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1 Introduction

The subject of quasinormed or F-normed spaces (which are a natural generalization of
normed spaces) has been the object of research by many authors for a long time (see [1,
4, 10-16, 22, 25, 27]). Recall also that the so-called A-norm is a generalization of both a
quasinorm and an F-norm (see [12]). From a different point of view, the theory of modular
spaces has also been developed (see [21, 26]).

We will try to link these threads. Namely, we will introduce a new notion of the func-
tional p that we will call a quasimodular. This is an essential generalization of the concept
of a convex semimodular. Furthermore, this quasimodular p is defined in such a way that
the respective Minkowski functional of the unit quasimodular ball gives a quasinorm. We
also check if the basic properties from the classical theory of modular spaces are still true
for quasimodular spaces.

Then, we apply our general concept to a special class of quasimodular spaces, that is,
the quasinormed Calderén—Lozanovskii spaces E, generated by a quasimodular ,05. We
focus mainly on the basic relations between a positive lower Matuszewska—Orlicz index
ok and the fact that pf (|| - |l,) is a quasimodular (a quasinorm), respectively. We study
carefully these relations in both directions. We will finish the article by characterizing the
quasinormed Orlicz—Lorentz (Orlicz) spaces as spaces generated by a suitable quasimod-
ular. We admit nonconvex, nondecreasing, and degenerated Orlicz functions, which give
the full generality of studies. Some geometric properties of these spaces have been studied
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in [14] and, in the particular case for E = L!, in [16], but the authors consider them directly
with a quasinorm (not as spaces generated by a “modular”).

2 Preliminaries
Definition 2.1 Given a real vector space X the functional x — ||x|| is called a quasinorm
if the following three conditions are satisfied:
(i) [l =0 if and only if x = 0;
(ii) |lax|l = |a|l|lx| for any x € X and a € R;
(iii) there exists C = Cx > 1 such that [lx + y|| < C(|lx|| + ||ly||) for all x,y € X.

For 0 < p < 1, the functional x — ||x||; is called a p-norm if it satisfies the first two con-
ditions of the quasinorm and the condition [|x + y|[¥ < || + |[y||{ for any x,y € X. Clearly,
each p-norm is a quasinorm. By the Aoki—Rolewicz theorem (cf. [12, Theorem 1.3 on page
7], [25, page 86]), given a quasinorm || - |, if 0 < p < 1 is such that C = 2171, then there

exists a p-norm || - ||; which is equivalent to || - ||, that is
Il < llxll = 2C1%ll (2.1)
for all x € X. The quasinorm || - || induces a metric topology on X: in fact a metric can

be defined by d(x,y) = |lx — y||{. We say that X = (X, || - ||) is a quasi-Banach space if it is
complete for this metric. Let us note that a lot of important information and results on
quasi-Banach spaces can be found in [11], see also [12].

Recall that a quasi-Banach lattice E is called order continuous (E € (OC)) if for each
sequence x, |, 0, that is x,, > x,,,1 and inf, x,, = 0, we have ||x,||f — O (see [17, 23, 28]).

3 Quasimodular spaces

In this section, we introduce the notions of a quasimodular and a quasimodular space.

Definition 3.1 Let X be a real linear space. We say that a function p : X — [0,00] is a
quasimodular whenever for all x,y € X the following conditions are satisfied:

(i) p(0) =0 and the condition p(ix) <1 for all A > 0 implies that x = 0;

(i) p(—x) = p(x);

i)
(iii) p(rx) is a nondecreasing function of A, where A > 0;
(iv) There is M > 1 such that

(ax+ﬂy)<M[ +,o(y]
provided o, >0and @ + 8 = 1;
(v) There is a constant p > 0 such that for all ¢ > 0 and all A > 0 there exists
K = K(g,A) > 1 such that
plax) < Ka’p(x) + &

for any 0 < a < 1 whenever p(x) < A.

Remark 3.2 (i) The above definition, in particular the condition (v), has been introduced in
such a way as to cover the largest possible class of mappings p and to provide a quasinorm
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(see Theorem 3.4). As we will show in Theorem 4.10, condition (v) can be simplified in
some particular cases (more precisely, some particular modulars satisfy condition (v) in a
simpler or stronger form).

(i) Obviously, a convex modular (more precisely a convex semimodular) defined in [26]
is in particular a quasimodular. As we will show in Example 4.15 (ii) and (iii), the concepts
of quasimodular and modular (more precisely a semimodular, which induces an F-norm)
defined in [26] are incomparable.

If p is a quasimodular on X, then
X, = {x eX: }in(l)p(kx) = O}

is called a quasimodular space. It is easy to show that X, is a linear subspace of X. We also

obtain the following:

Lemma 3.3 For any quasimodular p, we have
X, = {x € X: p(Ax) < oo for some A > 0}.

Proof Note that in order to prove this lemma, it is enough to show that if p(A¢x) < oo for
some Xg > 0, then lim; g p(Ax) = 0. Let x € X and p(Aox) < 0o for some Ay > 0. We prove
that for any ¢ € (0, p(hox)) there exists § = §(¢) > 0 such that p(rx) < &, whenever A < 8.
Let & € (0, p(Aox)) be fixed and take K = K(5, p(1ox)) from condition (v) of Definition 3.1.

Then, for A < 8, where § = Ao(5=

__&e  H\lp .
21(p<,\0x)) , we obtain

A A\
o(Ax)=p| —rox ) <K — ) p(rox) +e/2<e. O
Ao Ao
Theorem 3.4 Let p be a quasimodular on X. Then, the functional
llxll, = inf{1 >0: p(x/2) < 1}
is a quasinorm on X,.
Proof The condition ||0]|, = 0is obvious. Suppose x # 0. Then, by condition (i), there exists

A > 0 such that p(Ax) > 1 and, by condition (iii), x|, > 1/A.

For any x € X, and all @ € IR, exactly the same way as in [26], we obtain

lloex]l, =inf{k >O:p<¥> < 1} - |a|inf{)»/|a| > 0:,0(%) < 1} = L] %],

Finally, we prove the quasitriangle inequality. Let 0 < ¢ < ﬁ be fixed and take K = K (¢, 1)

(where constants M and K arise from conditions (iv) and (v) of Definition 3.1). Defining

K \Y
c=(2)
W_S




Foralewski et al. Journal of Inequalities and Applications (2024) 2024:86 Page 4 of 18

for all x,y € X,, and any § > 0, we obtain

,o< x+y )
C(llxll, + Iyl +8)

_ ( llxll, +8/2 x . llyll, +8/2 y )
llxll, + 1yl + 8 Cllxll, +8/2)  lxll, + Iyll, +8 CUyll, +8/2)

* )
M S -7
= [p<c(||x||p + 5/2)) * p(C(IIyII,, + 8/2))]
<M[£~p<7x >+8+£-p(—y )+8:|
- (Il +672) cr (lyll, +6/2)
(&)
<2M| — +¢ | =1,
(0/4

whence

e+ 31, < C(Ixllp + 1yl + ).
By the arbitrariness of § we have ||x + yll, < C(llxll, + |1l ,)- O
By the definition of quasinorm, we obtain immediately the following:

Lemma 3.5 Let p be a quasimodular on X. Then, for any x € X, the following statements
hold:

() If p(x) < 1, then ||x]l, < 1;

(i) If p is left continuous (lim,_,1_ p(Ax) = p(x) for all x € X,,), then p(x) < 1 whenever
lixll, = 1;

(i) If =l , < 1, then p(x) < 1;

(@v) If p is right continuous (lim,_,1, p(Ax) = p(x) for all x € X,), then ||x||, < 1 whenever
ox) < 1.

Remark 3.6 As we will show in Example 4.15 (iv) the implication, if ||x||, < 1 then p(x) < 1,
is not always true. Recall that this implication is true for any modular as well as for any

convex modular (see [26]).

Lemma 3.7 For each sequence (x,) in X, we have lim,_, x4, = 0 if and only if
lim,, oo p(Ax,,) = 0 for all X > 0.

Proof The implication, iflim,,_, o, p(Ax,) = 0 forall A > 0 thenlim,,_, » [|%,|l, = 0 is obvious.
Let now [|x,]l, = 0. Fix A > 0 and ¢ € (0,1) and let K = K(¢/2,1) be the constant from
condition (v) of Definition 3.1. Then, there exists 7, . such that ||Ax,]|, < (¢/4K )UP for all
n > n,,.. Hence, for each a € ((¢/4K)"?, (¢/2K)"?) we obtain

A A e
p(Axy) = p(ﬂﬁ> SKu"p(ﬂ) +-<e.
a a 2

By the arbitrariness of ¢, for any A > 0 we obtain lim,,_, » p(Ax,) = 0. O
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4 Quasinormed Calderén-Lozanowskii spaces

A triple (T, X, 1) stands for a positive, complete, and o -finite measure space and L° =
L°(T, %, ) denotes the space of all (equivalence classes of) X -measurable functions x :
T — R. For every x € L° we denote suppx = {t € T : x(t) # 0}. Moreover, for any x,y € L°,
we write x <y, if x(¢) < y(t) almost everywhere with respect to the measure u on the set
T.

A quasinormed lattice [quasi-Banach lattice] E = (E, <, || - ||g) is called a quasinormed
ideal space [quasi-Banach ideal space (or a quasi-Kéthe space)] if it is a linear subspace of
LY satisfying the following conditions:

(i) Ifx e L% y e Eand |x| < |y| u-a.e, thenx € E and x|z < [yl

(i) There exists x € E that is strictly positive on the whole T
By E, we denote the positive cone of E, that is, E, = {x € E: x > 0}. Let Cg be the constant
from the quasitriangle inequality for E. In turn, by E(w) we denote the weighted quasi-
normed ideal space, that is,

E(w) = {xeLO: xweE}

with the quasinorm |%||gw) = |l*w| g, where w: T — (0, 00) is a measurable weight func-
tion.

We say that a quasinormed ideal space E has the Fatou property, if for all x € L° and
any (x,)50; in E, such that x, 1 |x| p-a.e and sup,cy |*.]l < 00, we obtain x € E and
lim, ||x,||£ = |[%|e. It is well known that E has the Fatou property if and only if for each
x € L° and all (x,,)$2, in E such that x, — x p-a.e and liminf,ey ||, £ < 00, we have x € E
and |x||g <liminf, ||x,| £ (cf. [2, Lemma 1.5 on page 4]).

Lemma 4.1 Let E be a quasinormed ideal space.
(i) Iflim,— llx — 24|l = 0, where x € E and (x,)5, is a sequence in E, then x, — x
locally in measure.
(ii) For any Cauchy sequence (x,)%°, in E there exists x € L° such that x,, — x locally in

measure.

Proof This lemma can be proved analogously as Theorem 1 on page 96 in [17]. Indeed,

assuming in (2) on page 96 that ||x, — x||£ < 5557, we obtain || xg, [|£ < ﬁ (see (5) on page
E E

96) and, in consequence:

m+Spy M+Sp m+sp ~(k—m) 1
(k=m) E
Ixpulle < IxCu e < | D xae| = D CE ™ lxglle< Y et <o
k=m+1 E k=m+1 k=m+1 E
(see page 97, line 5). O

Lemma4.2 [14, Lemma 2.1] A quasinormed ideal space E with the Fatou property is com-
plete.

Proof We recall a short proof of this lemma for the sake of completeness. By the Aoki—
Rolewicz theorem, it is enough to show that for any Cauchy sequence (x,)7°; in E there
exists ¥ € E such that lim,_, o [|x — x|z = 0. If (x,,)2, is a Cauchy sequence in E, then
by Lemma 4.1(ii), x, — x locally in measure for some x € L°. Without loss of generality
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(passing to subsequences and applying the double extract convergence theorem, if nec-
essary), we can assume x, — x (-a.e. Hence, by the Fatou property, we obtain x € E and
[l = %, ||g < liminf,,— o ||%, — %, || for each n € N, which completes the proof. O

The following basic fact, very well known for Banach ideal spaces (see [17, Lemma 2, p.
97]), is also true for quasi-Banach ideal spaces.

Lemma 4.3 Let (E,|| - ||g) be a quasi-Banach ideal space. If ||x,||g — 0, then there exists

a subsequence (x,, )32, an element y € E, and a sequence & | 0 such that |x,, | < & - y for
each k.

_1

Proof If ||x, | g — 0, then we can find a subsequence (x,, )3, such that ||x,, || < Tho
E

for any

k € N. Consequently,

k k _
E Cellk - x|l < E CEC"Z" = E 5 < 0°
k=1 k=1 E k=1

By Theorem 1.1 from [25], y := Z}il |k %, | € E,. Thus, |x,, | < 7 for all k. Taking ¢ = 1/k
we complete the proof. O

From now on, we will assume that E is a quasi-Banach ideal space with the Fatou prop-
erty. During our studies we will consider three natural classes of E:

(1) neither Lo, C E nor E C Lu;

(2) Lo CE;

(3) EC Leo.

Let T =[0,y), 0 < y < 00, and u be the Lebesgue measure. Also, the space E=L,, 0 <
p < 00, belongs to the class (1) if y = oo and the class (2) otherwise. Moreover, the space
Ly N Ly, belongs to the class (3) whenever y = co. Let now T = N and u = m be a counting
measure. Then, the space /,, p € (0, 00), belongs to class (3), the weighted sequence space
Lw),w=(w(n)):2, and Y _ 7, w(n) < 0o, belongs to class (2) and the Cesaro sequence space
cespy, 1 < p <00 (see [19] for the respective definition), belongs to class (1).

Remark 4.4 Let E C L. Then, by the closed-graph theorem that is still true for quasi-
Banach spaces (see [12, Theorem. 1.6]), the inclusion is continuous, whence there exists a
constant Dg > 0 such that

ll*llzoo < DEellxll£ (4.1)
for each x € E. Defining

ag =inf{llxalle : xa € E, u(A) > 0}, (4.2)
by (4.1), we have ag > 1/Dg > 0.

Definition 4.5 A function ¢ : [0,00) — [0,00] is called an Orlicz function if ¢ is nonde-
creasing, vanishing, and right continuous at 0, continuous on (0, b,), where

b, = sup{u >0:9(u) < oo}
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and left continuous at b,,. In the whole paper, excluding Remark 4.14 and Example 4.15

(iii), we will assume that lim,,_, », ¢ (1) = co.

Let
a, = sup{u > 0:¢(u) =0}.
By ¢! we denote the generalized inverse of the function ¢ defined by
o tw) = inf{u >0: ¢(u) > v} for v € [0,00) and ¢~ (00) = Vli)rgo o tw)

(see [20]).
The following lemma is an easy exercise (see [20, Lemma 3.1], for a little different convex
case).

Lemma 4.6 For any Orlicz function ¢ we have:
(i) Let u € [0,b,). Then, o~ (p(u)) > u if ¢ is constant on the interval [u, u + §) for some
8> 0 and ¢~ (¢(u)) = u otherwise.
(ii) Ifb, < 00, then o (¢(b,)) = b, and ¢~ (¢(u)) = b, < u for b, < u < co.
(ili) If either b, = o0 or b, < 00 with ¢(b,) = 0o, then ¢(¢~'(u)) = u for any u € [0,00).
(iv) Ifb, < 00 and ¢(b,) < 00, then p(p~(u)) = u_for u € [0, ¢(b,)] and
oo~ (w)) = ¢(by) < u for u> ¢(b,).
From (i) and (ii), in particular, we obtain:
v) ¢ o)) = u for a, < u<b, ifeither b, = 0o or b, < 0o with ¢(b,) = 00 and ¢ is
strictly increasing on [ay, by).
vi) 7 (@(u)) =ufora, <u <b, if b, < 00 and ¢(b,) < 00 and ¢ is strictly increasing
on [ay, by).
Finally, note that from (iii) and (iv) and (i) and (ii) we obtain
(vil) (o~ (w)) < uforall u € [0,00) and u < = p(u)) if p(u) < co.

Recall that for any Orlicz function ¢ the lower Matuszewska—Orlicz index o, for all

arguments is defined by the formula

afp’ = sup{p € R : there exists K > 1 such that ¢(au) < Ka’ ¢(u)

foranyuannd0<a§1}.

Analogously, the lower Matuszewska—Orlicz indices for large and for small arguments are
defined as

a;o = sup{p € R : there exist K > 1 and u, > 0 such that ¢ (1) < 00 and

¢(au) < Ka* ¢(u) for any u > upand 0 < a < 1}
and

ag = sup{p € R : there exist K > 1 and 1 > 0 such that ¢(au) < Ka”¢p(u)
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foranyOfufuoand0<a§1},
respectively.

Remark 4.7 (i) If 0 < a, < by, then 052 = oo and we may extend the key inequality in the
definition of Otg to any ug > a, such that ¢(u) < 00. Indeed, let p > 0. For every 0 < u < a,,
we have ¢(au) = 0 = Ka”¢(u) for each K >0 and 0 < a < 1. Take any ug > g, such that

o(ug) <oo.Ifa, <u <ugand 0 <a< Z—ﬁ, then we have
plau) < p(aug) < ¢p(a,) =0 < Ka’¢(u)

for every K > 0. Moreover,

¢ (au) 1 (Mo >"
sup  sup < sup =l—].

Ap<U=UQ aui}<a<1 ap(p(u) Zi’<a<1 ar
0~ = 0~ =

Thus, for K = (Z—Z)P we have
p(au) < Ka’ ¢ (u)

forallO0<a <1and 0 <u < u,.
(if) If a, = 0 and ag > 0 then we may extend the key inequality in the definition of ot(?7 to
any u; such that ¢(u;) < 0o. Indeed, suppose there is p > 0, 4 > 0 and K > 0 such that

p(au) < Ka’ o (u) (4.3)

forall0<a <1 and 0 < u < up. Take u; > uy satisfying ¢(u;) < co. Then,

¢ (au) 1 (m)”
sup  sup < sup —=|—].

up<u<ui Z_0<”<1 a?o(u) Z_O<“<1 a? 1Z0)
== 1=9=

Set K = (Z—(l))p. Now, we claim that

Ky:= sup sup vlau)

<0
up<u=uy 0<”<Z_(1J @’ o(u)

Otherwise, for each n € N we can find uy < u,, < #; and 0 < a,, < Z—‘l’ such that

o(anuy,) > nabp(u,).

Denote b, := 2“2 Then, b, <1 and

uo

p p
(buuo) = p(anu,) > nalp(u,) = nbﬁ(?) o(u,) > nb‘;(Z—(;) @ (uo).

n

On the other hand, by inequality (4.3),

©(buug) < KW (uo),



Foralewski et al. Journal of Inequalities and Applications (2024) 2024:86 Page 9 of 18

which gives a contradiction and proves the claim. Finally, setting K3 = max{K, K7, K>} we

conclude that
p(au) < Kza’ ¢ (u)
forall0<a<land 0 <u <u;.
(iii) If a° > 0 then we may extend the key inequality in the definition of 2° to any
uy > a,. Indeed, suppose there is p > 0, 1y > 0, and K > 0 such that ¢(u) < 0o and
plau) < Ka’p(u)

forall 0 <a <1 and u > uy. Take u; < uo satisfying ¢(u;) > 0. Then,

¢(au) plaug) Ka?p(ug)  Ko(uo)
sup sup < su < su = .
w1 <u<ug 0<a=<1 P OU) ~ oca<1 APPWM1) ~ ocax1 AP @(u1) o(u1)

Taking K; = max{K, %} = % we obtain that

plau) < Kia”¢(u)
forallO<a <1and u > u;.
(iv) From the above consideration, we conclude immediately that if oy’ >0 and Olg >0

a
then o > 0.

Example 4.8 Taking ¢1(u) = In(1 + u), for u > 0, we easily obtain

o 1)
m

=1
u=oo ¢ (u)

for any a € (0, 1), whence a;; = 0. Analogously, defining ¢,(0) = 0 and

@o(u) = N foru >0,

1
n(1 + %)

we obtain

@2 (au)
im =1
u—0" @ (1)

; 0 _
for any a € (0,1) and, in consequence, a;, = 0.

For any pair E and ¢ we define the lower Matuszewska—Orlicz index Otg , by the formula

g, when neither Lo, C E nor E C Lo,
ozg = ago, when Ly, CE,

a),  whenE C L.



Foralewski et al. Journal of Inequalities and Applications (2024) 2024:86 Page 10 of 18

Given a quasi-Banach ideal space E and an Orlicz function ¢, we define on L° a func-
tional pf, by

le(xDlle if o(x)) € E,

E
P, (x) =
00 otherwise.

It is well known that if ¢ is a convex Orlicz function and E is a Banach ideal space then

E

p(f is a convex modular. The result below concerns the more general case (the index o

plays a role of substitution of convexity of ¢).

Theorem 4.9 Let E be a quasi-Banach ideal space and ¢ be an Orlicz function. If ozg >0,
then pg is quasimodular (see Definition 3.1).

Proof Obviously, p/(0) = 0 and p/(-x) = p}(x) for any x € L°. Let x # 0. Then, there exist
A € T with u(A4) > 0 and # € N such that %XA < |x|. If ¢(|x|) ¢ E, then ,of(x) =00 >1,
while, if ¢(|x|) € E, by (p(%)XA < ¢(]x]), we obtain x4 € E. Since lim,,_, o, ¢(t) = 00, we can
find 14 > 0 such that ¢(r4/n) > 1/|| x4l and, in consequence, pg(kAx) = le(Aalx)lle >
loha/m)xalle > 1.

For every x € L% and all 0 < A1 < A, we have p(A|x(2)]) < @(Aa|x(2)]) for u-a.e. t € T,
whence pf(klx) < pf(kzx).

Letnowx,ye L and o, 8 > 0, o + B = 1. Then,

o (|ax(e) + By(®)]) < @(max(|x(0)], [y®)])) < o(|x0)]) + ¢(|y@)|)

’

for p-a.e. t € T. Hence, if ¢(|x|) € E and ¢(|y|) € E, we obtain

phax+By) = |o(lax + Byl) | < [o(Ixl) + o (n1) [,
< Ce(|le()] ; + eIy || ) = Ce(pE @) + pER)).

Obviously, the inequality pf(ax + By) < Cr(pf (%) + pJ (7)) holds true, when ¢(|x|) ¢ E or
o(lyl) ¢ E.

Finally, we will prove that pf satisfies condition (v). Without loss of generality, we can
suppose that 0 < ,of(x) < 00 (then, in particular, we have a4, < b,). We will consider three
cases.

If Loo C E, then for any € > O there exists u; € (ay, b,) such that Cg-¢(u1) || xrllg < €. Since
af =y’ > 0, by Remark 4.7, we obtain that there exist numbers p > 0 and K = K(¢) > 1
such that ¢(au) < Ka?¢(u) for all u > u; and 0 <a < 1. Defining B={t € T: |x(¢)| > u1},

for any a € (0, 1] we obtain

py(ax) = e(alxl) | = Ce([e(all) xs] . + [ e(alx) xrall ) (44)

< CeKa? |o(|x1) | + Ceo()llxrlle < CeKa? p) (x) + €.
In the case when neither L, C E nor E C Ly, analogously as above, we obtain

py(ax) = p(alxl) | = Ka’|[@(121)] ; = Ka” g ). (4.5)
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Let now E C L, take A > 0 and assume that ,o(f(x) = lo(|x])|le < A. By the closed-graph
theorem, there exists a constant Dg > 0 such that ||¢(|x])||zc < Dgll@(|x])||g < ADg. Thus,
o(lx(t)]) < min(ADg, ¢(by)) for p-a.e. t € T, whence, by Lemma 4.6, |x(f)| < u, for the
same £, where uy = ¢~} (min(ADg, ¢(b,))). Simultaneously, by ozf = ag > 0 and Remark 4.7,
we obtain that there exist p > 0 and K = K(A) > 1 such that ¢(au) < Ka”¢(u) forany u < u,
and 0 < a < 1. Therefore, p};(ax) < Ka? p}(x). O

Now, we will show that, depending on the embeddings between E and L., the condi-

E
12

tion 3.1.

tion a; > 0 is even equivalent to a certain condition that is close to the point (v) of Defini-

Theorem 4.10 (i) Assume that neither Lo, C E nor E C L. Then, ag > 0 if and only if
there exist constants p > 0 and K > 1 such that for all x € L0 and 0 < a < 1wehave pf (ax) <
Ka? ,of (x).

(ii) Let Loo C E. Then, a° > 0 if and only if there is a constant p > 0 such that for all vo > 0
there exists K = K(vo) > 1 such that for each x € L° satisfying |x(t)| > vo for pu-ae. t € T
and any 0 < a < 1 we have pj;(ax) < Ka” p}; (x).

(iii) Let E C Loo. Then, ozg > 0 if and only if there is a constant p > 0 such that for every
A > 0 there exists K = K(A) > 1 such that for any x € L° satisfying pg (x) < A and every
0<a <1 we have p[(ax) < Ka’ p ().

Proof The necessity of statements (i) and (iii) follows from the proof of Theorem 4.9.
Now, we will show the sufficiency of (iif). Let D € ¥ be such that u(D) > 0 and xp € E.
Take uo > 0 satisfying 0 < ¢(u9) < 0o and define A := ¢(up)|| xp . Then, for any u < u and
any a € (0, 1] we obtain

oan)lxolz = |e(au) ol = oE(@uxn)

< K(A)d” pl(uxp) = K(A)a | () xp| . = K(A)a” ()| xpllE-

Hence, by the arbitrariness of # and a, we obtain ag > 0. Analogously, we can prove the
sufficiency of the condition ag>0in @).

Now, we will prove statement (ii), that is, let L, C E. First, let us note that, by the proof
of Theorem 4.9, we obtain the implication: if &)° > 0, then there is a constant p > 0 such
that for each ¢ > 0 there exists K = K(¢) > 1 such that pf(ax) < Kapp‘f(x) +¢ foranyx € L°
andO<a <1.

Let o5° > 0 and take p € (0,¢.°), o >0and x € L° such that pf(x) < 0o and |x(¢)| > v for
pn-a.e. t € T. By Remark 4.7 (especially (iii) and (iv)), there exists K = K(vp) such that

p(alx(®)]) < Ka’p(|x(2)])
foralla € (0,1] and p-a.e. t € T, whence pf(ax) < Ka? pf; (x).

Finally, we will prove the opposite implication. Take u > 0 satisfying 0 < ¢ (1) < 0o and
define vy = ug. Then, for any u# > uy and any a € (0, 1] we have

p(au) || xrlle = pL(auxr) < K(vo)a” pl(uxr) = K(vo)a’ ()| xr e

and, in consequence, ago > 0. |
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Definition 4.11 Let a quasi-Banach ideal space E and an Orlicz function ¢ be such that
af > 0. Then, the Calderén—Lozanovskii space E,, is defined by

E, = {x ell: }i_l)l})pf(kx) = 0}.
By Theorem 4.9 and Lemma 3.3, E, is a quasimodular space and
E, = {x ell: pf(kx) < oo for some A > 0}.
Moreover, by Theorem 3.4, the functional
lxlly = inf{2>0: pl(x/2) <1},

is a quasinorm, called a Luxemburg—Nakano quasinorm. It is easy to show that E, = (E,, <
oI - Ilp) is a quasinormed ideal space.

Remark 4.12 1t is known that there is a connection between the Banach ideal space E,
(where ¢ is a convex Orlicz function and E is a Banach ideal space) and the normed
Calder6n-Lozanovskii interpolation construction ¥ (E, L) (where v is a homogeneous,
concave function on Rf) — see [24, Example 2, p. 178]. However, there is a similar relation
if ¢ is a nonconvex Orlicz function, E is a quasi-Banach ideal space, and ¢ is positively
homogeneous, nondecreasing with respect to each variable. On the other hand, such an
approach leads to quasi-Banach lattices ¥ (Ey, E1) that have application in interpolation
theory (see [27]).

We also obtain the following:

Lemma 4.13 For any quasi-Banach ideal space E and any Orlicz function ¢ the following
assertions hold:
(i) Foreach x € E,, the function f,(c) := pf(ozx),for a > 0, is nondecreasing and left
continuous.
(ii) Foranyx e E, we have x|, <1 if and only if,o(f(x) <1
(iii) The quasinormed ideal space E, has the Fatou property and, in consequence, E, is
complete.

Proof The assertion (i) follows immediately from the properties of ¢ and E (recall that
E has the Fatou property). Next, by (i) and Lemma 3.5, we obtain (ii). Proceeding analo-
gously as in [6, Theorem 12] (see also [14, Lemma 2.2(i)]), we obtain that E, has the Fatou
property. Hence, by Lemma 4.2, E, is complete. d

Remark 4.14 Now, we will show the naturalness of the assumption lim,_, (%) = co
in the definition of Orlicz function (see Definition 4.5). Obviously, if oy >0 or oy >
0, then lim, . ¢(x) = oo. Simultaneously, for ¢(x) = min(x? 1), we have ) > 0 and
lim,, .0 () = 1. Let E C Log, lim, . 9(#) < 00 and «); = &9 > 0. Then, condition (i) of
Definition 3.1 holds whenever lim,_, ¢(#) > 1/ag, where ag is defined by formula (4.2),
and, in consequence, pg is quasimodular. Moreover, defining the new Orlicz function v,
by ¥ (1) = ¢(u) for u € [0, (1/ag)] and ¥ (u) = u — (¢~ (1/ag) — 1/ag) for u > ¢~ (1/ag),
we obtain lim,_, o ¥ (1) = 00 and (E, || - ll¢) = (Ey, || - ly)-
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Now, we will show (among others) that the notion of modular and quasimodular are

incomparable.

Example 4.15 Assume T = [0,00) and u is the Lebesgue measure.
({)) IfE=Ly and ¢(u) = u” foru >0, p > 0, then ,05 is a quasimodular (a convex modular
for p > 1) as well as a modular (see [26]). We have

Il = il = ( /0 %) dt>p.

Simultaneously, the F-norm is given by

1
el |w i=inf{A>0: pf(x/2) <A} = (/ lx@) [’ dt> v
0

(see [26]). Note also that |||x,|||, — 0 if and only if ||x||, — O, but there do not exist con-
stants A, B > 0 such that A||x[l, < [llx]ll, < Bllx|l, forallx € L,.

(ii) Let E = L1/a) and ¢(u) = u? for u > 0. Obviously, ,of is a quasimodular. Simultane-
ously, for x = x[o,1) and y = x[1,2) we obtain

pﬁ(%“ %y> =4>2=pE) + pE().
Thus, p} is not a modular.

(iii) If E = Ly and ¢(u) = arctan(u) for u > 0 (see Definition 4.5), then pg is a modular
(see [26]). Now, we will show that pg is not a quasimodular, more precisely, ,05 does not
satisfy condition (v) of Definition 3.1. Let p > 0 and take A = /2 and ¢ = 7 /8. Then, for
%, = nxjo1) and a, = 1/n, we obtain p (x,) < 70/2, p/(anx,) = /4, and lim,,, o(,)” = 0. In
consequence, for any K > 1 there exists n € N such that pf (@uy) > Kb, ,05 (x,) + /8.

(iv) Let E = Ly, ¢(u) = u for u € [0,1] and ¢(u) = max(1,u — 1) for u > 1. For x = x[o)
we have pf(x) = p£(2x) = 1. Simultaneously, ,o(f(x/k) >1for A < 1/2,s0 ||x|, = % (see Re-
mark 3.6).

Recall the notion of uniform monotonicity (see, for example, [3, 9, 22]) that plays an
important role in the theory of Banach lattices. A quasi-Banach lattice (E, | - ||g) is said to
be uniformly monotone provided for each ¢ > 0 there exists § = §(¢) > 0 such that for all
x,y € E, with ||x||g = 1 we have ||x + y||g > 1 + § whenever |y|r > .

Lemma 4.16 If E is uniformly monotone, then for each 1 > 0 and A > 0 there exists
81 = 81(e1,A) = 8() > O (here the function 5(-) comes from the definition of the uniform
monotonicity) such that for all x,y € E, we have ||x+y||g > ||x||g(1 + 1) whenever ||y|lg > &1
and ||x|g < A.

Proof The proof can be found in [9] (the same for the quasinorm). However, we will need
the precise form of the function 8;(e1,A), so we present the proof for the reader’s conve-
nience.

Let &1 >0 and A > 0. Take x,y € E, such that ||y||r > ; and ||x||g < A. Denote

-
%l

y

X =
%l
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Then, |%][z = 1 and [[¥]|z > 5. By the uniform monotonicity of E, there exists §; =

81(e1,A4) = 8(F) > 0 such that ||[X + 5|z > 1 + 8;, whence

ll + ylle = NIl (1 + 81). O

Recall that the assumption ai > 0 is important to show that ,05 is a quasimodular (see
Theorem 4.9 and also Theorem 4.10) and, consequently, that | - ||, is a quasinorm. How-

ever, if we know nothing about the index ot£ then we may still define a functional

le(xDlle  if o(x]) € E,

00 otherwise

Py ) =

and the set
— 0.1; E _
E, = {x eL .}gr}),ow()»x) = 0}.
Then, it is easy to see that E, is a linear space and we may consider the functional
lxlly =inf{A>0: pl(x/2) <1}, forx€E,

which satisfies the conditions (i) and (ii) of the quasinorm definition. We are going to show
that, under some natural assumptions, the condition ozg >0 can be even necessary, that is
to say, if the functional || - ||, is a quasinorm, then af > 0. Since the result below is only
some illustration of how natural is the assumption that otf > 0, we will limit ourselves only
to one case of the ideal space E.

Theorem 4.17 Suppose ¢ is a finitely valued, strictly increasing Orlicz function. Let
(E, || - lIg) be a uniformly monotone, p-normed ideal space over nonatomic measure space
(T, 2, u) for some 0 < p < 1. Assume that neither Lo C E nor E C L. If (Ep, || - lly) is a

quasinormed space, then g > 0.

Proof Denote by C > 1 the constant from the quasitriangle inequality for (E,, || - ||,). Let
8o = 8(1/2) be the constant from the definition of the uniform monotonicity of E. Fix
s > 0. Recall also that if E is uniformly monotone, then E is order continuous (see [22,
Proposition 2.4]). Thus, by the proof of Theorem 2.4 in [14], the function v, defined by
V(A) = ||xallg for all A € 2, x4 € E, is the submeasure in the sense of [5, Definition 1],
whence by [5, Theorem 10], v has the Darboux property. In consequence, we can find a
set A € X, x4 € E satisfying

1

) = I aTe )

Take a set B € ¥ of positive measure such that x5 € E, AN B =0 and || x| = %llXAHE.
Applying Lemma 4.16 we conclude that

llxauslle > 1 xalle(1 + o). (4.6)
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It is well known that

all :
Xallp = —/—7 >
¢~ ()
where ¢! is the general right-inverse to ¢. Indeed, ||<p(XTA)||E < 1 if and only if % <

-1 1
o ( ATz ). In consequence,
-1 1
e+ xslly _ lxa+ xslly _ Ixavsle 2 ()
> > - S 171 Fidy
alle + Mxally = 20xally 20l 207 (20

Moreover, also applying (4.6), we obtain

2 () 229 (o) = ()
lxalle(1+80) ) — I xauslle) — lxalle

and consequently we obtain

oo (mean) =l (o)) T
| xallz(1 + o) | xalle lxalle

Taking C; = 2C, we have

(1+80)p(s) < @[2Co~" (¢(5))] = [2Cs] = [Cs]

for each s > 0. For every a > 1 there is m € N such that C/"~! < a < C}". Fix p > 0 satisfying

p= —lnl(jg‘)). Then, (1 + )" = (C/""')? and

p(as) > p(C71s) = (1+80)" o(s) = (C7) o(s) > <Cil>ps0(s) =a’CP¢(s)
for each s > 0. Setting u := as and b := 1/a we conclude that
@(bu) < b Co(u)
for any u > 0 and each b € (0, 1]. This means that ag > 0. O
5 The quasinormed Orlicz-Lorentz spaces and Orlicz spaces
Take I = [0,1] or I = [0, c0) with the Lebesgue measure p. Let w : I — R, be a measurable

function with fot w(s) ds < oo for each t € I. We assume that there is a constant C > 0 such
that f02t w(s)ds<C fot w(s)ds for each ¢ € 11, which implies that the space

Ay = {f el |fll= /f*(S)w(S)ds < 00},
I

where f* is the nonincreasing rearrangement of f — see [2, 23], is the quasinormed ideal
space with the Fatou property (see [13]) and it is called the Lorentz funtion space Aj,,.
The Lorentz sequence space A;,, over the counting measure space (N, 2", ) we define
analogously (see [15]).
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Note that,

(1) neither Ly, C Ay, nor Ay, C Lo, whenever I = [0, 00) and fooo w(s) ds = oo;

(2) Loo € A1 ,whenever I = [0,1] or ( = [0,00) and fooo w(s) ds < 00);

(3) AMyw C lso (furthermore, A1, = I provided Y ) w(i) < 00).

If E is a Lorentz function (sequence) space A1, (11,,), then Calderén—Lozanovskii space
E, is the corresponding Orlicz—Lorentz function (sequence) space Ay (Apuw). If E =Ly
(E = [1), then the space E, becomes the Orlicz function (sequence) space L, (I,) (cf. [16]).
On the other hand, if ¢(u) = #”, 1 < p < 00 [0 < p < 1] then E, is the p-convexification
[concavification] E®) of E with the quasinorm %l gy = |l |x|”||é/p. Ifou)=0for0<u<1
and ¢(u) = oo for u > 1, then E, = L, (E, = loo) with equality of the norms.

It is well known that Orlicz—Lorentz spaces A, (in particular, the Lorentz spaces A,
or the Orlicz spaces L,) have been studied directly by many authors (see, for example,
[13-16] and the references therein).

Applying Theorems 3.4 and 4.9 with E = A, or E = 11, we conclude immediately:

Corollary 5.1 (i) LetE = Ay,,(I, X, ) be such that (1) < oo or (u(l) = 0o and fooc w(s)ds <
Q). If(xgo > 0, then the functional ,o;\l’w(~) is a quasimodular and the functional || - ||, is
a quasinorm (called a Luxemburg—Nakano quasinorm) in A,,.
(i) Let E = AL, X, 1) be such that u(I) = oo and fooo w(s)ds = oo. Ifocf; > 0, then the
functional ,o(f,\ " (.) is a quasimodular and the functional | - ||, is a quasinorm in A,
(iti) Let E = A1,y and )", w(i) = 0o. If a) > 0, then the functional p$1'w(~) is a quasimod-
ular and the functional || - || y,w is a quasinorm in ©y,,,.

Remark 5.2 The second conclusion in statement (iif) has been proved directly in [15,

Proposition 1.3], but the authors did not consider the quasimodular, only the quasinorm.
Applying the above corollary with @ = 1 and Theorem 4.17 with E = L' we obtain:

Corollary 5.3 (i) Let E = Li(I, &, u) with a finite measure |4 Ifal’ > 0, then the functional
,0(51(-) is a quasimodular and the functional || - ||, is a quasinorm (called a Luxemburg—
Nakano quasinorm) in L.

(ii) Let E = L1(I, 3, u) with an infinite measure |i. Ifa; > 0, then the functional ,051 () is
a quasimodular and the functional || - ||, is a quasinorm in L,.

(iii) Let E = L1(I, T, ) with an infinite measure [1. Assume that the function ¢ is finitely
valued and strictly increasing. Then, the functional || - ||, is a quasinorm in L, if and only
if g > 0.

(v) IfE=1, and 013 > 0, then the functional ,ofpl (+) is a quasimodular and the functional

Il - lly is a quasinorm in i,.
Remark 5.4 The statement (iii) has been proved directly in [16, Theorem 1.8].

6 Further research and open ends

6.1 Further research

It is well known that the relations between the modular and the norm play a crucial role
in the metric geometry of normed Orlicz spaces (normed Calderén-Lozanovskii spaces).

The following basic results have many applications:
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Lemma 6.1 Let E be a Banach ideal space and ¢ be a convex Orlicz function. Then,
(i) ifpf(xn) — 1, then ||x,|l, — 1 for all sequences (x,) in E,. In particular,
(ii) if,of(x) =1, then x|, = 1 for every x € E,.
(éii) if llull, — O, then ,o(f(x,,) — 0 for all sequences (x,) in E,.
Suppose additionally that ¢ € AL. Then,
@) if 1xully — 1, then pf(x,,) — 1 for all sequences (x,) in E,. In particular,
W) i llxlly = 1, then p[(x) = 1 for each x € E,.
Assume additionally that ¢ € A5 and a, = 0. Then,

(vi) ifp(f(x,,) — 0, then ||x,|l, — 0 for all sequences (x,) in E,.

The known proofs of properties (i)—(vi) cannot be applied for the nonconvex Orlicz
function ¢. In [7] and [8] we presented new proofs of the above lemma for the quasimodu-
lar and the quasinorm. We have shown that for properties (i) and (i) we need additionally
the condition AZ, which is a substitute for convexity. Moreover, to show the properties
(iv) and (v) the so-called condition Af , is required (the condition Af  is essentially
stronger than AZ, in general). Finally, the condition (iii) comes from Lemma 3.7 and the
condition (vi) is true in the same form as above (see [8]). Next, applying also some new
techniques, we described order isomorphic and order linearly isometric copies of /*° in
the quasinormed Calderén—Lozanovskii spaces E, (a number of theorems describe these
copies in the natural language of suitable properties of the quasinormed ideal space E and
the nondecreasing Orlicz function ¢ — see [7]). In [8] we characterized the monotonic-
ity properties of quasinormed Calderén—Lozanovskii spaces E,, that is, we described the
strict monotonicity, the uniform monotonicity, and the respective orthogonal counter-

parts of the quasinormed Calder6n-Lozanovskii spaces E,.

6.2 Open ends

The theory of modular spaces has been widely investigated in [26], see also [24]. Next, the
modular spaces equipped with the additional measure structure (called modular function
spaces) has been studied in [21]. Furthermore, the authors of [18] considered the modular
function spaces from the geometry and the fixed-point theory point of view. All the mono-
graphs deal with the modulars (convex modulars) that lead to the F-normed (normed)
spaces, respectively. It seems natural to study some aspects of the theory developed in the

monographs [18] and [21] in the context of quasimodulars.
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