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Abstract
In the present paper, we have obtained common best proximity point theorems of
nonself maps in Hausdorff topological space. Further, our results extend the results
due to Gerald F. Jungck, thereby proving a generalized version of Kirk’s theorem (J.
London Math. 1(1):107–111, 1969).
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1 Introduction
Metric fixed point theory is an important tool in mathematics as it has numerous ap-
plications in the field of differential equations as well as integral equations. Let S, T be
nonempty subsets of metric space (�, d) and � be a self mapping defined on �. Suppose
d(ζ ,�ζ ) = 0 for some ζ ∈ �, then ζ is a fixed point of �. Sometimes it is not necessary that
d(ζ ,�ζ ) = 0 will have a solution for � : S → T . In that case, we will go for the min

ζ∈S
d(ζ ,�ζ ).

In particular, if we have ζ ∈ S such that d(ζ ,�ζ ) = D(S, T) = inf {d(η1,η2) : η1 ∈ S, η2 ∈ T},
then such ζ is referred to as a best proximity point of �. For more details on best proximity
points, refer to [1, 2, 4, 6, 10, 12, 15–18, 20], and for more details on fixed points, refer to
[5, 13].

When it comes to topological space, we cannot use the concept of metric space. Recently,
Raj and Piramatchi [21] introduced the notion of Dh(S, T) in the setting of topological
space, equivalent to the concept of distance in metric spaces.

Definition 1 [21] Let S, T be nonempty subsets of a topological space �, and let h : � ×
� → R be a continuous function. Let Dh(S, T) = inf { |h(ζ ,η)| : ζ ∈ S,η ∈ T}. When � is a
metric space, Dh(S, T) = D(S, T) = inf {d(η1,η2) : η1 ∈ S, η2 ∈ T} as h = d, the metric on �.

Using this notion, they introduced topological P-property and topologically r-
contractive mapping, thereby proving the best proximity point theorem for cyclic map-
pings.

In [22], Dey et al. extended the Banach contraction principle to nonself maps in arbitrary
topological space. With the help of a continuous function g : �×� →R, they brought the
idea of topologically Banach contraction for nonself maps and established the existence
of best proximity point.
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The above results are for a single nonself map. In the literature, there are not many
results on common best proximity points for mappings in a topological space.

In [9], Jungck considered compatible maps of Hausdorff topological space and proved
the existence of common fixed points by introducing the notion of proper orbits, thereby
using it to obtain the fixed points.

The following theorem is one of his main results on common fixed points.

Theorem 1 [9] Let � be a first countable Hausdorff topological space and � be a continu-
ous self mapping on �. Suppose that � has proper orbits that are relatively compact, then
� has a common fixed point with each � ∈ E� . Furthermore, for all ζ ∈ �, there exists a
subsequence of {�n(ζ )} such that it converges to a fixed point of �.

Inspired by works of Raj [21] and Dey [22], in our paper we consider Hausdorff topo-
logical space and prove common best proximity theorems for nonself maps. We extend
the notions like orbits, proper orbits, and other related concepts to the nonself map in the
framework of Hausdorff topological space, thereby proving the existence of best proximity
points for that mapping. Moreover, we provide an example that validates our result. Fur-
ther, we also obtain some results on common best proximity points for nonself mappings.
When the respective space is a metric space and the map is a self map, our results imply
the results of Jungck [9].

To know more about the common best proximity points, one can refer to [3, 7, 8, 19].

2 Preliminaries
Here we provide some definitions, notations, and concepts needed in the sequel.

Unless specified, we assume throughout S, T to be nonempty subsets of a topological
space � and h : � × � →R to be a continuous function.

Definition 2 Consider a mapping � : S → T , �(S) ⊆ T0, where T0 = {η ∈ T |Dh(S, T) =
|h(ζ ,η)| for some ζ ∈ S}. Let ζ0 ∈ S. Since �(S) ⊆ T0, there exists ζ1 ∈ S such that
|h(ζ1,�ζ0)| = Dh(S, T). Similarly, choose ζ2 ∈ S such that |h(ζ2,�ζ1)| = Dh(S, T). Proceed-
ing like this, we obtain a collection of elements {ζn} in S. Define Oh(ζ0,�) = {ζn |Dh(S, T) =
|h(ζn,�ζn–1)|, n ∈N}. Oh(ζ0,�) is defined as the proximal orbit of a nonself map � starting
at ζ0 ∈ S with respect to the nonnegative function h.

Here, unlike self maps, ζi’s need not be unique while constructing the proximal orbits.
Refer to the example given below.

Example 1 Consider � = R with the usual topology, and the continuous function h : R×
R →R as h(ζ ,η) = min{ζ ,η}. Let S = {5, 9, 7, 1} and T = {2, 3, 4, 8}. Here Dh(S, T) = 1. Now,
define � : S → T as follows:

�(5) = 2, �(9) = 8, �(7) = 3, �(1) = 4.

The proximal orbits of � at each element in S are given by

Oh(5,�) = Oh(1,�) = Oh(7,�) = {1} and Oh(9,�) = {5, 1}, {7, 1}, {1}.



Sreelakshmi Unni and Pragadeeswarar Journal of Inequalities and Applications         (2024) 2024:91 Page 3 of 11

Here, the proximal orbits of � at 5, 7, and 1 are unique. However, the proximal orbit of � at
9 ∈ S is not unique. Because, while constructing, we can choose our ζ1 to be any element
from {5, 7, 1} and ζ2 will be always {1}. So, here we will be having three different proximal
orbits.

Suppose that we have h : � × � → R and |h(ζ1,η)| = |h(ζ2,η)| �⇒ ζ1 = ζ2 for ζ1, ζ2,η ∈
�. Then, while constructing orbits, ζi ’s will be unique.

Definition 3 The proximal orbit of � at ζ0 with respect to h (Oh(ζ0,�)) is proper iff either
Oh(ζ0,�) = {ζ0} or ∃m0 ∈ N such that, for all m ≥ m0, cl(Oh(ζn,�)) ⊂ cl(Oh(ζ0,�)), where
ζn ∈ cl(Oh(ζ0,�)). If Oh(ζ ,�) is proper for all ζ ∈ S1 ⊂ S, then the mapping � is said to have
proper proximal orbits on S1. If S1 = S, then we say that � has proper proximal orbits.

Definition 4 Let S1 
= ∅ be a subset of S. S1 is said to be a proximally-�-invariant subset
of S if for all ζ ∈ S1 there exists η ∈ S1 such that |h(η,�ζ )| = Dh(S, T).

The following example illustrates the definitions provided so far.

Example 2 Consider � = R with the usual topology, and the continuous function h : R×
R → R as h(ζ ,η) = ζ 2 – η2. Let S, T ⊂ R as S = N ∪ {0} and T = Z

–. Here Dh(S, T) = 0.
Now, define � : S → T ,�(ζ ) = –(ζ + 1). The proximal orbit starting at ζ = 0 is given by
Oh(0,�) = {1, 2, 3, . . .}. It can be verified that the proximal orbits are proper. Also, here
Oh(ζ0,�) is a proximally-�-invariant subset of S.

Definition 5 Let �,� : S → T be two nonself maps. An element ζ ∈ S is a common best
proximity point of the given pair (�,�) if |h(ζ ,�ζ )| = |h(ζ ,�ζ )| = Dh(S, T).

Definition 6 Let � : S → T be a continuous nonself map. Define E� as the collection of
all continuous mappings � : S → T such that:

(i) �(S) ⊆ T0,
(ii) M = {ζ ∈ S|�ζ = �ζ } 
= ∅, and

(iii) |h(η,�ζ )| = |h(β ,�ζ )| = Dh(S, T) �⇒ �β = �η, ∀ζ ∈ M, ∀η,β ∈ S.

Example 3 Consider � = R
2 with the usual topology and the continuous function h : R2 ×

R
2 → R as h((ζ ,η), (λ,β)) = |ζ – λ| + |η – β|. Let S = {0} × [0, 1] and T = {1} × [0, 1]. Here

Dh(S, T) = 1. Now, define functions �1,�2,�3 : S → T as �1(0, ζ ) = (1, 2ζ – ζ 2), �2(0, ζ ) =
(1, ζ 2), and �3(0, ζ ) = (1, ζ 3). Here, �2(S) ⊆ T0 and M = {(0, 0), (0, 1)} 
= ∅. It can be verified
that �1 and �2 do not satisfy the third condition. On the other hand, �3(S) ⊆ T0 and M =
{(0, 0), (0, 1)} 
= ∅; and all the conditions are satisfied. Consider �2 : S → T . Here E�2 
= ∅ as
{�4 : S → T such that �4(0, ζ ) = (1, ζ m), m ∈ N, and m > 2} ⊂ E�2 . Also, �2(S) ⊆ T0 and
M = {(0, 0), (0, 1)} 
= ∅. Clearly, the third condition holds for functions �2 and �4.

Definition 7 A point ζ ∈ S is called a recurrent point iff ζ is a limit point of Oh(ζ ,�).
Moreover, ζ ∈ S is a nontrivial periodic proximal point iff ζ = ζn for some ζn ∈ Oh(ζ ,�), n ∈
N. But ζ 
= ζ1, where |h(ζ1,�ζ )| = Dh(S, T).

Definition 8 A continuous nonself map � : S → T is compact iff T has a compact set T1

and �(S) ⊂ T1.
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If � is a metric space, then for some ζ0 ∈ � we get O(ζ0,�) = {ζn |d(ζn,�ζn–1) = D(S, T)},
where d is the respective metric and n ∈N. Let S, T 
= ∅ be subsets of a metric space (�, d).

Definition 9 A nonself mapping � : S → T is said to have proximal diminishing orbital
diameters (proximal d.o.d.) if for all ζ0 ∈ S, δ(O(ζ0,�)) < ∞ and whenever δ(O(ζ0,�)) > 0,
∃ m = mζ0 ∈ N such that δ(O(ζ0,�)) > δ(O(ζm,�)) for all m ≥ mζ0 , where ζm ∈ O(ζ0,�) =
{ζl |d(ζl,�ζl–1) = D(S, T)}.

Definition 10 A nonself mapping � : S → T is said to have proximal orbits with proximal
diminishing closure diameters (proximal d.c.d.) iff for all ζ0 ∈ S, δ(cl(O(ζ0,�))) < ∞ and
whenever δ(cl(O(ζ0,�))) > 0, ∃ m = mζ0 ∈ N such that δ(cl(O(ζ0,�))) > δ(cl(O(ζm,�))) for
all m ≥ mζ0 , where ζm ∈ O(ζ0,�) = {ζl |d(ζl,�ζl–1) = D(S, T)}.

Lemma 1 Let S, T 
= ∅ be subsets of a semimetric space �, and � : S → T . Suppose that �

has proximal orbits with proximal d.c.d., then � has proper proximal orbits.

Proof Suppose O(ζ0,�) 
= {ζ0} for some ζ0 ∈ S. Then δ(cl(O(ζ0,�))) > 0. Given � has
proximal d.c.d., we can find mζ0 ∈ N such that δ(cl(O(ζ0,�))) > δ(cl(O(ζm,�))), ∀m ≥
mζ0 , where ζm ∈ O(ζ0,�). Also, by construction of orbits, O(ζm,�) ⊂ O(ζ0,�), ∀m ≥
mζ0 ∈ N, provided ζm ∈ O(ζ0,�). Therefore, for all m ≥ mζ0 ∈ N, we get cl(O(ζm,�)) ⊂
cl(O(ζ0,�)), ζm ∈ O(ζ0,�). This implies that the proximal orbits of � are proper. �

When � is a metric space, proximal d.c.d. become proximal d.o.d. Hence we have the
following lemma, which can be proved similarly.

Lemma 2 Let S, T be nonempty subsets of a metric space �, and � : S → T . Suppose that
� has proximal orbits with proximal d.o.d., then � has proper proximal orbits.

3 Main results
Theorem 2 Let S, T 
= ∅ be subsets of a Hausdorff topological space � and h : � × � →
R be a continuous function. Let S0 be nonempty and � : S → T be continuous. If � has
proper proximal orbits on S that are relatively compact, then any nonempty, closed, and
proximally-�-invariant subset of S contains a best proximity point of �. In particular, the
closure of each proximal orbit Oh(ζ ,�) has a best proximity point of �.

Proof Let M 
= ∅ be a proximally-�-invariant and closed subset of S. Let ζ0 ∈ M. By the
proximally-�-invariant property of M, there exists ζ1 ∈ M such that |h(ζ1,�ζ0)| = Dh(S, T).
Proceeding like this, we have Oh(ζ0,�) = {ζn | |h(ζn,�ζn–1)| = Dh(S, T)} ⊂ M. Since M is
closed, cl(Oh(ζ0,�)) ⊂ M.

By the construction of proximal orbits, we have

Oh(ζ1,�) ⊂ Oh(ζ0,�) ⊂ M �⇒ cl(Oh(ζ1,�)) ⊂ cl(Oh(ζ0,�)) ⊂ M. (1)

By the relative compactness of proximal orbits, cl(Oh(ζ0,�)) is compact. Now, we claim
that cl(Oh(ζ0,�)) is proximally-�-invariant.

Let cl(Oh(ζ0,�)) = U0 and �(U0) = C0.
Define W0 = {η ∈ C0 | |h(ζ ,η)| = Dh(S, T) for some ζ ∈ U0}. It is enough to prove that

�(U0) ⊆ W0.
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Clearly,

�(Oh(ζ0,�)) ⊂ W0 ⊂ C0. (2)

Given � is continuous,

�(U0) ⊂ cl(�(Oh(ζ0,�))). (3)

Thus we have

�(Oh(ζ0,�)) ⊂ W0 �⇒ cl(�(Oh(ζ0,�))) ⊂ cl(W0). (4)

From Equations (2), (3), and (4), we have

�(Oh(ζ0,�)) ⊂ W0 ⊂ C0 = �(U0) ⊂ cl(�(Oh(ζ0,�))) ⊂ cl(W0).

W0 ⊂ C0 = �(U0) ⊂ cl(W0). (5)

Since � is a Hausdorff topological space and � is continuous, we get C0 is a closed and,
therefore, compact subset of �. Hence, for a net (ζα)α∈I ∈ W0, where I is the directed set
such that (ζα)α∈I converges to ζ for some ζ ∈ T , then ζ ∈ C0.

Claim: ζ ∈ W0.
Since (ζα)α∈I ∈ W0, by the definition of W0, there exists (ηα)α∈I ∈ cl(Oh(ζ0,�)) such that

|h(ηα , ζα)| = Dh(S, T). Since U0 is compact, there exists a subnet (ηβ )β∈J of (ηα)α∈I that
converges to some η ∈ U0. Choose (ζβ )β∈J ∈ W0 such that |h(ηβ , ζβ )| = Dh(S, T). Since h is
continuous, as β → ∞, we have |h(η, ζ )| = Dh(S, T) implies ζ ∈ W0.

Since W0 is closed, Equation (5) can be written as

W0 ⊂ C0 = �(U0) ⊂ W0 �⇒ �(U0) = W0.

Hence, U0 = cl(Oh(ζ0,�)) is proximally-�-invariant.
Now, consider Equation (1). Here, Zorn’s lemma [14] asserts the existence of a minimal,

nonempty, closed, and proximally-�-invariant compact subset M1 of M.
Now, let a0 ∈ M1. Moreover, cl(Oh(a0,�)) ⊂ M1 as M1 is closed. As above,

Oh(a0,�) ⊂ cl(Oh(a0,�)) ⊂ M1.

Also, as above, we can verify that cl(Oh(a0,�)) is a proximally-�-invariant and nonempty
compact subset of M1. By the minimality of M1, cl(Oh(a0,�)) = M1. Consequently,
M1 = cl(Oh(ai,�)), ∀i = 0, 1, 2, 3, . . . , and ai ∈ Oh(a0,�). Furthermore, cl(Oh(ai,�)) =
Oh(a0,�), ∀ i = 1, 2, 3, . . . . Since � has proper proximal orbits, Oh(a0,�) = {a0}. That is,
|h(a0,�a0)| = Dh(S, T). Hence, a0 ∈ M1 ⊂ P is the best proximity point of � in M.

Hence, for each ζ ∈ S, cl(Oh(ζ ,�)) is a nonempty, proximally-�- invariant, and closed
subset of S. And it is compact. Moreover, cl(Oh(ζ ,�)) has a best proximity point of �. �

Corollary 1 Let S, T be nonempty subsets of a Hausdorff topological space �, and h : � ×
� → R be a continuous function. Let S0 
= ∅ and � : S → T be continuous. Then � has
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a best proximity point iff there exists ζ ∈ S such that cl(Oh(ζ ,�)) is compact, and � has
proper proximal orbits on cl(Oh(ζ ,�)).

Proof Assume that � has a best proximity point, ζ ∈ S. That is, |h(ζ ,�ζ )| = Dh(S, T), which
implies Oh(ζ ,�) = {ζ } = cl(Oh(ζ ,�)). Thus, cl(Oh(ζ ,�)) is compact. And � has proper
proximal orbits. Hence the given condition is necessary.

Conversely, let ζ ∈ S such that cl(Oh(ζ ,�)) is compact and, in addition, assume that �

has proper proximal orbits on cl(Oh(ζ ,�)).
Claim: cl(Oh(ζ ,�)) is proximally-�-invariant.
Let cl(Oh(ζ ,�)) = U and �(U) = C. Define W = {η ∈ C | |h(ζ ,η)| = Dh(S, T) for some ζ ∈

U}. It is enough to prove that �(U) ⊆ W .
Clearly,

�(Oh(ζ ,�)) ⊂ W ⊂ C. (6)

Given � is continuous,

�(U) ⊂ cl(�(Oh(ζ ,�))). (7)

We have

�(Oh(ζ ,�)) ⊂ W �⇒ cl(�(Oh(ζ ,�))) ⊂ cl(W ). (8)

From Equations (6), (7), and (8), we have

�(Oh(ζ ,�)) ⊂ W ⊂ C = �(U) ⊂ cl(�(Oh(ζ ,�))) ⊂ cl(W ).

W ⊂ C = �(U) ⊂ cl(W ). (9)

Since � is a Hausdorff topological space and � is continuous, we get C is a closed, compact
subset of �. Hence, for a net (ζα)α∈I ∈ W , where I is the directed set such that (ζα)α∈I

converges to ζ for some ζ ∈ T , then ζ ∈ C.
Claim: ζ ∈ W .
Since (ζα)α∈I ∈ W , by the definition of W , there exists (ηα)α∈I ∈ cl(Oh(ζ ,�)) such that

|h(ηα , ζα)| = Dh(S, T). Since U is compact, there exists a subnet (ηβ )β∈J of (ηα)α∈I that con-
verges to some η ∈ U . Choose (ζβ )β∈J ∈ W such that |h(ηβ , ζβ )| = Dh(S, T). Since h is con-
tinuous, as β → ∞, we have |h(η, ζ )| = Dh(S, T) implies ζ ∈ W .

Since W is closed, Equation (9) can be written as

W ⊂ C = �(U) ⊂ W �⇒ �(U) = W .

Hence, U = cl(Oh(ζ ,�)) is proximally-�-invariant. Therefore, by Theorem 2, the conclu-
sion follows. Hence, the condition is sufficient. �

Corollary 2 Let S, T be nonempty subsets of a Hausdorff topological space � and h : � ×
� → R be a continuous function. Let S0 
= ∅ and � : S → T be continuous. Suppose that
� has proper proximal orbits that are relatively compact, then � shares a common best
proximity point with each � ∈ E� .
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Proof Let � ∈ E� .
Claim: M is proximally-�-invariant.
Suppose not. That is, there exists ζ0 ∈ M such that

|h(η,�ζ0)| > Dh(S, T), ∀η ∈ M. (10)

Since �(S) ⊂ T0, by the definition of T0, ∃η ∈ S such that |h(η,�ζ0)| = Dh(S, T). Also, by the
definition of M, �ζ0 = �ζ0. We have |h(η,�ζ0)| = Dh(S, T) for some η ∈ S. Using the third
condition in Definition 6, we get �η = �η, which implies η ∈ M. It contradicts Equation
(10). Hence, M is proximally-�-invariant and proximally-�-invariant.

Clearly, M is closed. Now, here all the conditions of Theorem 2 hold. As a result, M
has a best proximity point of �. Let us say ζ0 ∈ M. By the definition of M, ζ0 ∈ M implies
|h(ζ0,�ζ0)| = Dh(S, T) = |h(ζ0,�ζ0)|. Therefore, ζ0 is a best proximity point of �. Hence ζ0

is the common best proximity point of � and �. �

Combining Theorem 2 and Corollary 2, we obtain the result given below.

Theorem 3 Let S, T be nonempty subsets of a Hausdorff topological space � and h : � ×
� →R be a continuous function. Let S0 be nonempty and � : S → T be continuous. Suppose
that � has proper proximal orbits that are relatively compact, then � shares a common best
proximity point with each � ∈ E� . Moreover, each nonempty, closed, and proximally-�-
invariant subset of S has a best proximity point of �. In particular, the closure of every
proximal orbit Oh(ζ ,�) has a best proximity point of �.

Proof The result follows from the proof of Theorem 2 and Corollary 2. �

If � is a compact Hausdorff topological space, and S is a closed subset of �, then S is
compact.

Corollary 3 Let S, T be nonempty subsets of a Hausdorff topological space � and h :
� × � → R be a continuous function. Let S0 
= ∅ and S be compact. Then any continuous
nonself map � : S → T with proper proximal orbits has a best proximity point. Moreover,
the closure of every proximal orbit contains a best proximity point of �. Also, � shares a
common best proximity point with each � ∈ E� .

Proof Given S is compact, and for any ζ ∈ S, cl(Oh(ζ ,�)) is compact. That is, the proximal
orbits are relatively compact. Now, we apply Theorem 3 to get the final result. �

Theorem 4 Let S, T be nonempty subsets of a Hausdorff topological space � and h : � ×
� →R be a continuous function. Let S0 
= ∅ and � : S → T be continuous. If � has neither
recurrent points nor nontrivial periodic proximal points, then � has proper orbits.

Proof Let ζ ∈ S. We have to prove that Oh(ζ ,�) is proper. If |h(ζ ,�ζ )| = Dh(S, T), then
Oh(ζ ,�) = {ζ }. Thus, the proof is over. So, let |h(ζ ,�ζ )| 
= Dh(S, T). Given � has no recur-
rent points, ζ is not a recurrent point of Oh(ζ ,�). That is,

∃ a neighborhood N(ζ ) of ζ such that N(ζ ) ∩ (
Oh(ζ ,�)

{ζ } ) = ∅.
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Also, ζ is not a nontrivial periodic proximal point. Therefore,

Oh(ζ ,�)
{ζ } = Oh(ζ1,�), where ζ1 ∈ S such that |h(ζ1,�ζ )| = Dh(S, T).

We get N(ζ ) ∩ Oh(ζ1,�) = ∅. That is,

ζ /∈ Oh(ζ1,�) �⇒ cl(Oh(ζ1,�)) ⊂ cl(Oh(ζ ,�)).

Hence, Oh(ζ ,�) is a proper proximal orbit. �

Now we are combining Corollary 3 and Theorem 4. Here, we remove the condition that
the proximal orbits are proper.

Corollary 4 Let S, T be nonempty subsets of a Hausdorff topological space � and h :
� × � → R be a continuous function. Let S0 be nonempty and S be compact. Then any
continuous nonself map � : S → T that has neither recurrent points nor nontrivial peri-
odic proximal points has a best proximity point.

Proof Here, � satisfies the hypothesis of Theorem 4. Hence, � has proper proximal orbits.
Now, applying Corollary 3 yields that � has a best proximity point in S. �

Example 4 Consider R with the usual topology. Let � = R – {5} ⊂ R with the respective
subspace topology and the continuous function h : �×� →R as h(ζ ,η) = ζ 2 – η2. Let S =
{0, 1, 2, 3, 4} and T = {–1, –2, –3, –4}. S0 is nonempty. Here, Dh(S, T) = 0. Define � : S → T
as follows:

�(0) = –4,�(4) = –3,�(3) = –2,�(2) = –1, and�(1) = –1.

Subspace topologies of S and T are discrete. Hence, � is continuous, and now we can talk
about the proximal orbits of � at each ζ ∈ S.

Oh(0,�) = {4, 3, 2, 1}, Oh(1,�) = {1}, Oh(2,�) = {1},
Oh(3,�) = {2, 1}, Oh(4,�) = {3, 2, 1}.

Here, � has proper proximal orbits on cl(Oh(0,�)), and cl(Oh(0,�)) is compact. Further,
� has neither recurrent points nor nontrivial periodic proximal points. For instance, let
ζ = 1 be a recurrent point. Then,

∀ ε > 0, N(1, ε) ∩ (
Oh(1,�) = {1}

{1} ) 
= ∅.

However, it is an empty set. Therefore, ζ = 1 is not a recurrent point of Oh(1,�). Hence,
� has a best proximity point on cl(Oh(0,�)) and ζ = 1 is the best proximity point.

Corollary 5 Let S, T be nonempty subsets of a Hausdorff topological space � and h : � ×
� → R be a continuous function. Let S0 
= ∅ and � : S → T0 be a homeomorphic nonself
map with proper proximal orbits. Suppose that � is compact, then � has a best proximity
point. Moreover, � shares a common best proximity point with each � ∈ E� .
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Proof Given � is compact, there exists a compact set Q ⊂ T such that �(S) ⊂ Q, and
given � is homeomorphic, we obtain �–1(Q) is compact. We have � : S → T0, and � has
proper proximal orbits. Now, consider � : �–1(Q) → T0. We get �–1(Q) is compact and
�–1(Q) is proximally-�-invariant. Given � has proper proximal orbits, the restriction of
the mapping � to �–1(Q) meets all the conditions in the hypothesis of Corollary 3. �

Corollary 6 Let S, T be nonempty subsets of a first countable Hausdorff topological space
�, and let h : �×� →R be a continuous function. Let S0 
= ∅ and � : S → T be continuous.
Suppose that � has proper proximal orbits that are relatively compact, then � shares a
common best proximity point with each � ∈ E� . Furthermore, for every ζ ∈ S, there exists
a subsequence of {Oh(ζ ,�)} that converges to a best proximity point of �.

Proof The proof is the same as that of Theorem 3. We need to prove the existence of a
subsequence of {Oh(ζ ,�)} that converges to a best proximity point of � for each ζ ∈ S. Let
ζ ∈ S. Then cl(Oh(ζ ,�)) contains a best proximity point of �. Let it be η. We know that �

is first countable. Hence, we can find a sequence in Oh(ζ ,�) that converges to η. Since �

has proximal orbits that are proper and relatively compact, any subsequence of Oh(ζ ,�)
converges to η. �

If � is a semimetric space, then � is both Hausdorff and first countable. The following
corollary is for a semimetric space, and it is our extended version of Theorem 1.

Corollary 7 Let S, T 
= ∅ be subsets of � where (�, d) is a semimetric space, and let � : S →
T be continuous. Suppose that � has relatively compact proximal orbits that are either
proper, or that it has proximal d.c.d., then � shares a common best proximity point with
each � ∈ E� . Furthermore, for every ζ ∈ S, some subsequence of Oh(ζ ,�) converges to a best
proximity point of �.

Proof If � has proper orbits that are relatively compact, then the result follows from Corol-
lary 6. On the other hand, if � has proximal d.c.d. that are relatively compact, then from
Lemma 1 we know that proximal d.c.d. imply proper proximal orbits. Hence the result
follows. �

If (�, d) is a metric space, and if we replace proximal d.c.d. with proximal d.o.d. in Corol-
lary 7, it works since proximal d.o.d. yield proximal d.c.d. Hence, we obtain the following
result.

Corollary 8 Let S, T 
= ∅ be subsets of a compact metric space (�, d). Let � : S → T be a
continuous mapping with proximal d.o.d. Thus, � shares a common best proximity point
with each � ∈ E� . Furthermore, for each ζ ∈ P, some subsequence of {O(ζ ,�)} has a limit
that is a best proximity point of �.

Consider the subsets ofRn. We know that these subsets are compact iff they are bounded
and closed. Hence, we obtain the following consequence of Corollary 7.

Corollary 9 Let S, T 
= ∅ be subsets ofRn and � be a continuous nonself mapping � : S → T
with proximal d.o.d., then � has a best proximity point. Furthermore, � shares a common
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best proximity point with each � ∈ E� . Furthermore, each proximal orbit O(ζ ,�) has a
subsequence that converges to a best proximity point of �.
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13. Liepinś, A.: Edelstein’s fixed point theorem in topological spaces. Numer. Funct. Anal. 2(5), 387–396 (1980)
14. Limaye, B.V.: Functional Analysis. New Age. International, New Delhi (1996)
15. Mondal, S., Dey, L.K.: Some common best proximity point theorems in a complete metric space. Afr. Math. 28, 85–97

(2017)
16. Mongkolkeha, C., Kumam, P.: Best proximity point theorems for generalized cyclic contractions in ordered metric

spaces. J. Optim. Theory Appl. 155(1), 215–226 (2012)
17. Mongkolkeha, C., Kumam, P.: Some common best proximity points for proximity commuting mappings. Optim. Lett.

7, 1825–1836 (2013)
18. Pragadeeswarar, V.: Common best proximity points for weakly proximal increasing mappings. Thai J. Math. 17,

163–180 (2019)
19. Pragadeeswarar, V., Gopi, R., De la Sen, M., Radenović, S.: Proximally compatible mappings and common best
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