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1 Introduction

It is well known that Beurling [8] and Herz [16] introduced new spaces to characterize
certain properties of functions. These spaces are known as Herz spaces, and numerous
studies involving them can be found in the literature. One of the main reasons is that the
Hardy space theory associated with Herz spaces is very rich. These new Hardy spaces
serve as a localized version of the ordinary Hardy spaces and can sometimes be better
substitutes when considering, for instance, the boundedness of non-translation invariant
singular integral operators.

Nowadays, there is a vast boom of research related to both the study of the Herz spaces
themselves and the operator theory in these spaces. This is caused by the influence of some
possible applications in modeling with nonstandard local growth (in differential equa-
tions, fluid mechanics, elasticity theory; see, for example, [1-4, 7, 23, 25, 26]). There was
a vast boom of research in the so-called variable exponent spaces. We refer, for example,
to the papers [9, 11-14], see also references therein.
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In [20], authors considered variable potential operators I#® to prove a Sobolev-type the-
orem for the potential operator from the Lebesgue space L”) into the weighted Lebesgue
space L2 in R”, under the conditions that p(x) is satisfying the logarithmic condition lo-
cally and at infinity. It was not supposed that p(x) is constant at infinity but also assumed
that p(x) took its minimal value at infinity.

Many studies related to Herz spaces and their variations can be found, including variable
Herz spaces, continual Herz spaces, grand variable Herz spaces, grand weighted spaces,
and grand weighted Herz—Morrey spaces. For details, see [5, 6,15, 17, 18, 21, 22, 27,29-36]
and references therein.

Motivated by the above results, in this paper, we prove the boundedness of the com-
mutators of variable Marcinkiewicz fractional integral operator on grand variable Herz
spaces I'(Z((f))’q)’a (R™).

2 Preliminaries
If H is a measurable set in R” and ¢(-): H — [1, 00) is a measurable function, we suppose
that

1<q_(H) <q(h) <q.(H) <0, (2.1)

where q_:=ess inf g(h), g, :=esssup g(h).
heH heH
(a) Lebesgue space with variable exponent L1V)(H) is defined as

WO (O )
L™ (H) = { f measurable : — dy < oo, where y is a constant .
H Y

Norm in LI0(H) is defined as

qa0)
W a0 oy = inf[y >0: /1; <@> dy < 1} .

(b) The space Lq(')(H) can be defined as

loc

LYH) = {f:fe LK) for all compact subsets K C H}.

loc

Let us recall the well-known log-Hélder continuity condition (or the Dini—Lipschitz
condition) for g : H — (0, 00): there is a positive constant C such that for all x,y € H with

|x - yl =< %)
C
lg(x) —q)| < ———. (22)
=In|x -y
Further, we say that g(-) satisfies the decay condition if there exists g := g(00) = ‘ l‘im q(x),
and there is a positive constant Co, > 0 such that
Coo
h) — < — . 2.3
q(h) qool_ln(e+|h|) (2.3)
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We will also need the log-Hoélder continuity condition at 0 for g(-): there are constants
Co > 0 such that for all |4] < 3,

Co

i (2.4)

lq(h) - q(0)] <

The best possible constant C in (2.2) (resp. Cx in (2.3)) is called log-Holder continuity or
log-Dini-Lipschitz constant (resp. decay constant) for the exponent g(-).

We use these notations in this article:

(i) B(x,r) is the ball of radius r and center at the point x.

(ii) Bi:=B(0,2%) = {x e R": |x| < 2¥} for all k € Z.

(ili) Ry :=B;\ By ={x:t<|x| <t} isaspherical layer.

(iV) Rk = Bk \Bk—1~

(V) Xk = XRe» Xtr °= XRyye-

(vi) Letf € Ll (H) be alocally integrable function, then the Hardy-Littlewood

loc
maximal operator M is defined as

Mf(x):=supr™” / f®)|dx, (x€H),
r>0

B(x,r)

where
Bx,r):={yeH:|x—y|<r}.

(vii) The set P(H) consists of all measurable functions g(-) satisfying g_ > 1 and g, < co.
(viii) P'°¢ = Pl°¢(H) consists of all functions q € P(H) satisfying (2.1) and (2.2).
(ix)

Poo(H) and Py o (H) are the subsets of P(H) and values of these subsets lies

in [1, 00), which satisfy condition (2.3) and conditions (2.3) and (2.4), respectively.
(x)

In what follows,

we denote x; = xg;» R =B;\ Bi_1, B; = B(0, W ={xeR": |x| <2} foralll e Z.
(xi)

By p'(x) = p(x)/(p(x) — 1), we denote the conjugate exponent of p(-).
(xii)

C is a constant,

its value varies from line to line and is independent of main parameters involved.

Lemma 2.1 [27] Let D > 1 and q € Py o(R"). Then

1 n_
o710 = lIxso.0ms0n a0 = cori®, for0<r =1 (2.5)
0
and
1 n n
L™= I XBO.0m\BON a0 < Coor e, forr =1, (2.6)
o0

respectively, where ¢y > 1 and c, > 1 depend on D but do not depend on r.

Page 3 of 16
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The Holder inequality in the variable exponent case has the following form:

/ F g @) dx < 11l o gl o
Q

where k = p— + (p) ,and €2 is a measurable subset of R”.
The next statement is the generalized Holder inequality for variable exponent Lebesgue
spaces (see [10]):

Lemma 2.2 Let H be a measurable subset of R" and p(-) be an exponent such that 1 <
p-(H)<p,(H)<ococand q_,r_>1. Then

"fg”LV YH) = <2'"- ”f”u?( )Ilglqu<->(H)
holds, where f € LP)(H), g € L1)(H) and % = 1%) + ﬁ,

Definition 2.3 (BMO space) A BMO function is a locally integrable function u# whose
mean oscillation given by |i7\ 5 1u(y) — ugldy is bounded. Mathematically,

tllsato = |B|f|u(y) usldy < oo,

Lemma 2.4 ([19]) Let b€ BMO[R"), m €N, i,j € Z with i <. Then, we have

CHbl Byogn) < sup ||(b_bB)mXB||Lq(-)

Bbull x5l La0
EC”b”?Mo(Rn),
(b - bBi)mXB,- a0 <CG =™ 151 Brrorny x5l a0 -

Definition 2.5 Let 0 <p <o00,q€ PR, a:R” —> R with «a(-) € L*(R"). The inhomo-
geneous Herz space K (R") consists of all f € L1 oo (R” \ {0}) such that

1/p

|V||I<;gg_)(R") = ||.fXBo ”Lq(') + Z H 2a(h)f‘xk Hiq(«) <00,

k>1

The homogeneous Herz space K (IR”) consists of all f € e (R" \ {0}) such that

loc

1/p
Vi o= (S ull)  <oo

keZ

Next we will define grand variable Herz spaces.

Definition 2.6 Let a(-) € L°(R"),1 <p< 00,0 >0and g:R" — [1,00), 6 > 0. Then the
grand variable Herz space I(;(S)’p M9 (R") is defined by

P)9 {f € Lloc (Rn \ {0}) ”f”K 17)9 ]R”) } ’
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where

(111//)

pll+
1

U200 gy = SUP (w N A kanf;(;“’>

keZ

=sup y #(1+V) 1”[' IfNl e p(lﬂlf)
150 i R

The next proposition is the generalization of variable exponents Herz spaces in [6]. We
omit the proof of proposition 2.6 since it is essentially similar to the proof given in [6], and

with slight modification, we can obtain the following result in grand variable Herz spaces.

Proposition 2.7 Let «,p,q be as defined in definition 2.5, then

1
(L+)
2/(0( p1+l// pl
I a1 gy =S1p U0y 12RO il

keZ

(1+9) 1’(11+W)
¥
A sup 1/,0 Z 2/(01 0)p(1+v) ”fX ”P

>0

k=-00

%0 . )
+sup 1/[0 szaoop 1+l//)“fx ”P +¥) )

>0 k=0

The Riesz-type potential operator of variable order B(x) is defined by

IP9f(x) = /Rn Mi}%dy, 0< Bx) <n. (2.7)

Note that the B(x) is the order of the Riesz potential operator, which is variable.
We are assuming that the order of Riesz potential operator (x) is not continuous rather,

we are assuming that it is a measurable function in R” satisfying the following conditions:

Bo := ess ilﬁ{n Bx) >0, (2.8)
ess sup p(x)B(x) < n, (2.9)
xeR”
ess sup p(00)B(x) < n. (2.10)
xeR”

The following proposition is one of the main requirements for proving our main results.
The given proposition was proved in [20] and is commonly known as a Sobolev theorem

for the Riesz potential operator in Lebesgue spaces.

Proposition 2.8 Suppose that p(-) € P(R") N Po(R") N P(R"), and assume that

1< p(o0) < plx) < p, < 00.

Page 5 of 16
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Let B(x) satisfy the above conditions (2.8), (2.9), and (2.10). Then, we have the following
weighted Sobolev-type estimate for the operator I°?,

I+ ) QPP a0 @y < CIF o0 @y

where

1 1 B

9@ pl)  n
is the Sobolev exponent.

n
4

’

1(@) = CoB®) (1 - @) <C.

where Cy, denotes the Dini—Lipschitz constant from inequality (2.3) in which a(-) is re-
placed by p(-).

Let S"! denote the unit sphere in R” (z > 2) with the normalized Lebesgue measure.

Let ® € L"(S"!) be a homogeneous function of degree zero such that

/n¢wm¢wﬂza (2.11)

sn-1
where y' = y/|y|, and y is not zero. The Marcinkiewicz integral was introduced by Stein

[28] in connection with Littlewood—Paley g-function on R” as:

1
2

Ho (@) = / |R¢,s<f)<x>|2§ ,
0

where

D(x —y)
|x _y|n,ﬂ(x),1f(y)dy‘

Raslf)(x) = /

lx—yl<s

Let b be a locally integrable function on R”. The commutators on the variable

Marcinkiewicz fractional integral operator are defined by

ST

2

v D (x — ) [bW) - b(y)]™ d
[b, ol (@) = / / (’“My_)[y'f,’f)l_ﬂ(xfm fo)dy| 5

0 |r—yl<s

Lemma 2.9 ([24]) Ifa>0,s€[1,00],0<d <sand —m + (m —1)ds < u < 0o, then

1/d

Iyl“| D@ —y)4dy | < 1l Dl sy

yl=<alx|



Sultan et al. Journal of Inequalities and Applications (2024) 2024:93

3 The commutators of variable Marcinkiewicz fractional integral operator on
grand variable Herz spaces

Theorem 3.1 Let 0 <v <1, a(:),q(-) € Po,oR") with1<q <q" <00,1 < p <00 and

b € BMO(R"). Let ® be homogeneous of degree zero and ® € L*(S"!), s > q'~. Let a be such

that:
H n n n n
(1) —m—V—;<a(0)<,—)—V—;
n n
(ii) ———V—;<aoo<q,loo—v—;.
Then
(L + [x)) @1, rolg @I ;e <009 gy = ClIbll Epomm gl e <P gy

Proof Letg e K;z((--)ﬁp 1 and gx) =>"70 g)xi(x) =12 . &i(x), we have,

I+ 12) 7 P1b, o]} @ g 0P )

1
p(+y)
_ (a
= i,ulg <1/f8 E 11250y, (1 + |x]) 2@ [b, Kolg Cé’)”iq;w)
>

1
00 ) p(I+y)
<sup <1/f9 > (Z 1250 (1 + 129 [b, o @) Penty ))
/

¥>0 k=00 \/=
0 k p(1+y) p(11+¢)
koe(
<sup |y’ > ZIIZ“ (1 + 29 [b, o5 @) 0
¥>0 k=—00 —00
1
p(+¥)

p(L+y)
+sup | ¢ Z (Z 120 xa (1 + 1)) (b, o] (@) aac )
I=k+1

¥>0 _

=E 1+ Ez.
For Ej, splitting E; using Minkowski’s inequality, we have

-1

P (L+¥)\ pT+)
Ey<sup |y’ > (Z ||2k°*“xk(1+|x|)—“x>[b,m],?(gznuqz(»))
I

¥>0 k=—00 \l=-00

00 P+ pTp)
+sup WZ(Z 120 5 (1 + 1) 72 [b, o] (@)l art )

¥>0 k=0 \l=—

=ZE11 + Elg.

For estimating E;;, we use the facts that, for each k € Z and/ <k and a.e. x € R, y € R},
we know that |x — y| & |x| & 2F,

2 1/2
x|

et < [ [| [ 202 ) &

|x _y|n—l—ﬁ(x) t3

0 |x—y|<t

Page 7 of 16
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2 1/2

D(x —y)[b(x b(y dt

+ / / Ix—yI” T a0y o

lxl - |x-yl<t
=: 111 + 112.
By the virtue of the mean value theorem we obtain,
1 || 3.1)
le—y12  Ix2| T - yl? '

For I1;, using Minkowski’s inequality, generalized Holder’s inequality, and inequality (3.1),

we have

1/2

[x]
|D(x —y)|[b(x) b(y)] 20| /@ i

I
HE] T ey £

=yl

| (x - )| [b(x) - b(»)]” 12

|x y|”1ﬁ)

&)l

lx — yl2 |xP?

S/ |P(x — )l [bx) - b(y)]™

e = y|r=1-PE)

bl "
lg ) ‘m

21/2

/ 1D x - )| [b(x) = bO)]" g0 dy

le”+2 || A
<2929 158D gy 1 = ) e gy

52“”22k"|x|ﬂ<">{|b(x)—b3,|m f |D(x — )l ()|dy
+/|b(y)—bgl|m|d>(x—y>||gz(y)|dy}

<2207 5 P g () [ (lb(x) = by "2 = ) xaCll g0

HIBC) = b)) (@6 = ) g0 )

Similarly, for I1,, we have

1/2

[@e-1-))] [ dt
112</ e [5] @

Jax]

[P —y)|

m@l@ﬂdy

<[P / D - )llg0)ldy

Ry
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<291 P9 () ] { 1b(6) = b, " 12 (x = )iy

+11(b() = bg)" (P(x =) 1Ol 4100 }

We define ¢, () by the relation m = qll(x) + % Using Lemma (2.9) and generalized Holder’s
1

inequality, we have

G = DO gy <NP@ =) xaOllzs el ey

1/s

<o /’|®w—ﬁPM”@ [Fare:

I=1ely|<2!

<272 D sy I el 1 0-
Similarly, using Lemma (2.4), we have

1(B(-) = b)) (P =) xu () g0
<N = )xiOllzs 1) = b)) xi ()l a0

<CIb1 o 1 x5 a0 196 = ) 3 llzs

n

<CIBIZomn2 2 1D s @ty el a0
It is known [37] that

PO((b(x) = b)) x0) @) = PO ((b(x) = be))" x0)(@)-(xa) ()

|b(x) — bg,|"
= | e dy ()
B, [x—Yl

> C|b(x) - bp, " |xP®. i (x)

> Clb() — by, " 161" e ().
Consequently, by proposition (2.8), we have

1l(B(x) — b,)™ 1217 x () (1 + %)) g0
< 11+ )OO (B(x) = br,)™ 1) )| 0200

= 16() = bs)" x) )l gy -

As aresult, we get

(1 + 1)) b, o] (@)1l 120

< C27M™||gll 0100 { I1(Bx) = ba,)™ 1617 sa () (1 + o]) 0| gy 27 2KO+5)

X 1@ gsnn M xell gan 0

Page 9 of 16
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+ 161 mo@n 225 N @ sty el o 11217 xa @) (1 + |x|)-“">||Lq2<»)}

<C2™|gll a0 {<k—l)’”||b||§"Mo<Rn>||xk||m<a2’V2k<“*?>||<1>||p<sn-l>llIIx:llm

lv2k v+

+ 161 momn2” Nl syl o ||Xk||qu()}

< C27 @l ar 0 (k = D" 161 Fyom Xkl a0 27 25CF 1@ sy L ey 0

< Clk = D™ 1@ s 16 3nroEm 2 27 25 Dl ey 1 g g a0

Applying results to E;;, we can get

-1 k
E11 < C”b”BMO )&M) Sup[l// Z 2/(0!(0 P(lﬂ/’)( Z 2(1 k)(n/q1(0 (k l)
oL o !

(I‘H//) (1“//
x llgxill ) ) ]

-1 k p(l+y) p(11+|//)
< Clblswoye sup [w > <Z 2°‘<°>l||gxl||m<»2b<’“(k—l)m) ] :

l=—00

=—00

k=—00

Let v, = % —v -2 —(0) >0, applying Holder’s inequality, 277*%) < 27 and Fubini’s

theorem for series, we get

-1 k
(1
Ei SC”b”BMO)(Rn) 1s//li% |:w9 Z (Z 2¢ 0)p(1+y) l”gX ”iqlﬂll V1P (1+y)(I-k)/2
I=

k=—00 \l=—00
1
p(1+y¥) p(A+9)
k (p+y))
% Z 2V1(p(1+1ﬂ))’(l—k)/2(k_ l)M(p(IW))’/Z)
I=—00

k=—00l=-00

k pA+y)
( (1
= ”b”BMO )(R™) Sup W E z 220 H]M”g)( ||1qu+¢ 2ty )

1

-1 p(+9)
w@ Z 20( p(1+y)l ”gX ”1[71;11‘(*';#) 22V1p(1+1ﬂ)>
k=1

—00

<CI||b|| zrmoymm

1

-1 P+
1 _
=ClIbllsmoyrn) (1#9 > 2O g | PN " grnl km)
k=1

—00

(1+9)
1
<Clbllamoe sup 1//9§j2“ P g, ||’L’§J¢>
>0

—00

S 1Lsy) p(1+y)
.
<ClIbllsmo0)( &) SUp v’ § 12Vl
>

—00

<Clbllsmoy@ ||g||1‘<ﬂ(~(),)p),9-
nt
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Now, for Ej,, using Minkowski’s inequality, we have

(1+¥)\ pa+9)
D @+ ) x>[b,u¢]§“<gl)||m<.>>

Eq <sup W 22/‘“”” 1+y) (
J=—
1
k (L+y)\ p(+9)
+sup [ ¢* sz“mp B @+ )b, 1015 @01 20
v>0 k=0 =0
=:A; + Aj.

The estimate for A, follows in a similar manner to E;; by replacing ¢} (0) with g}, and by

> 0. For A1, we have

the use vy :=
qloc

I116; ko lg (@ x0) xkll 200
<Clk = D" 1|51 121 Bion 227 25 D e a0 1l gar 0 Il ar

" " ) =)
<Clhk = 1" 1@l 151 102 5O 2 o gt 0

f + 0o < 0, we have

loo

-1 (L+y) 1+y)
Ixx(L + 1) D (b, el gl yar00
B
A

Ay <Csup [y )  2kaccr+v)
1< Csup Z

< ClIblIzpown) sup (1// Z okacop(1+y)
k=0

]

1
Y p(A+y¥)\ pA+y)
V+§——
oo IIgzlqu1<-))

-1
_n___,y k(
i (Z(k_l)’”z’(w b

=—00

[e¢]
k(aco+Vv
< Cl1bI 3o sup( > 2
k=0

>0

PA+YN 5
(Z(k 250 gl ) )

00 1 PA+Y)\ pA+y)
= ClBI o) Sup WZ(Z(k—nmz 10 |gill )
>0

) (1+)

1
(L+)

00 -1 (1+y)\ p@+y)
I(Hs —v—a(0))
< ClIbIvomn sup ) :(2 (k— 12 o ZZQ(O)IlgzIIqu(»)
>
/

0 =—00

f=
o0
p(L+y)

-1
< Cllb o Sup (w‘) D 2Ok g B

k=0 [=—00
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1
pA+) (p(L+y)"\ P(I+7)

oo -1
X (Z Z (k - l)m(p(lﬂp))’zl(ﬁvla(O)(p(1+w))’)>

k=0 l=-00
oo -1
)ip( (1
< Cllblogen Sup (W 3N 2Ol g P
k=0 l=—00

p+y)
1
< CHb”BMO (R") sup (%09 Z 20[ 0ip(1+9) ”g ”ifﬂﬂzf )

I=—00

) (L9 p(llﬂlf)
R
<C||b||BMORn>sup W §:||2“( ‘alt )

J=—

< Clk = ™| D | sy 1Bl gason 227 25 D el jaro il ano il -

Now we estimate E,, for each k € Z and [ > k + 1 and a.e. x € Ry, y € R;, we know that

lx — y] & |y| ~ 2/, we consider

2 1/2
Iyl
@ (x - y)(b(x) — b(y)) dt
16, 1] 5(@) ()| < / / D 0|
o |x—y|<t
2 1/2
O (x - y)(b(x) — b(y))
* / / o — y|n-1-pE a0y 7
Iyl |Je-yl<t
=:]3l+132.

Using similar arguments as used in I;;, we obtain

B <2022 P9 g )] o (160) - b 1066 = ) g1

HIBC) = b)) (@6 = 0O g0 )
Using the same arguments of I;5, we obtain

B2 = 2P 0) o {1868) = by 106 = 2O
HIBC) = b)) (@ = )0

x [+ [2) b, wol @)l a0 )

< Cz—ln b —bp )" B(x) 1 —A(x)

< gl aro 3 1(BGx) = b,)™ %7 () (1 + 1)) ™ |l Lgn )
x 272X N D s om0

+ 160 Fom 2 25 N @ s I Xell o 1617 xac (o) (1 + |x|)-“">||m<.>}

<C2"gll a0 {(k = D" 101 Frromn Xkl a0 2725 D @ sy il par
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—lV2k<V+ )

+ 161 50w 2 @1l sn-1) 1 X2l x| Xkl gy ) }

lv2k v+

< C2 gl s (k = D 1611 o 1 ko102 @ st el ar 0

< Clk = D" 1@ s 161 Ero@n 227 25 el o Xl g0 gl an

k=D)(v+24 1)
< Cllk = " |0l s @1 1Bl o2 0 g xll -

Now splitting E,, we have

1

00 00 p(+¥)\ pA+9)
Ey<sup |y’ ) (Z 1250 e (1 + le)M’“)[b,uqﬁ?(gz)lquz(-)) ,

¥>0 k=—co \I=k+1
1
p(1+y)

00 p(1+y)
<sup | ¢’ sz“ piy) (Z||Xk(1+|x|)_'\(x)[b:Md>]g'(gl)||m(-))

¥>0 I=k+1

) 00 (1+y)\ pA+¥)
sup |y Y " 2keeerte)) <Z (1 + f) ™ [b,u¢1z“(gl)||m<.>>

¥>0 k=0 I=k+1

=ZE21 + Ezg.

For E;, we have

Ex < ClIbl gyomwn) sup(l/f Z2kaoop 1+y)
k=0

00 p(+y) 1+1//
x (Z 2008 (= 1) gil o ) )

I=k+1

(1
< C“b“BMO R”) SllP(Ip szaoop 1+1// ||gX ”iql“ﬂ

k=0
p(+¥) 1+w>
(Z 2(k Hv+% * oo (k l)m> ) )
I=k+1
Letd = qlLoo +V+ % + oo > 0. Then, we use Holder’s theorem for series and 2 P+Y) o 9-p
to obtain

o0

z : 2 : 1

E22 < C”b”BMO (&) Sup |:¢_ ( Zlaoop(l-ﬂlf ”gX ”i(qlﬂp ZdP(l-H//)(k 0/2 )
k=0 \l=k+1

1
p(+y) pA+y)

o (p(1+y)y
x (Z (k _ l)m(p(1+x//))’/22d(p(1+1//))’(k—l)/z
I=k+1

( b m ¥) p(A+y)

o E E ! 1+ dp( k=1)/2

= ” ”BMO(R”) i/up W Q!ocP lﬂlf)”g ”lL?‘il 24P (1+y)(k=1)/2

>0
k=0 I=k+1
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p(1+¥)

-1
(1 _
= CIblFuo sup (w D 2tV g ) Zz‘i”“*“’)“ ”’2>
k=0

=0

o (L) p(liw)
+
<C||b||BMo]Rn)Sup %0 E ”2“ gXlH[Zq1

I=—00

=< C”b”BMo lelgll p)b‘

Now, for Ej;, using Minkowski’s inequality, we have

¥>0 —00 I=k+1

1 PA+Y)\ pI+y)
Ex <sup | ¥* sz““’ P (ank(um) OB, ol @)l o )

¥>0 =0

00 p(+y)
+sup sz“ Z1+) (ank(um) b, 110 (@) ||m>

=2Bl +Bz.

The estimate for 31 follows in a similar manner to Ey; with g1, replaced by ¢;(0) and
using the fact that ) +v+ % +a(0) > 0. For By, we have

a1+ 1) 2B, o] (@)l an0
<C2"|gll a0 { 1(B(x) — bi,)™ 1P xae )1 + [21) D] 500

—lvak(v+2
x 272K D ooy il ar 0

+ 181 g 0mm 2™ 25 N @ senn) el a0 P9 xac ()@ + )7 ) gy
(R™)
— — n
<C2"|gllmo {(k— ™15 Fio@m 1 Xkl a0 27 25+ N @] s nny | an 0

k(v
+ 16l momn2™"2 (WS)II‘DllLs(sn1)||IIXzIIqu(»IIXkIIqu(u}

< C27" |l @ll ay o (k = D" 1B Frgoom 1kl jay 277 2K D | s gnny | X2l a0

S C(k _ Z)Wl ” q) ”Ls(gn—l) ”b||?MO(Rn)2—ln2—lV2k(V+§)2ln/qloo 2kn/q1(0) ”gl ”qu(_)

I k(v =41
< Clk = D™ @ 1 g1y 181 rrom 2™ 05 02 00 g o

Using these estimates for B;, we get the estimate for Ej;.

Combining the estimates for E; and E, yields

0+ 1) o @) g1 gy = CUBInogn 81 g9 gy

which ends the proof. d
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