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U=V -(DWVu) -V - (®du)Vv) + V- (Y (u)Vw) + f(u),

vi=Av+auf - By, Tw,=Aw+yu -8w, Te{01},

in a bounded domain £ C R" (n > 1), subject to the homogeneous Neumann
boundary conditions and initial conditions, where D, ®, ¥ e C?[0, 00) are
nonnegative with D(s) > (s + 1)P for s > 0, ®(s) < x 59, &9 < W(s) < &, 5> s, for

so > 1, the logistic source satisfies f(s) < s(@— bs?), s > 0, f(0) > 0, and the nonlinear
productions for the attraction and repulsion chemicals are described via au* and y U/,
respectively. When k =/=1, it is known that this system possesses a globally
bounded solution in some cases. However, there has been no work in the case k,/ > 0.
This paper develops the global boundedness of the solution to the system in some
cases and extends the global boundedness criteria established by Tian, He, and
Zheng (2016) for the attraction-repulsion chemotaxis system.

Keywords: Chemotaxis; Attraction—repulsion; Nonlinear productions; Logistic
source; Boundedness; Fully parabolic

1 Introduction

In this paper, we consider the boundedness in the attraction—repulsion chemotaxis system

ur=V-(Dw)Vu) -V - (®m)Vv) + V- (W () Vw) + f(u), (x,£) e Q2 x(0,T),

ve = Av+aut — By, (x, 1) € 2 x (0,T),

w, = Aw+ yul - 8w, e x(@©OT), (1.1)
Ju i) Iw

=5 =5, =0 (1) € 92 x (0,T),
u(x,0) = uo(x), v(x, 0) = vo(x), Tw(x, 0) = wo(x), x€€,
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where Q C R”(n > 1) is a bounded domain with smooth boundary 9%, t € {0,1}, v de-
notes the outward normal vector to 9€2, and the parameters «, 8, y,8, k, > 0. The nonlin-

ear nonnegative functions D, ®, W satisfy

D, ®, V¥ e C*[0,00), (1.2)
D(s) = (s+ 1), s>0, (1.3)
0<®(s) < xs?, s>1, (1.4)
ES<W(s)<td, s>, (1.5)

with x,&,¢ >0and p,q,g,j € R. The logistic source f € C2[0, co) fulfills
f(0)>=0 and f(s)fs(a—bsd), s>0, (1.6)

where a,b,d > 0. In model (1.1) the functions u, v, and w represent the cell density and
the concentrations of attractive and repulsive chemical substances, respectively. The pro-
ductions of v and w in the model are both nonlinear of the forms az* and y . This would
substantially affect the boundedness of solutions.

Model (1.1) is one of many types of the chemotaxis systems proposed by Keller and
Segel [1] (for guidance on various variants, we refer to Hillen and Painter [2]). For the

attraction—repulsion system with linear productions and logistic source, i.e.,

ur=Au—xV-wVv)+&V - uVw) +f(m), (xt)eQx(0,T),
Ve = Av +au — Bv, (%, 1) e Q2 x(0,T), (1.7)
Tow = Aw+ yu — 3w, (x,t) € 2 x (0, T),

where 7; € {0,1} (i = 1,2), in the case 71 = 15 = 1 with f(«) = u(a — bu), the global bound-
edness was established in [3-6]. Among them, Jin and Wang [5] dealt with the one-
dimensional case. Also, the two- and three-dimensional settings were investigated by
Jin and Liu [4] under the condition x = &. Furthermore, in the case t; = 75 = 0 with
f(u) = u(a — bu) and a = b, Salako and Shen [7] derived the global boundedness under
some special conditions. Moreover, with f(#) < u(a — bu), Zhang and Li [8] proved that
the problem possesses a globally bounded classical solution if one of the following holds:
@ ax —yE <b;(b) n<2;(c) L2(ax —y§) <bwithn>3.

Lately, we turn our eyes into the chemotaxis system with nonlinear productions. Wang

and Xiang [9] proved that for the chemotaxis system

uy=Au—xV-wVv)+fm), (xt)eQx(0,T1), (1.8)
0=Av+aul-pBy, x,t)eRx(,T), .

with () < u(a — bu?) and k,d > 0, the solutions are globally bounded if either d > k or
d = k with ka X < b. Moreover, Hong, Tian, and-Zheng [10] extended the above criteria
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for the attraction—repulsion system

ur=Au—xV-wVv)+&V - uVw) +f(u), (1) e x(0,T),
0=Av+aul - By, (x,1) € Q2 x (0, T), (1.9)
0=Aw+yul — 8w, 1) e Q2 x(0,T),

where f(u) < u(a — bu®), k,I,d > 0, k < max{l,d, %} or k =max{l,d} > % with the following

assumptions: (a) k =1 = d, kzgz(ax -y&)<b;b)k=Il>d, ax —yE<0;(c) k=d >,
kn=2
kn

Recently, Chiyo, Yokota, and Mizukami [11, 12] obtained some interesting results for a

ay <b.

fully parabolic attraction—repulsion chemotaxis system with signal-dependent sensitivity.
Concerning the attraction—repulsion chemotaxis system (1.1), our main results are the
following theorems.

Theorem 1 Let v =0,D,®,V and f satisfy (1.2)—(1.6) with nonnegative initial data u, €
C(Q) and vy € W (Q) (o > n).

(i) Ifg+k<max{g+[,d+1, % +p + 1}, then Eq. (1.1) admits a globally bounded solution.

(ii) Assume q + k = max{g + ,d + 1} > % +p + 1 and there exist by, 6y such that one of the
following assumptions holds:

(Q)g+k=g+1=d+1withband y§ sufficiently large such that b + y 6, > 4by;

(b) g+ k=g+1>d+1with y& sufficiently large such that y£0y > 4by;

(c)g+k=d+1>g+1with b sufficiently large such that b > 4by.

Then the solution of Eq. (1.1) is globally bounded.

Theorem 2 Lett =1,D, D, V, and f satisfy (1.2)—(1.6) with nonnegative initial data u, €
C(Q) and vy, wo € W (Q) (o > n).
(i) Ifg+k g+ <max{d+1, % +p + 1}, then Eq. (1.1) admits a globally bounded solution.
(ii) Assumethatq+k =d+1andq+k,g+1> % +p+1and that there exist by, by, b3, 01,0, >
0 such that one of the following assumptions holds:
(a) g+ k=d+1 =g+ with b sufficiently large such that b;%fz >1+by and b;gfl > 1+ by;
(b) g + k=d + 1> g+ 1 with b sufficiently large such that % >2+ bs.

Then the solution of Eq. (1.1) is globally bounded.

Remark 1 Model (1.1) includes four mechanisms (a nonlinear diffusion, attraction, re-
pulsion, and logistic source) and two nonlinear productions (components v and w). The
behavior of the solution is determined by the interaction among them. It is known that be-
sides the attraction and corresponding production, all the other benefit the global bound-

edness of solutions.

Remark 2 Theorem 1 illustrates how the nonlinear exponents p,q,g,d, k,[ > 0 influence
the evolution of solutions. More precisely, if the attraction is dominated by one of the
other mechanisms (g + k < max{g + /,d + 1, % + p + 1}), then the solution will be globally
bounded. Under the balance situations with g + k = max{g +,d + 1} and g + k > % +p+1,
the solution boundedness will be determined by some related coefficients. Furthermore,
Theorem 1 extends the criteria for global boundedness established by Tian, He, and Zheng
[13] for the attraction—repulsion chemotaxis system.
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Remark 3 Theorem 2 also illustrates how the nonlinear exponents p,q,g,d, k,[ > 0 influ-
ence the evolution of solutions. More precisely, if the attraction and repulsion are dom-
inated by one of the other mechanisms (g + k,g + [ < max{d + 1,% + p + 1}), then the
solution will be globally bounded. Under the balance situations with ¢ + k =d + 1 and
q+kg+l> % + p + 1, the solution boundedness will be determined by some related co-
efficients. However, in two cases, g +[>g+k>d+1andg+/=q+ k >d + 1, we have not

found a satisfactory way to explain the behavior of the solution.

2 Preliminaries
In this section, we introduce some results on the local solutions, some integral estimates,

and the maximal Sobolev regularity.

Lemma 1 (See [13, Lemma 2.1]) Let Q C R"(n > 1) be a bounded domain with smooth
boundary, T = 0,and let D, ®, ¥, and f satisfy (1.2)—(1.6). Then for nonnegative uy € C°(Q)
and vy € WY (Q)(o > n), there exist nonnegative functions u,v,w € C°(Q x [0, Tpax)) N
C*1(Q X (0, Tinax)) With Tmax € (0,00] that classically solve (1.1) in Q2 x (0, Tnax). Moreover,
if Trax < 00, then

t—1>i;ln1ax ” uC t)“LOC(Q) = oo

The proof is similar to that of Lemma 1.1 in [14].

Lemma 2 Let Q C R"(n > 1) be a bounded domain with smooth boundary, v = 1, let D,
®, U, and f satisfy (1.2)—(1.6), and let uy € C°(Q) and vy, wy € WH(Q) be nonnegative
with uy # 0. Then there exist a maximal Ty € (0,00] and a uniquely determined triplet
(u,v,w) of nonnegative functions

u € CO(2 x [0, Tiax)) N C* (2 X (0, Tinax)),

v,w € C%(2 X [0, Tmax)) N C*' (2 X (0, Tmax)) N L ([0, Tinax ); W)

loc

that classically solve (1.1) in Q2 X (0, Tax). Moreover, if Tmax < 00, then

lim sup||u(-, t)||LOO(Q) =00.

t—> Tmax

Some basic properties are derived as follows.

Lemma 3 [10] Let (i, v, w) be a solution to (1.1) ensured by Lemma 1. Then for any I,n > 0
and 0 > 1, there is co = co(n,0,1) > 0 such that

/ w’ < n/ U +co, € (0, Tinax)- (2.1)
Q Q

Moreover,

1

/QuSmax{/Quo,<%>E|Q|} = M.
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Next, we prove a variation of the maximal Sobolev regularity. The idea is inspired by
[10, Lemma 4.1] and the work presented in [15].

Lemma 4 Let o > 1. Consider the following equation:

c=Ac—Bc+h, xt)eQx(0,T),

9
% =0, (x,1)edQ x(0,7T),

g(x: 0) = §o(x), x €,

for any ¢y € W?°(Q) (o > n), 33% =0o0n 0, and all h € L°((0, T); L° (S2)). Then it has a

unique solution
s € WY ((0, T); L7 (R2)) N L ((0, T); W7 (Q)).

Moreover, if ty € [0,T), c(-, to) € W% (o > n) with da% = 0, then there exists Cy > 0 such

that
T
/ / eﬂo’tlAglﬁ
to Q

T
=G [ [ et s o (s g+ A5 ) 22)
to Q
Proof Let H(x,t) = ef*c(x,t). We have

H, = AH +ef'h, (x,t) € Q x (0, T),

oH
5 =0 (%, ) € 02 x (0, T),

H(x,0) = Hy(x), x€X.

By the standard Sobolev regularity there exists C, > 0 such that

T T
/ / |AH|” < Cg/ / " h|” + Co (I1HolIo ) + | AH 150 )
0 Q 0 Q

and thus

T T
/ / Pl Agl” < Ca/ / e h% + Co (150l o 0 + 1AG0NITo (g )-
0o Jo o Ja

For any £y > 0, replacing ¢(¢) by ¢(t + t), we get

T T
[ [easr < [ [ it (lse g, + |85t 0l o
th JQ ty JQ

Given ty € (0, Tmax) With £y < 1, from the regularity principle stated by Lemma 1, we
know that u(-, t), v(-, tp) € C%(2) with % =0 on 9. So we can pick M > 0 such that

sup ||u("t)HL°°(Q) <M,
0<t<ty
) ) 2.3)
sup ||V('7 t)”Loo(Q) EMI and HAV(! tO)”Loo(Q) SMI
0<t<ty
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Similarly, by Lemma 2 we know that u(-, &), v(-, t), w(-, o) € C*(Q) with BV( t(’) , awsvt‘)) 0

on 3K2. So we can pick M, > 0 such that

O s < Ma,
02150 ””( )HL (@

sup || V( t) ||LDO(Q) =< MZ and H AV('1 t()) ||L°O(Q) = sz (24‘)

0<t<ty

sup ||w( t)||LOC(Q) M, and ||Aw( t0)||Loo(Q) M,.

0<t<ty

3 Proof of Theorem 1

In this section, we deal with the parabolic—parabolic—elliptic case (with T = 0) to prove
Theorem 1. For simplicity, the variable of integration in an integral will be omitted with-
out ambiguity; e.g., we write the integral fo(x) dx as fo(x), Hereafter, ¢;, i = 1,2,3,...,
denote generic constants, which may change from one line to another.

Proof of Theorem 1 We first prove that for any r > 1, there is ¢ = ¢(r) > 0 such that

/ u <c, te(0, T (3.1)
Q

Without loss of generality, suppose r > max{2,1 —¢,1 — g,1 — p,1 — j} and assume that
Vi - Vv>0and Vu - Vw > 0. Taking #'~! as a test function for the first equation of (1.1),

we have

1d

u = —(r—l)/ "“2D(u)|Vu)? +(r—1)f "2 (u)Vu - Vv
rdt

—(r—l)/ u’_Z\I/(u)Vu-Vw+a/ u’—b/ u'™*

<X(r—1)f WYy Vv - S(r—l)[ "8IV y - Vw

+a/ u - /
(r—l) ”q’lAv+ §r-1) u”g’lAw+zz/ u”
r+q r+q-1 r+g—-1Jq Q

_b/ qu, t € (0, Trmax)s
Q

(3.2)

and, combining it with the third equation of (1.1),

1d ur < _ X(V— 1) Ltr+q_lAV— )/E(r— 1) ur+g+l—l

rdt T or+qg-1Jq r+g-1
8(r—1
+L u”g‘lw+a/u’—b/ wW*, b e (to, Trmax)-
r+g-1Jg Q Q

By Young’s inequality, for any ¢ > 0, there exists ¢; = ¢;(r, &) such that

SE(r—1 £ rg+l-1
8er-1) u*e Tl < —f u”g”‘1+61/ wo T, te(to, Tma)
r+g-1 2 Ja Q
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and combining this with (2.1) and letting » = 3¢ We get

86(r—1)

W lw<e | W e, te (20, Trmax)s
r+g-1 Q

where ¢, = ¢,(r, ) > 0. By Young’s inequality,

(r_l) r+q—lAV< x(r=1) /ur+q+k—l +/
r+q 1 T r+q-1\Ug Q

and thus

li/ u < x(r—1) (/ k-1 +/ |AV|—”q;k_1)
r dt Q r+q-— 1 Q Q
()/S(I"— 1) 8)/ r+g+l-1 (3'3)
r+g-1
+a/u— f Yty tE (to, Tmax)-

Case 1: q+k<max{g+ld+1 +p+1}.

q+k-1
k ’ te (tO’ Tmax);

Let g + k < d + 1. By Young’s inequality, for any n; > 0, there is c3 = c3(r, 1) > 0 such that

x(r-1 </ k=1 +/ AV%)
r+q-1\Jg Q
é r+d o]
= u + M |AV| +c3, L€ (t(), Tmax);
2 Jq Q

where o1 = 22, Taking ¢ = ”i(; 50D in (3.3), we get

__fu <771/|Av|‘Il —/ +a/u’+64

Q

o b
- __1/ur+m/|Av|“1——/u””’

r Jo Q 2Je
o
+(a+%)/u’+c4, t € (0, Tmax),
Q

where ¢4 = ¢3 + ¢3 > 0. By Young’s inequality,

((l IBGI) / "< — / + cs,  t € (to, Tmax)s

where ¢5 = ¢5(r) > 0. Thus there exists ¢ = ¢4 + ¢5 > 0 such that

1 d r o
Ll =- u +Mm |AV| T—— + Ceés te (tO: max);
rdt
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and applying the variation-of-constants formula, we have

1 1 ¢
_/ urie*ﬂm(t*to)_/ ”r("to)‘*ﬂlf /e*ﬂﬂl(t*S)|AV|J1
rJo rJo to JQ
b [t t
_ _/ / e—ﬁal(t—s)ur+d + C6/ e—ﬁdl(t—s)
4 to /2 to
t b t
< me”“"’“f /eﬂ"”IAVI"1 - —e‘ﬁ"”f /eﬂ””u”d+67, t € (t0 Tmax)»
to JQ 4 to /2

where ¢; = %65“1 o [ u (k) + %(1 +eP71%0), which is independent of . By (2.2) this yields
that

t t
nle—ﬂalt/ / eﬂalslAV|al < nle—ﬁaltcalaal / / eﬂalsqu
to JQ th JQ

+ nle_ﬂaltcal eﬂdlto H V('r tO)”(‘T);Z,al , te€ (tO’ Tmax);

and thus

1 b t ! d
- f ur f | Z_ nlcolagl e—ﬂol / / eﬁolsuH
rJa 4 w0 Ja

+ nleiﬁal(tim)cal || V(‘; tO) ||(‘;1/2,01 +c7, L€ (tOr Tmax),

(3.4)

which gives (3.1) by taking n; =

_ b
4(coa1)”

Let g + k < g + I. By Young’s inequality, for any 7, > 0, there is ¢g = cg(r,172) > 0 such that

X(r_l) /Mr+q+k—1 +/ AVkail < )/%'(I"—l) ur+g+l—1
r+q-1\Je Q T2r+g-1 Jo

rig+l-1
+ 772/ |AV| k +cg t€ (tO: Tmax)'
Q

By (3.3) with ¢ = I(i;__ll)) we have

1d r—1
—— | ' =< 772/ |Av|72 - Yer=D) wretl a/ u +co
rdt Q Q 4(}"+g— 1) Q Q

- _ @/ u + nzf |AV|?2 — yEC-1) y a1
Q Q

, 4r+g-1) Jo
O
+ (ﬂ + &> / u' +co, L€ (to, Tmax)s
r Q
where ¢g = ¢, + g > 0 and 0, = "5 Since g + 1> d + 1> 0, there is ¢19 = ¢1(r) > 0 such

that

-1
a+ @ _/ u < M w e, b€ (to, Toax)-
r Q 8(r +g - 1 Jq

Page 8 of 19
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Similarly to (3.4), we have

1/’ v < - < y&(r-1) anzaaz)e_ﬂazt/ / Boas r+g+l 1
rJa 8(r+g-1)
+ e ﬂaz(t—to)caz HV(" tO)H vélﬁz +c12, t€(ty, Tmax)

where ¢, = %eﬂ””o fQ

(- Eg) + ;1712(1 +eP72%) independent of ¢, and c¢1; = ¢9 +c1 > 0. Then
(3.1) follows by taking 7, = -—250-D

8(r+g—1)cop 2
Letg+k < = +p+1. Without loss of generality, we suppose g + k > max{g + /,d + 1}. Take
(u +1)"*! as a test function for the first equation in (1.1). Similarly, to obtain (3.2), we have

L4y
rdt Qu+

=—(r- 1)/ (u + 1Y 2D(w)|Vul? + (r — 1)/ (w+1)2dw)Vu - Vv
Q Q

—(r—1)/ (”+1)V_Z‘D(M)Vu~Vw+a/ u(u+ 1) —b/
@ Q

Q

<—(r- 1)/ (u+1)"2D(w)|Vul* + x(r - 1)/ (u+ 1) 2Vy - Vv
Q Q

—&(r- 1)/ (u+1)*"%2Vy - Vw + af u(m+ 1yt - bf u N+ 1)
Q Q Q

Md+1(u + 1)}"—1

and then

11/( 1y
dr u+

4' r+p
(;:p)sz( +DE[ :(J(rrq 1/( DAY
L E0-

/( +1)E 1Aw+a/ uw+ 1YYt e (o Tmax)-
r+g 1 Q

(3.5)

By Young'’s inequality we have

x(r-1)

_ Mr+q—lAV <x (/ Mr+q+k—1 +/
r+q-1Jg Q Q

Similarly, replacing u in the second equation of (1.1) by u + 1 to obtain (3.3), we have

+g+k—-1
k ’ te (t0¢ Tmax)-

d , r+q+kl
_EL(M+1)S_ p)2/|V( +1) |+x/|Av|
+X/ (u+1)r+q+k—l
Q

- <7y$(r— ) —s) / u el +a/ u(m+1)!
r 4'51-— 1 Q Q

+C, € (tg, Tmax)-

Page 9 of 19
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Taking ¢ = ng 11), we further have

li/(u+1)’< Ar- /|V( +1) | +)(/|Av|r+q+k1
dat Jo T (r+py

+ X/ (u+ 1)r+q+k—1
Q

+ af uu+ 1)+ ey, t € (to, Tiay)-
Q

By the Gagliardo—Nirenberg inequality there exist ¢13 = ¢13(r) > 0 and ¢14 = c14(r) > 0 such

that
2(r+q+k-1)
./ (o P = e+ n7 “ 2regeke)
Q P (Q)
2(r+g+k-1 . 2(r+q+k-1)
<ci3 HV(u + 1) 2 ||L2(r+p ||(M + 1) np ” rp - (1=2)
Lr+p (Q)
2(r+g+k-1)
+cr3 | (u + H7 | .
Lr+p (Q)
(r+q+k l)z
=Cu HV(L{ + 1) ||L2( tc1a  t € (fo, Tmax)s
where z = ("0 — APy 24 2P € (0, 1),

2(r+q+k 1)

Now let g+ k < 2 +p + 1. Then _2(”61*;: )

z < 2. By Young’s inequality, for any 7 > 0,

_ — rp 2
/ e+ Y <[Vt DT g + s £ € (to, T, (3.6)
Q

where ¢15 = ¢15(r, ) > 0. Thus

11 r _ 4-(}‘—1) r+q+k-1 / o3
rdt/;2(u+1) < (n(i’+p)2 )/(u+1) +x | |Av]

+ af (u + l)r + C165 te (tOr Tmax),
Q

where c¢i16 = ¢y + ¢15 >0 and o3 = %. Applying the variation-of-constants formula and
(2.2), we have

1 4(r-1

—/ (u+1)y < —(fi)z—x—a—&—xcaga )

rJa n(r+p) r

t
% e—ﬁagt/ / eﬁags(u+ 1)r+q+k—1
to JQ

+ Xeiﬂd?’(tim)cag || V('; tO) ”C;Z,q 1)) +c7, te€ (tO: Tmax)y

where ¢;17 = ¢17(r, 7). This gives (3.1) with 7 small enough.
Case2:q+k=max{g+/,d+1} andq+k> +p+1.
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(a) Letg+k=g+I1=d+1.By(3.3) we have

li HVS )((I”—l) (/ ur+q+k—1+/ AV”3)—<b+ )/E(V—l)_g)/ Mr+q+k71
rdtJq r+q-1\Jqo Q r+g-1 Q

+ a/ u + Cy, L€ (tO; Tmax)'
Q

By Young’s inequality, for any n3 > 0, there exists ¢ = c13(7, 3) > 0 such that

X(V—l) </ ur+q+k—1+/ AV03)§< ]/;;'(7'—1) +é>/ur+q+k—1
r+q-1\Jgq Q 2r+g-1) 2/ Jq

+ 773/ |AV|(73 + C18, te (tO: Tmax)y
Q

and thus we get

1d b -1
/u’f - _+7y$(r ) -¢ /u”q+k—1+n3/|AV|“3+a/u’+clg
rdt 2 2r+g-1) Q Q Q
b -1
—ﬂ@ u’—(—+7y$(r ) —e>/u’*‘”k"1+ns/|Av|”3
r Ja 2 2r+g-1) Q Q
03
+ <a+ﬂ—)/ Mr+cl9; tE(t(), Tmax)y
r Q

where ¢19 = 3 + ¢13. By Young’s inequality,

a+ 13% / u” < é + M / ur+q+k—1 + ¢y, LE (tO, max);
r Q 4 4r+g-1)) Ja

where ¢yg = ¢29(r) > 0. Then

li MVS _ﬂ@ u — é+ )/5(7'—1) —¢ /ur+q+k—1
rdt Q r Jo 4 4(1"+g—1) Q

+ 773/ |AV|(73 + €21, te (t0¢ Tmax),
Q

where ¢y1 = 19 + ¢20. Applying the variation-of-constants formula and (2.2), we have

1/‘ oy < <é L vsr=1 yE(r-1) nscaga@)e—ﬂay/ / Boss  reqrk-1
rla T~ 4 4(r+g-1) (3.7)

+ nse—ﬂUB(t—tO)Co_S || V('! tO) || ‘);2,03 Q) +cxp, tE€ (tOJ Tmax);
where ¢yy = ¢29(r, ¢). Let

bg = by(r) = inf (ngcasa"?'),
n3>0

-1
g-1

r
0o = Oo(r) =
r+

Then we can choose ¢ and 73 small enough such that i(b + vE6y) — & — by > 0, provided
that b + y£6, > 4by, and, consequently, (3.1) is true.
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(b) Letq+k=g+[>d+1. Then (3.3) becomes

1 d/u < X(V—l) (/ ur+q+k—1+/Avo3)_(ys(r_1)_8>fur+q+k—1
rdt r+qg-1\Jqo Q r+g-1 Q

+ (,l/ u + Cy, L€ (tO; Tmax)'
Q

Following the same arguments as those for getting (3.7), we can find ¢33 = ¢23(7, €) > 0 such

that
l/ ur < yg(r_ 1) 3Co' a(fg e_ﬁo3t/ / 503S r+q+k !
rJa ~ Adr+g- 1) }

+n3e PBEIC v, 6| ‘,;2,53(9) +023, € (80, Trmax)-

Then we can choose ¢ and n3 small enough such that iy‘;‘@o — & —by >0, provided that
y &6y > 4by, and thus (3.1) is true.
(c)Letg+k=d+1>g+[ Taking ¢ = Vé(’ 1) , by (3.3) we have

1d/u<M/r+q+k1 /Avas m/u_/
rdt Tr+g-1
+ ¢, te(to, max)

Following the same arguments as those for getting (3.7), we can find cy4 = ¢24(r) > 0 such

that
1 r b Bost ! B r+q+k-1
— | v < —|-=-n3Coa® |e P ePo3sy AT
rJo 4 t) JQ

_ _ o
+ Nse pos(t tO)C(rg ”V(': tO)” V;Z,u'g(g) +Cu, L€ (tO: Tmax)~

Then we can choose 73 small enough such that ib — by > 0, provided that b > 4by, and
hence (3.1) is proved.
If Viu- Vv <0 and Vu - Vw > 0, then similarly to (3.2), we derive

ld

=—(r- 1)/ WD) | Vul? + (r — l)/ W2 d(u)Vu - Vv
rdt Q Q

—(r—l)/ u’_Z\P(u)Vu-Vw+u/ u’—b/ u'™*

Q Q Q

< —E(r—l)/u”g_ZVu~Vw+a/ u’—b/u”d
Q Q Q

-1
= §r=1) u”g’lAw+a/ u’—bfbfwl, ¢ € (20, Tmax)-
r+g-1Jq Q Q

Combining THIS with the third equation of (1.1), we have

1d / W < - )/E(r_l) ur+g+l—l + (SE(V— 1) u”‘g_lw
rdt r+g-1Jg r+g-1

+61/ Mr—b/ lrin; te(tO: max)
Q Q

Page 12 of 19
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By Young’s inequality, for any ¢ > 0, there exists cy5 = ¢35(r, ¢) such that

0E(r—-1 &£ rg+l-1
M le”g_lW < - / MHngl_l + Co5 f w I, te (to, max)
r+g-— 1 Q 2 Q Q

Combining this with (2.1) and letting n = 77, we get

86(r—1)

Wl <e / W Ly, te (to, Tia)s
r+g-1 Q

where ¢y = ¢26(r, ) > 0. Thus

1d MrS _(Vg(r_l)_g)/ur+g+l—l+a/ur_b/ ur
r'dt r+g-1 Q Q Q

+ C26, te (to, max)

Taking ¢ = %, by (3.3) we derive (3.1).

If Vu-Vv>0and Vu - Vw < 0, then we have

1d

/u = —(r—l)/ "ZD(u)|Vu|2+(r—1)/ W 2dw)Vu - Vv
rdt

—(r—l)/ ur’Z\I/(u)Vu'Vw+zz/ u’—b/ ute

<X(r—1)f 2y Vy — ;(r—l)/ "2V - Vw

+a/ u - /
= — x(r=1 WAy + —g(r,_ ) u’*”lAw+af u
r+q-1Jq r+j—-1Jq Q

—b/ Mr+d; te (tO, mdx)
Q

Similarly to the case where Vit - Vv > 0 and Vi - Vw > 0, we derive (3.1).
If Vu-Vv<0and Vu - Vw < 0, then we have

1d

= —(r—l)/ u"zD(u)|Vu|2+(r—l)/ W2 d(u)Vu - Vv
rdt

—(r—l)/ U2 (u)Vu - Vw+a/u —b/
< - (r—l)/ Wy . Vw+a/u - /

r—1 .
= M u”’_lAw+a/ u’—b/ Wt e (t, Tonax)-
r+j-1Jq Q Q

Similarly to the case where Vs - Vv <0 and Vi - Vw > 0, we derive (3.1).
We have proved claim (3.1) for all cases of Theorem 1.
Furthermore, by a standard Alikakos—Moser iteration [16] and (2.3) we get that

||u(~, t)“Loo(Q) <C forallte (0, Thax)

with some C > 0.
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The boundedness of v can be obtained by the standard parabolic regularity theory.

By Lemma 1 we conclude Ty, = 00. O

4 Proof of Theorem 2
In this section, we deal with the fully parabolic case (with t = 1) to prove Theorem 2.

Proof of Theorem 2 Just as in the proof of Theorem 1, we first claim that for any r > 1,

there exists ¢ = ¢(r) > 0 such that (3.1) holds for some cases. Without loss of generality,

suppose r >max{2,1-¢,1-g,1-p,1 -} and assume that V- Vv >0 and Vi - Vw > 0.
Casel:q +k,g + [ <max{d + 1,% +p+1}.

Letg+k<d+1,g+!<d+1. By(3.2)and Young’s inequality we have

_xr-1
r+q-1Jq

r—1 r+q+k-1
S M (/ ur+q+k—l + / |AV| qk )» te (tOy Tmax),
r+q-1\Jo Q

§(r-1)

r+g-1Jq
-1 r+g+l-1
sfgé—l(/ﬁfﬂ”l+f|Am g ), £ € (to, Tona).
r+g-1\Jq o

Then, by Young’s inequality again, for any 14 > 0 and 75 > 0, we have

x(r=1 (/ ur+q+k—1+/ AV%)
r+g-1\Jo Q

b r+d
<Z / Mr+d + n4f |[AV| % +cy7, tE (Lo, Trax)s
4 Q Q

so-D < / ety / |Aw|”“’2”)
r+g-1\Jo Q

b r+d
<= / Z/tHd + 775/ |Aw| T +c¢yg, LE (to, Tmax)!
4 Q Q

ur+q—l Av

(4.1)

ur+g—1 Aw

with ¢37 = ¢27(r) > 0, ¢a8 = 28(r) > 0. Together with (3.2), this gives

1d b
- u'fm/ |Av|”4+n5/ |Aw|"5——/u”d+a/u’+czg
rdt Jq Q Q 2 Ja Q

1 b
=—w@+&m—/ﬂ/+m/WAw“+m/ﬁAM%——fu”d
rJo Q Q 2 Ja

1
+ <a +(Boy + 805)—) f u' + ¢y, te(to Tmax)s
r Q

where o4 = %i, 05 = ”Td, and ¢y9 = ¢7 + €28 > 0. By Young’s inequality we have

l r é r+d
a+ (/304 + 805) u = u + C30, te (tO» Tmax);
r Q 4 Q

Page 14 of 19
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with ¢39 = ¢39(r) > 0. Thus

1d

u < —(Bos+805)— /M +774/ |AV|‘74+775/ [Aw|7
rdt

b

- / MHd +c31, t€ (tO: Tmax)y
4 Ja

for ¢31 = ca9 + c30 > 0. Applying the variation-of-constants formula, we have

t
1/ Mrfe_(ﬂo4+505)(t_t0)l/ Mr(',t0)+ﬂ4€_(ﬁo4+6”5)t/ /e(ﬂ<74+5(75)5|Av|04
rJao rJo th JQ
+e3e (/3(74+5<75)t/ (Bou+dos)s s e—(ﬂ<74+505)t/ / (ﬂﬂ4+5ﬁs)S|AW|05
—(/3(74+8(75)t/ / (/3:74+505)s r+d
t
577467[‘30'41/ /eﬂG4S|AV|U4 +n567505t‘/‘ ‘/6505S|AW|05
to JQ to JQ
—(ﬂa4+805)t+805t0/ / ﬁ<74s r+d
—(ﬁa4+805)t+ﬁ04t0/ f Soss r+d_|_632
SrMe—ﬁm;t/ /eﬁa45|AV|a4 +n56—605t/ feﬁasslAw|05
to JQ to JQ
t
_ ée—ﬁm;t/ /eﬁo4sur+d
8 th JQ

b t
——est / / 05Uy ez, t € (to, Tran),
8 to JQ2

where c3; = elfo4o500 L [ yr(, 10) + ﬂmii‘éas (1 + ¢lPoat+do5)0) Then by the maximal Sobolev

b
8
b
8

regularity (Lemma 2) we get

1/ u’ < — b TI4Ca0l % | ﬂzr4t/ f 5045 r+d
rJo *
b o —dos5t Soss, r+d
— (2 = 1sCoyy7s e &7
8 to JQ2

+ e PO, v t0) | Ygany + 1570 Coy [ W, 20) | 205
+C32, te (tO’ max)
This gives (3.1) by taking 74 = ﬁ and 75 = ﬁ.

Nowletg+k < = +p +landg+i<= +p + 1. Without loss of generality, suppose g + k >
max{g +/,d + 1}. By (3.5) and Young’s 1nequahty we have

_ x(r-1 MHq—lAvs X(/ ur+q+k—1 +
r+q-1Jq Q

g+k-1
k ) te (tO, max),
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§(r=1 l/ng_lAwf g(/ ur+g+l—1 +
r+g-1Jq Q

g+l-1
! ) te (tO’ max)y

and thus, replacing u in the second and third equations of (1.1) by u# + 1, we have

li/<u+l)’< e /IV( DT 4 x
dt Jo, = r+p)?

— + 5/ (u + 1) *a+k=1
Q

-1
+ X/ (M+ 1)r+q+k—l
Q

+ 61/ M(M + 1)r_1, te (tO; Tmax)'
Q

By (3.6) we have

li/(u+1)r< _(m_x_s>/(u+1)r+q+k—l+x‘/|AV|06
rdt Jo B (r+p)* Q Q
+E/ |Aw|”
Q

+ ﬂ/ (Ll + l)r + C165 te (tO, Tmax);
Q

where o4 = % and o7 = ”g+l L. Applying the variation-of-constants formula and (2.2),
we have
4 1
/ (u+1)y < ( (r- )2 XCogt™ —ECq,, 7 — a)
n(r +p)

t
X e—(ﬂ06+507)t/ /e(ﬂd6+507)S(u+ 1)V+q+k—1
th JQ

+ e PsrdmE0 (o Co [, 20) | o ) + & Cor W 0) [ 207 )

+ C33, te (t01 Tmax);

with ¢33 = ¢33(r, 77) > 0. Letting 1 small enough, we obtain (3.1).
Case2:q+k=d+1landg+kg+I1> % +p+1.
(a) Letg+ k=d +1 =g+ Similarly to (4.1), by Young’s inequality and (3.2) we have

r—1 r—1
- X( ) qu_lAVS M /ur+d+/ |AV|U7 ’ te(t(): Tmax);
r+q-1Jq r+q-1\Jg Q

=D [ gy, EC-D) (f red / |Aw|"5>, £ € (o, Tar),
r+g-1Jq r+g 1

and thus

1
jtf = -(b- X91—§92)/ +X91/ IAVI"7+$92/ IAW|”5+a/
r

- —(Boy + 505 fu—(b %61 - sez>f +x91/|AVI"7

+‘§92/ |AW|05 + (6l+(,30'7+80’5)—>/ ur’ te(to; max)r
Q rjJa

Page 16 of 19
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where 6, = 60,(r,q) =

GZ(V)g) =

1
(a+(ﬁ07+805);)/u <=z (b X061 — %‘92)/ Y43, tE(to Tia)
Q

with ¢34 = c34(r) > 0. We directly have

1d
dt_/u < —(Bo7 + 805)— /u ——(b X6 - 592)/

+ X91/ |Av|77 + 592/ AW + c3a, & € (f, Tmax),
Q Q

Applying the variation-of-constants formula, we get

1
fu <e /357tX91/ /eﬂa7S|AV|a7 —,Ba7t(b XQI_EOZ)/ feﬂa7s r+d
75(75£%—9 / / 5G5S|AW|US 75[75t(b Xel %-92)/ f 5(75S r+d

+ C35, te (tO: max)r

where ¢35 = eP7r00M0 L [ 47 (1) + /30514805 (1 + eBo7+éo5)l0)  According to (2.2), we obtain

1 1 t
- / u < - (_(b —x61—§6,) — X61C0'7a07>e_ﬁ0-7t/ / eﬂa”u”d
rJo 4 0 Ja
1 t
- (—(b = x61 = §62) - §6,Co; J/Us)e_aast/ / 55y
4 tg JQ

+ 01 PTEOC [V, 1) o, + §02677 0 Cop W, t0) 205

+ C35, te (t(), max)r

where
bl = 4-CU70l(T7, bz = 4C05)/65

Choosing b large enough such that 1 1(b—x01-£67) - x01Cra® > 0 and i(b —x01—&£65)—
b= 292 >1+b; and b;gel

(b) Let g + k =d + 1 > g + [. By Young’s inequality we have

£0,Co, % >0, under the Condltlons > 1 + by, we can derive (3.1).

r—1 r—1
_xr= u”‘f"lAvsM /u”d+/ [AVI7 ), t € (to, Tmax)s
r+q-1Jq r+q-1\Jg Q

-1 -1
S0=D) gy, < 50 )< / rrgii-l / |Aw|”5>, € (to, Tna).
r+g-1Jg r+g 1

By Young’s inequality and (3.2), for any ng > 0, we have

-1 r+g+
([ [ram i) <5 [won [ awe
r+g-1

+ C36, te (tO; max):

Page 17 of 19
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where ¢3¢ = ¢36(r) > 0. Thus

1d
—— | u<- —(b 2x6; — 2716) 44 x60 IAVI"7 + 16 |Aw|"5 +a | u
rdt Jq Q

- —<ﬁa7+aas>—fu’——(b—2x91—2n6>/u’+d+x91/ AV
rJo 2 Q Q

A

1
+ %/ [Aw|% + (a +(Bo7 + 505)—>f u +cz, L€ (to, Tmax)-
Q r Q
By Young’s inequality we have
1
(a + (B + 805)~ ) [ = q0-2000 [ wsen, et T,
Q
where ¢37 = ¢37(r) > 0. We have
1 d
u" < —(Bos + 505) u - —(b 26, - 47]6) i x| 1AV
rdt Q
X 776/ |AW|(”5 + €38, te (tO: Tmax),
Q

where ¢33 = 36 + ¢37 > 0. Applying the variation-of-constants formula, we get

1
/u <e ﬁo‘7tX91/ / ﬁo‘7S|AV|O'7 —;‘30‘7t(h 2)(91 4"76)/ / /3075 r+d
(30'5t / / (30'5S|AW|05 —(Sagt(b 2X91 47]6)/ / 5055 r+d

+ C39, te (t()’ Tmax);

where c3g = P79 L [ 3r( 1) + ﬂasiséas (1 + elBo7+é95)0) Combining this with (2.2), we

get
1 r 1 o —Bo7t ' Bozs. r+d
— [ u < - -(b-2x61 —4ns) — x0:Co,”” |eP7 e’y
rJao 8 to JQ
1 o —Sost ! Soss r+d
—| 50 —2x61 —4n6) — 16 Coyy™ | eu
8 to JQ
+ 01 PTEOC v, 1) || 2y + e C ||W(',to)”{‘7,§z,05
+ C39, te (tO: Tmax)r
where

bg = 8C070(07

Choosing 7 sufficiently small and b sufficiently large, we can ensure that X%l >2+ bs and

b > 2x6,. This guarantees the derivation of (3.1).
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We have established the L"-boundedness (3.1) for certain cases. From this, employing a
standard Alikakos—Moser iteration [16] and (2.4), we deduce

|4, )] oy < C forall £ € (0, Tina)

with some C > 0. The boundedness can be derived using the standard parabolic regularity
theory. This, in conjunction with Lemma 2, establishes Theorem 2. O
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