ ,u(é)lp(é,x,t)dé) 17dF+l/(V—u)17dx
Q Q ry \JR" Q

(4.36)

Replacing (4.16); into (4.36); and (4.16), into (4.36),, we have

+l/(u—v)12dx:/ fg—udx,
Q)\l—oz

Q
—/z(2+fz)dx+f |Vv|2dx+p2C/ (/ /L(S)w(é,x,t)dé) vdl’
Q Q Iy \JR”

+l/(v—u)17dx=/ Jay dx.
Q Q)»l—a

- / »G +Fo)dax + f Vil dx+ prC / ( f u(sms,x,t)ds)adr
Q Q T R”
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Consequently,

—/ (|y(x)|2+|z(x)|2)dx+/ (|Vu|2+|Vv|2)dx+l/ lu —v|*dx
Q

Q
+ piC f (/ W(E)p(E, )k ) D
2 R (4.37)
+ poC /F ( A; ﬂu(é)w(f,t)d§> 7dr
_/f;.;it+yfl+f417+zfgdx
- o Al-o ‘

Using (4.14), (4.17), (4.35), (4.37) and the fact that |[f1||H% (@ = o), |[fz||Hg @ = o(1),
1 1
312 = (1) and ||fa]l 2(q) = 0(1), we deduce

/Q (Iy@)I* + |z(x)|*) dax = o(1). (4.38)

Finally, using (4.14), (4.17), (4.35), and (4.38), one gets a contradiction.
Thus, the proof of Theorem 4.5 is complete. d

5 Conclusion

In this study, we have examined a coupled system of wave equations with boundary
fractional dissipation applied locally. Our investigation began with establishing the well-
posedness of the system through a semi-group approach, demonstrating the existence and
uniqueness of solutions. While the system does not exhibit exponential stability, we con-
firmed its strong stability. Leveraging Arendt and Batty’s criterion, we further showed that
the energy of the system decays over time, following a polynomial rate. Moreover, we con-
jecture that the energy decay rate of type tT7 is optimal.
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