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Abstract
We show that the system of difference equations

Yn+1Xn — ef
Yorl + X0 —€—f

Xn+1yn — €f

_— n € Ny,
Xpi)+yn—e—f

Xn+k = Yn+k =

where ke N, /e Ny, I <k efeC andx,y €C, j=0k-1,is theoretically solvable and
present some cases of the system when the general solutions can be found in a
closed form.

Mathematics Subject Classification: 39A20; 39A45

Keywords: Symmetric system of difference equations; Solvable system; Solution in
closed form

1 Introduction

Let N ={1,2,...}, Ng = NU{0}, Z be the set of integers, R be the set of real numbers, and C
be the set of complex numbers. Throughout the paper we also employ the notation j = 7,5
instead of r <j < s in the case when r,s,j € Ny and r and s satisfy the condition r <s.

The problem of solvability of difference equations is quite old. Book [15] contains the
majority of the solvability results up to 1800 (see also [11, 16]). Many results up to the
end of the nineteenth century can be found in [8, 20, 40]. In some later books such as
[10, 12, 21, 24] we can mostly find some old solvability methods and see how the theory
of difference equations continued to develop during the first half of the twentieth century.
Although some solvable nonlinear difference equations were known at the end of the eigh-
teenth century and in the beginning of the nineteenth century [15-19], there has not been
a considerable progress in the direction since that time.

It seems that the majority of solvable nonlinear difference equations are connected, in
this or that way, with the solvability of some linear ones (see, for instance, [2—4, 13, 16,
36, 42—44, 46—54] as well as some of the references quoted therein). The linear difference
equations, especially the ones with constant coefficients, are also useful in estimating so-
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lutions to some nonlinear difference equations (see, e.g., [5-7, 41]). Some of the solvable
equations stem from the methods in numerical mathematics [9, 49], whereas some are
connected with the trigonometric functions [8, 16, 18, 19, 37, 52]. The impossibility of
finding closed-form formulas for solutions to nonlinear difference equations motivates
some authors to find their invariants instead [26, 28, 29, 33, 38, 39, 45], from which some
information on the long-term behavior of their solutions can be obtained. However, gen-
erally speaking, unlike the linear difference equations, the majority of solvable nonlinear
difference equations are obtained and studied in some ad hoc ways without forming some
unifying theories.

On the other hand, because of this, it is always of some interest, not only to the experts in
the area of difference equations but also to a wide audience, to find a new class of solvable
equations in this or that way and present a method for finding its general solution.

Since the mid of the 1990s there have been some investigations of concrete nonlinear
systems of difference equations, some of which are symmetric or closely related to the
symmetric ones (see, for instance, [25, 27, 30-32, 34, 35, 38, 39] and the literature quoted
therein). The investigations have motivated us to investigate the problem of solvability of
such type of systems of difference equations (see, for example, [42—44, 46-48, 50, 51, 54]
and the related references therein).

The solvability of the difference equation

Zp+lZn — ef

——, neN,, 1)
Zui+zp—e—f

Zn+k =

where ke N,/ e Ny, [ <k, e,f € R (or C),and z; € R (or C), j = 0,k — 1, was recently studied
in [53].
Our motivation for considering equation (1) stemmed, among other things, from some
investigations of the so-called hyperbolic-cotangent class of difference equations
_ ZnkZn-i+f

Z,= =" 2 nelN,, 2)
Zn-k + Zn-1

where k,leN,f eR(orC)andz_;jeR (or C), j = 0, max{k, [} (see, for instance, [37, 52]).

Motivated by it, we started investigating solvability of some two-dimensional systems
of difference equations that are obtained from equation (2) in some natural ways (see [43,
44, 46-48, 53]).

Bearing in mind the above-mentioned studies of concrete nonlinear systems of differ-
ence equations, it is also a natural problem to investigate the solvability of the systems
obtained from equation (1). In [50] we dealt with the problem by studying a system of
nonlinear difference equations related to equation (1). There we presented several inter-
esting ideas connected with some classes of difference equations and systems of difference
equations and employed some of them in the study of the system.

All the above-mentioned motivates us to study solvability of the following symmetriza-
tion of equation (1):

K1Y —€f Yns1%n — €f
KXn+k = Lr Yn+k = L, n € Ny, (3)
xn+l+yn_e_f yn+l+xn_e_f

where ke N, /e Ny, I <k,e,f €C,andw;,y,€C,j=0,k-1.
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Our aim is to show that the system in (3) is theoretically solvable for any k € Nand / € Ny
satisfying the condition / < k. Beside this, we also present several cases of the system of
difference equations when the general solution can be found in a closed form, extending
and complementing some results in the literature (see, for instance, [50, 53]).

2 Solvability of system (3) in a theoretical sense
This section considers the solvability of system (3) in a theoretical sense. Namely, we find
a connection of the system with a homogeneous linear difference equation with constant
coefficients, as well as with a product-type difference equation with integer powers, which
both are theoretically solvable. Recall that the basic result on solvability of homogeneous
linear difference equations (see, e.g., [10, 16, 23]) says that these equations are solvable in
a closed form if we know the roots of the associated characteristic polynomials, which is,
as is well known, not always the case [1]. However, the form of the general solution of the
linear equation is known, so we can speak about its theoretical solvability.

Before we start with our analysis, we quote a useful auxiliary result, which can be found,
for example, in [43] (see also [54]).

Lemmal Letme N, e Z,and (x,)y>i1-m be the solution to

Xy = A1Xy_1 + A2Xpy_p + + + ApXpm (4)
for n > [ such that

%om=0,j=Ll+m-2, and wx_1=1,

wherea; € C,j=1,m, a,, #0.
Suppose that ry, k = 1, m, are the zeros of the polynomial

1 2

gm(r) =1r" —ay 7" —ayr™ " — - —ay,

such thatr; # rj when i #j.

Then
m r];;l+m—l
L )
k=1 1m

forn>1-m.
Remark 1 Note that the Fibonacci sequence (see, e.g., [14, 22, 55]) is a solution of a special
case of equation (4) satisfying the above initial conditions. Recall that it satisfies the second
order linear difference equation

Xy =Xp_1+Xp2, N>2, (5)

with the initial values

% =0 and x;=1.
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Note that these initial conditions produce the same solution (x,),cn to equation (5) as the
initial conditions x; = 1 and x, = 1, that is, when the domain of indices is N.

Now we conduct an analysis of the solvability of system (3) in a theoretical way. We
would like to say that from now on we will ignore not well-defined solutions to the system.
The following result is the main one in this direction.

Theorem 1 Suppose k € N, [ € Ny, [ < k, and e,f € C. Then system (3) is theoretically
solvable.

Proof 1f e =f, then we have

_ (Xpe1 — e)(y;q —-e)

Xpsk —€= , (6)
Xpil + Y0 — 2e
Yne1 — )Xy —€)
YVn+k Vourl o, — e ( )
for n € Ny.
Let
1 1
Mn = y Vp= (8)
X, —e Yy —e
for n € Ny.
Then from (6), (7), and (8) it follows that
Mn+k = Mn+l + Vs Vurk = Vil T Uy 9

for n € Ny.
It is not difficult to see that the relations in (9) imply that i, and v, are two solutions to

the equation
Wy 2k — 2a)n+k+l + Wyl — Wy = 0 (10)

for n € Ny.

According to the basic results in the theory of linear difference equations with constant
coefficients, we get the theoretical solvability of equation (10) and consequently of (9),
which together with (8) implies the theoretical solvability of system (3) in this case.

If e #f, then we have

(xn+l _f)(yn _f)

Xn+k _f = P —e—f f
Kk — €= Xne1 — €)(Yn — 6)’
Xnil + Y —€—f
(yn+l _f)(xn _f)
Yn+k _f i
Yl + Xn —€—f
s — €)Xy —€)
Yk —€=—"———"",

Vel + %y —e—f
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for n € Ny and consequently

KXk —f _ (Xpet _f)(yn _f)

Xpsk —€  (Xpi—e)yu—e)

and
Yn+k _f _ G _f)(xrz _f)
Yn+k — € (yn+l - e)(xn - e)
for n € Ny.
Let
x P— —
Mn = 4 f) vnzyn f (11)
X, —e Yy —€
for n € Ny.
Then we have
Mn+k = Mn+lVns Vy+k = Vn+ln (12)
for n € Ny.
Since
_ Vn+k
n— "
Vn+l
then from (12) we get
_ .2 -1
Vn+2k = VyykriVnsr2iVn (13)
for n € Ny.
Due to the symmetry of (12), we also have
_ 2 -1
sk = Mgk tMosatn (14)
for n € Ny.
Since the product-type difference equation
D2k = O 1 Oy 1€ No, (15)

is with integer exponents, it is theoretically solvable, from which together with the follow-
ing consequences of (11)
ey _f e€vy _f

Xp=—"" J’n = ) ne NO) (].6)
Mn — 1 Yy — 1

the theoretical solvability of system (3) in this case follows. O
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3 Some special cases of system (3)
This section deals with the practical solvability of system (3). A natural problem is to find
special cases of system (3) for which it is possible to find some closed-form formulas for
their general solutions.

As we have already mentioned, such problems are frequently connected to the roots of
some specific polynomials, which is also the case with system (3). Therefore, to do this,

note that the characteristic polynomial associated with (10) is
gox(r) = rk =2kl P2,
We have
gum = = —1=0"-rF -1 - +1). (17)
Hence, equation (10) is solvable in a closed form if we can find the roots of the polynomials
F-r -1 and FA-r+1.

This can be certainly done when k < 4.

Thus, if we assume that k < 4, due to the assumption 0 </ < k, we see that one of the
casesmusthold: 1° k=1,[/=0;2°k=2,[=0;3°k=2,l=1;4°k=3;1=0;5°k=3;[=1;
6°k=3;1=2;7k=4;1=0;8k=451=1;9°k=4;1=2;10°k=4;[=3.

We will consider some of the cases in detail and leave the other ones to the reader as
some exercises.

The case k =1 and / = 0 is known [50], because of which we give only a sketch of the

proof of the following theorem on solvability.

Theorem 2 Suppose k =1,1=0, e,f € C. Then the following statements hold:
(@) Ife=f, then the general solution to system (3) is
X, =e+ M’ (18)
25 1(x + yo — 2€)
Yu=e+ _#o-e)po-e) (19)
2”71(960 +y0 — 26)
forneN.
(b) Ife #f, then the general solution to system (3) is

2n—1
@0=Go=f) _
€ ((xo—e)(yo—e)> f

Xn = -1 ’ (20)
((xo—f)(yo—f)> -1
(x0—e)(yo—e)
o-Noo-n\ 2
%0~
€ ( *0-0)(y0-0) ) -f
yn = 2,1_1 (21)
((xo—f)(yo—f)) _1
(x0—€)(yo—e)

forneN.
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Proof Note that x,, = y,, n € N, which implies i, = v,, n € N. The relations in (9) become
Mnel = Un+ VY, Vpsl =Vp + Uy

for n € Ny, so that p,,4,1 = 2144, # € N, and consequently
o =2""y = vy

for n € N. From this and by employing (8) we get formulas (18) and (19) when e = f.
If e #f, then (14) implies

2
Mns2 = Ky, HE No,

so that i, = u%"_l = vy, n € N, from which together with (16) formulas (20) and (21) follow.
O

Corollary 1 Supposee,f € C,1=0,k € N\{1}. Then system (3) is solvable in a closed form.
Proof System (3) in this case becomes

_ xnyn - ef _ ynxn - ef (22)

for n € Ny.
Now note that (22) is a system with interlacing indices (for the terminology see, for
instance, [51]).
Let
x(y{,) = xmk+jr J/(,i,) = ymk+j
formeNpandj=0,k-1.
Then (xg,), y,(i,))meNo, j=0,k -1, are k solutions to the system

XmYm —ef Ymkm — ef
Xmil = ———————, Yms1= —————, mEN,

X +Ym—e—f Yt xm—e—f

which, in fact, is system (3) in the case k=1 and /= 0.

Employing Theorem 2, we have that in the case e = f the general solution to the system

is given by
) /)
2 —e 4 (x(()l —.e)(yg' -e)
" 211 + 3 — 2e)
) /)
D et (g =)0y —e)
m

2”‘*1(968) + yg) —2e)
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for m € N, j =0,k — 1, whereas in the case e #f the general solution to the system is given
by

2m—1
<x‘”—f>(y(” b
@) —e)(y(”—e)

( f )(J’ -f)
(xo e)(yo —e)

-1
(x(”—f)(y(” )
D-000-e)

om-1

0-Nog-N 1
(xg)—e)(y(ol)—e)

formeN, j=0,k -1, that is, in the case e = f we have

(x—e)y;—e)
Kk rj =€ +
2m 1(x,» +y;—2e)
—eyi-e
Ymk+j =

2'” 1(x, +y;—2e)

for m € N, j =0,k — 1, whereas in the case e #f the general solution to the system is given

by
<<xj—f><y,»—f))2’”’1 —f
“\Gan—
xm,‘*j = om-1 ’
<(x;—f)(y;—f)) 1
@-00,-0)
. ((x,-—f)(y;ff))zwl iy
(xj—e)(yj—e)
Y mk+j = om-1 4
((x,—f)(y;—f)) 1
(xj—e)(yj—e)
finishing the proof of the corollary. g

The case k = 2, [ = 1 considers the following result. This is the main example in this
paper concerning the practical solvability of a special case of system (3). Namely, we prove
in detail that for system (3) in this case its general solution in a closed form in all possible

cases (the two cases e = f and e # f are considered separately) can be found.
Theorem 3 Suppose k =2,1=1, e,f € C. Then system (3) is solvable in a closed form.

Proof Case e #f. Relations (13) and (14) imply that (1t,,),en, and (v,)en, are two solutions

to the equation

2 -1
Wr+s = Wy, 30,1 5Wn (23)
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for n € Ny with the following initial values:

Mo, M1, M2 =M1Vo, 3 = 1VoV1, (24)
Vo, V1, V2=Vilo, V3= ViloM1, (25)
respectively.
Let
ar:=2, by:=-1, ¢1:=0, d;:=1. (26)

Then we have

_.a b di
Wn = Wy 10y oWy 3Wy_4 (27)

for n > 4.

Using (23), where 7 is replaced by n — 5 in (27), we have

2 -1 aj b1 a _d1
Wy _(wn—an—Bwn—5) Wy Wy_3Wy_4

_ 2a1+by  —ar+cy d1 @
=Wy Wy 3 Wy 40, 5

_ay by co dy
_wn—2wn—3wn—4wn—5 (28)

for n > 5, where
ay=2a1+b;, by=-ar+c, c=d, dy=a.
Assume that
Wy = wakwﬁfk_lek_k_szfk_s (29)
for n > k + 3 and
ar =2ar-1 + b1, br=-ak1+cr1, c=dra, di=ar (30)
for k > 2.
Using (23), where the index 7 is replaced by n — k — 4, in (29), and the method of math-

ematical induction, it is not difficult to see that assumptions (29) and (30) are correct.
Take k = n— 3 in (29). Then (30) yields

n-3  bu-3
2

a cp-3  dp—
wn =03" 2wy PP wy"

_ an-3  ap-2—2ap-3 Ap-5 dn-4
=w;" W, ;" wy (31)

for n > 6.

Using (30) we obtain

A = 2ak_1 — Ak + ks (32)
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for k > 5, whereas the initial values are
a1=2, a,=3, az=4, as=6. (33)
The characteristic polynomial associated with (32) is
ga) =2t =223 422 -1, (34)

and its roots are

1+4/5 1+iv3
)\.1'2 = \/_ and )\.3,4, = TL\/_ (35)
(they are the roots of the polynomials A2 — A — 1 and A% — A + 1, respectively).
From (32) we have
Ak-4 = Ak — 2ak_1 + Ak, (36)

from which together with (33) ax for k < 0 are calculated. From (33), (36), and some simple
calculations, we get

a3=as=a_1=0 and ap=1. (37)

From (37) we see that the solution of equation (32) satisfies the conditions of Lemma 1.

Hence,
)Ln+3 )\n+3 )Ln+3 )Ln+3
an = /1 + /2 + /3 + /4 (38)
a,(A1) g, () qi(R3)  qu(Aa)
forneZ.
Further, we have
g(M) =423 =632 + 21 = 24 (A — (21 — 1),
from which along with some simple calculations we obtain the relations
) 1++45//5-1
440 22— (= )5 =25, (39)
2 2
1-v5/V5+1
q4(h2) =2 ( )ﬁ = -2v/5, (40)
2 2
1+iv/3 /i3 -1
du(hs) =2 “[( V3 )iﬁ = 2iV/3, (41)
2 2
1-iv3/iv/3+1
du(hg) =2 zlf (’ 2+ )z\/§ = 2i/3. (42)
Employing (39)—(42) in (38) it follows that
B )»'1”3 _ )\5&3 ~ )\g+3 _ }‘Z+3 (43)

a, =
24/5 2i/3
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for n € Z. From this it easily follows that formula (31) holds not only for n > 6 but also for
n=0,5.
From (24) and (31) we have

ap-3  ay-3-24y-3  Ap-5 , Ap-4

Mn =3 " Ky Ky "o

B 02a, o Ap_5
=(p1vov1)* =3 (yv) 2753 " gt

ap—4  Ap-2—Ap-3+t4p-5 dp-2—dp-3  An-3

SHo My Yo V1
:Mgn—él M‘;n—l*ﬂn—2 vgn—Z*an—S vlan—?) (44)

for n € Ny, whereas from (25) and (31) and because of the symmetry of the system we have

ap-2—A4p-3 Ap-3  Ap-4  Ap-1—Ap-2

Vn = o S (45)

for n € Ny.
We have

CGu =DM = 0o = DA (s = DA - (e = DA

a, — Ay,
o 25 23
YN ARV SV LA WY VALRS RV A
= +
25 2iV/3
Z)"}iHl _ )\'SH—I N }"g&l _ )\'Z+l (46)
27/5 2i/3
forneZ.

Using (43) and (46) in (44) and (45) we obtain

n-1_sn-1 n-1_,n-1 n_yn n_yn

M_hpT k3 haT Mhg A3Thy

25 2iv/3 w 25  2iV3
1

Mn =g

n-1_sn-1 n-1_,n-1 H_3n A _3 1
o B T Wi’ RS e W W

L -=
X v, 245 2i/3 vlzﬁ 2;J§’

(47)
P R A Sy S e A
_ 25 2iy/3 25 23
Vy =V vy
MO o o
25 2i/3 25 203
X o ' 251 l (48)
for n € Ny.
From (47) and (48) and (11) with # = 0, 1, it follows that
a=1_,n-1 ,n-1_,n-1 ai_n n_n
21 72 73 T4 21772 374
i _(xo _f> 275 23 (xl _f) 25 23
= —= —
Xo— € X1 —e€
a1 _,n-1 ;n-1_,n-1 Mi_n an_n
1™ 3 Mg 1% _*37*
0= S\"2F s (N S\
y (y f ) PNz NG (y f ) N (49)
Yo—¢€ y1—e
a=1_yn=-1 3n-1_,n-1 Mi_n an_,n
21 772 73 4 1772 374
v _(xO _f> 5 23 (xl _f) 25 203
" X0 — € X1 — €

Page 11 of 17
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a=1_,n-1 ,n-1_;n-1 Mi_n n_n
Mo Th M3 "M My 237N
% (}’0 _f> 25 23 (J’l _f) 25 23 (50)
Yo—¢ Ji—-e
for n € Ny.

Employing (49) and (50) in (16) we got the following closed-form formulas for the gen-

eral solutions to system (3) in this case:

n-1_,n-1 ;n-1_,n-1 N_3n 3H_3 1 n-1_,n-1 ,n-1_sn-1 N_sn 3H_3 1
L iy T M i s A B’ Moho R My L s W
o0\ 2B 2/ (A 25 C2i/s (W) 26 23 (AL 2B 2By
x0—€ x1—e yo—e y1—e
Xn = ,
n-1_;n-1 n-1_,n-1 n_n n_sn yn—1_yn-1 n-1_,n-1 n_sn n_sn
; )»1 —)»2 7)»3 —)»4 ; A.l—A2 +)»3—)» ; A —)»2 +)»3 —)»4 ; )"1_)"2 7)»3—)»4
%0~ i *1~ iv3 (Y0~ i 71 i
(xg—e) 24/5 2iV/3 (m) 2.5 2i/3 (W) 2.5 2i/3 (JW) 2./5 2i/3 _ 1
swn=1_,n-1 yn-1_sn-1 N_3n 3H_3 1 n-1_,n-1 ,n-1_,n-1 H_sn 3 n_3n
Moy A My i s W Mohy T R My L s W
E(M) 275 2iv/3 (}’1_—f) 275 2iv/3 (M) 25 2i/3 (M) 275 2iV/3 -f
= F0=E yi-e U x1—e
n= n-1_,n-1 ,n-1_,n-1 n_yn n_sn an—1_yn-1 ,n-1_,n-1 N_3n  3H_3 1
. )‘1 —Az 7/»3 —)»4 ; )Ll —AZ +A3—L4 ; M —Az +A3 —)»4 ; Al—kz 7)\3—)»4
Y0~ i Y1 i3 (%0~ i *1 i
(yg_e) 2./5 2iV/3 (ﬁ) 25 2i/3 (W) 2./5 2i/3 (m) 2.5 2iV/3 1
for n € Ny.

Case e = f. From the proof of Theorem 1 we see that in this case system (9) becomes

Mn+2 = Unsl + Vs Vpa2 = Vel + Up (51)

for n € Ny.
Hence, the sequences (14,)nen, and (V,),en, satisfy the following linear difference equa-

tion:
Wy4 — 2wn+3 t Wy — Wy = 0 (52)

for n € Ny.
The general solution to equation (52) is

Wy = CIA] + CaMy + c3A] + cah) (53)

for n € Ny, where ¢;, j = 1,4, are some arbitrary constants, whereas A, j = 1,4, are given in
(35).
From (51) we have

M2 =1+ Vo, W3 =M1+ V1+ Vo, (54)
Vy = V1 + o, V3= + V1 + o (55)
From (53) and (54) a closed-form formula for the solution (it,).en, can be obtained,

whereas from (53) and (55) a closed-form formula for the solution (v,),en, can be ob-

tained.
The formulas can be obtained similar to the case e #f. Namely, we can iterate the rela-

tion

Wy =20y — Wy + Wy_g

=a1Wy-1 + 1wy + CLWy_3 + d1Wy_a

Page 12 of 17
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and show that
W = AfWp + brwy_g1 + CxWu_k—2 + drwu_i_3 (56)
for n > k +3, where the sequences (ax)ken, (bi)kens (Ci)ken, and (di)ken satisfy the relations
in (26) and (30). Hence, the sequence (ay)ken is given by formula (43).
Taking k = n — 3, we get

Wy = Ap_303 + (Ay_3 — 20,_3)W) + Ap_501 + Ap_4 (57)

for n > 6.
From (54) and (57) we obtain

M =an-3(p1 + vo + V1) + (@n-2 — 2a,3)(J41 + Vo) + Ap_s5/41 + Ay_afho
=au-4bo + (An-2 — -3 + Ap_5)L1 + (@y_2 — n_3)Vo + Ay_3V1

=au_apho + (An-1 — An_2) b1 + (@p—p — Ay_3)V0 + Ay_3V1 (58)

for n € Ny.
Due to the symmetry we have

Uy = ApgVo + (@n-1 — Au-2)V1 + (@p_2 — @n-3) o + Ap_3 101 (59)
for n € Ny.
Using relation (8) with # = 0,1 and formula (43) in (58), and finally relation (59), we
obtain
-1 -1 -1 -1
L e I e My, A=Ay
25 2iv/3 24/5 2iv/3
Mn = +
X0 — € X1 — €
-1 -1 -1 -1
O s B e Mohy M-k
2.5 2iv/3 2.5 2i\/3
25 W3, 25 i3 , (60)
Jo—e Ji—-é€
-1 -1 -1 -1
s I W MAy MM
2.5 2iy/3 2./5 2i\/3
V= +
Jo—e Ji—e
-l N Ly B R
2.5 2iv/3 275 2i/3
x/— l«/— + x/— lx/_ (61)
Xo— € X1 —é€
for n € Ny.

From (8) we have

e, +1 v, +1
pp= ¥ 1 T (62)

Mo Vn

for n € Ny.
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From the relations in (62) together with the formulas in (60) and (61) it follows that

n-1_sn-1 n-1_,n-1 n_,n n_,n
A —A )”3 —)»4 )‘17)‘2 +)»3—)»4
2v/5 2i
e V5 ~ 23 +
xp—e

n-1_,n-1 n-1_sn-1 n_yn n_yn
o W M M Mhy A3hy
256 " 2i/3 + 245 2iy/3 + 26 2iV3 1
x1-€ Yyo—e y1-e
Xn = An—l_)hn—l a-1_yn-1 U Y Y )Ln—l_ln—l a1 _;n-1 Min an_yn 4
1 77 73 4 1772 73774 1 2 .73 T4 1772 73774
2V/5 2i/3 + 25 23 + 2./5 2iy/3 + 25 2iV3
xp—e x1—e yo—e yi-e
n-1_sn-1 n-1_sn-1 n n-1_sn-1 n-1_sn-1 n_yn n_yn
i e T e SR o AN S SN i R T SR s W b
e ~ 2 23 + 25 23 + 2.5 2i\/3 + 25 23 +1
yo—e y1-e x0—e x1-e
y"’ = n-1_sn-1 n-1_,n-1 n_yn H_y N n-1_,n-1 n-1_,n-1 n_yn n_yn
o S M Wi S e W s S S M M i i e '
2.5 2i/3 + 25 " 2iV3 + 25 2i/3 + 25 23
yo—e y1-e xp—e
for n € Ny.

X1—€e

These formulas are closed-form formulas for the general solution to system (3) under
the condition e =f.

O
Corollary 2 Assume e,f € C, k = 2s, [ = s for some s € N. Then system (3) is solvable in a
closed form.

Proof Since k = 2s and [ = s for an s € N, system (3) becomes

xn+syn - ef yn+sxn - ef
X = , = 63
n+2s Xres + Jn—€ —f Yn+2s Yes + 9 — € _f (63)
for n € Ny.
Let x(/n) =

Now note that system (63) is a system of difference equations with interlacing indices
KXpnstjs yY; = Yms+j formeNpand j=0,s-1
(I0)]

Then (X, Y )meny, j = 0,8 — 1, are s solutions to the system

Kz = Xm+1Ym — €f Yiss = Ym+1%m — ef
m+i — ’ m+s —
Xpel +Ym—e—f

(64)
Ymel +Xm—e—f
for m € Ny.

Now note that system (64) is nothing but system (3) in the case k=2 and /=1
Employing Theorem 3, if e # f, we have

iy L iy S IR A ) a1l A R A IR e A e ¥
e(x(()j)—f) 25 2i/3 (x6)7f> 275 2i/3 (y(()j)i) 275 th (y(lj f) 2.5 2i/3 -f
.X‘O —e xl yo —e yl
—1_,m-1 1_,m- 1 1_,m-1
G, M Al A e +13 24 () -A”‘ A IR e e e
R e AW PTG S A N AR TN (yj_f) 2f PTNCES S AN WA TN R
xg)—e x({)—e y0>—e y(ll)
()
Im =
-1_,m-1 —1_,m-1 1 1 1 1
y(j)if A Ay ) 5 A=A A3 -3y (/) At Ag’ Y 0 S A=A Ag"—le”
e (()i) ) 2.5 2i/3 (y(lj ) 2«[ 2iV/3 ( 2./5 2i/3 ( (11 ) 2«[ 2i/3 -f
Yo —€ )1 "0 " *1
0 A{"*l-xgnflixg”*l-xg‘* G . M +A3 A (]) al - 1+x§”*1-xg”* G) . MI-Ag g
20T T 23 (71 ANV 21[( ) 2V5 PN e AN
J’g)*e y(ll 0 0

2iv/3 1
xl —e

Page 14 of 17



Stevic et al. Journal of Inequalities and Applications (2024) 2024:108 Page 150f 17

for m € Ny and j = 0,s — 1, whereas if e = f, we get

m-1_,m-1 ;m-1_,m-1 W_sm m-1_ym-1 ,m-1_;m-1 W_sm S _ym
1 2 3 4 172 3 "4 1 2 3 4 172 73 "4
A =\ A =\ A=A +A - A -\ +A =\ YRR Ao =M
. 2./5 7 23 245 (;') 23, 2.5 (/) 23, 245 (i) 2i\/3 ) ‘1
(/) ¥ ¢ *1 ¢ Yo —¢ 1 ¢
Fm = wun=1_,m-1 ,m-1_;m-1 am_m am_ym o am=1_ym-1 ,m-1_,m-1 A_m o am_ym ’
1 2 _3 4 1 2 .73 "4 1 2 423 4 1 2 "3 "4
25 2%/3 25 23 25 23 2/6  2iV3
xg)—e x(ll)—e yg)—e y(ll)—e
m-1_,m-1 m-1_,m-1 m_ym m_,m m-1_,m-1 m-1_,m-1 m_,m m_,m
1 2 _ 4 1 2 4 1 2 4 1 2 _ 4
A —A )»3 —A A=A . )»3 —A A -\ . )»3 -\ A=A )»3 —A
e( 26 23 25 23, 2/5 23 26 _ 2i/3 ) ‘1
) yy-e e b e
m = m-1_,m-1 ,m-1_,m-1 m_ym  m_ym m-1_,m— 1 m-1_,m-1 m_,m 3 m
)»1 —)»2 _)\-3 7A4 )» —)L )Lg 714 A —A Ag A4 )”1 —)»2 _)Ls -\
25 2iy/3 . 2\/’ 23, 2f _ 2iy/3 L2523
yg)—e e xg)—e x({)—e

for m € Ny and j = 0,s — 1, that is, if e #f, we have

*ms+j =
; wpmlm-lm-l g m-l ; A o x;”*l-xgH an-lm-1 y apm mm
Wi - ; Kg4j~ + Vi~ + ; Vstj Y
e(leie) 2V5 2i/3 (xs+;7e) 2v5 2lf (1 e) 2V5 2iv/3 ( ] ) 275 2i\/3 -f
){”’1—)»5"’1 Ag”_l—){f_l )»m_)hm )Lm m )Lm—l_)én—l )Lgn 1 )Lm 1 Am_lm )Lg"—){{‘
. - . + 4 . _
(ﬂ) 275 2i/3 (M) 2\/_ 21\/— (J’] 275 21\/— (M) 2\/— 2iv/3 1
xj—e Xs+j—€ Ts+j—€
Yms+j =
)Lm—l_)\m 1 Am 1 )\m 1 A m_ym )‘m_)hm )Lm—l_)\m—l A= 1 )Lm 1 Am_;\m A _ym
- 1 2 3 2 4 1 2 3 2 "3 "4
A TS (ys+/ 7, ENCRTN (1 N ATV (wf ENCIT
“3;=e Vs ) /
m-1_,m-1 m-1_,m-1 M_sm 3 _ym m-1_,m-1 m-1_,m-1 m_,m m_,m
f )»1 —)»2 )LS )L > A )» +)LS )L4 et )Ll _)"2 . 13 )L f )\ A2 )LS —14
(%) 25 ZLf (y”/ %) 2[ 2i/3 (xj‘ie) 25 th Gl ‘H/ Zf 2iv3 1
/a 7

for m € Np and j = 0,s — 1, whereas if e = f, we get

m-1_,m-1 ,m-1_,m-1 m_ym S m_ym m-1_,m-1 ,m-1_,m-1 M_sm M _ym
)\1 —12 7)»3 —A4 )”1 7)"2 +)»3 —)»4 )‘1 —)\2 +)»3 —)»4 )"1 7)"2 7)\3 —)\4
24/5 2i/3 245 2i\/3 245 2i/3 245 2i\/3
e %i—6 + Xo—e + yi—e + Veri—¢ +1
] st] ] S+}
Fms+j = m-1_ym-1 ,m-1_,m-1 m_ym s m_ym m-1_,m-1 ym-1_,m-1 m_sm m_m !
Moh T gy i i M sy S W M S i il M
245 2iy/3 25 23 245 2i/3 25 2i\/3
xj—e Xs+j—€ yj—e Vs+j—¢
m-1_,m-1 ym-1_,m-1 m_,m m-1_,m-1 ,m-1_,m-1 m_ym s m_ym
)‘l —12 _)»3 —A4 )Ll —12 A3 —A4 )‘l 7)“2 +)»3 —A4 )‘l —)LZ _)‘3 —)\4
245 2i/3 2.5 2i\/3 245 2i/3 245 2i\/3 1
€ Jj—e * Vs+j—€ * Xj—e * Xs+j ¢ *
Vms+j = m-1_ym-1 ,m-1_,m-1 m_ym  m_ym m-1_,m-1 ym—-1_,m-1 m_ym 5 m_m
Mo h T gy i i M sy S Wl M S il M
245 2iy/3 25 23, 245 2iy/3 25 2i\/3
yj—e Vs+j=€ xj=e Xs+j—€

formeNpand;j=0,s—1. O
Remark 2 The other cases, that is, the cases 5°, 6°, 8°, and 10°, are dealt with in a simi-
lar fashion. The only difference is that there are more technical details than in the above
considered cases. We leave the details to the interested reader as some exercises.

Remark 3 Note that the above analyses and proofs show that the solvability of system (3)
is also closely connected to the solvability of linear difference equations, as it was the case

in many previous investigations in the area [2, 3, 16, 36, 37, 42—44, 46—54].
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