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Abstract

In this paper, we study classes of meromorphic harmonic functions defined by
Ruscheweyh derivatives. In addition to finding certain analytic criteria, we obtain radii
of starlikeness and convexity, and some topological properties for the defined classes
of functions. Some applications of these results are also given.
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1 Introduction
A complex-valued function f is said to be harmonic in a domain D C C if it has continuous
second-order partial derivatives in D that satisfy the Laplace equation

Af = ﬁ + ﬁ =0
ax2  9y?
If D =U(r) := {z € C:0 < |z| < r}, then we say that f is a meromorphic harmonic function
in U(r). We denote by M the class of all such function with the normalization f(0) = co
Let a function F be harmonic, orientation-preserving, and univalentin B := {z € C:|z| >
1} with F(00) = co. Then, there exists B € C and functions

p@)=az+y a;z", Y@ =Pz+y bz (0=<|a|<|Bl.zeB),

n=1 n=1

such that
F(z) = ¢(z) + ¥(z) + Bloglz|, (zeB)

where F;/F, is analytic and bounded by 1 in [E (see, Hengartner and Schober [10]).
Let f € M be functions that are univalent and sense-preserving in U := U(1). Since the

composition of an analytic and harmonic function is the harmonic function, the function
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F =f o (1) is orientation-preserving, harmonic, and univalent in E with F(c0) = co. Thus,
there exists B € C and the functions /(z) := go(%), g(z):= ‘ﬁ(%) such that

f(z) = h(z) + g(z) - Blog|z| (z€U).

Let k € N:= Ny, where N, := {m,m + 1,...}. We denote by M4, (k) the class of functions
f € M of the form

- 1 - n _ - n
f=h+3, h(z):2+Zay,z, g(z)—;;b,,z (ze), (1)

n=k

which are sense-preserving and univalent in U, and let My, := M/(1).

Recently, classes of meromorphic harmonic functions were intensively studied (see for
example [1-11]).

A function f € My (k) is called meromorphic harmonic starlike in U(r) if f maps dU(r)
onto a curve that is starlike with respect to the origin, i.e.,

%(argf(reit)) <0 (0<t<2m) (2)

or equivalently

Dyf(2) ~
Re 1@ <0 (|z|-r),

where

Dyuf(z) = —zh'(2) +zg'(z) (z€ ).

Let ¢ and ® be complex-valued functions in U. If ¢(U) C ®(U), then we say that ¢ is
weakly subordinate to ®, and we write ¢(z) < ®(z) (see Muir [16]).
For functions

(e ¢]

filz) = Z (anz" +biuz") (z€U,1=1,2,)

n=-1
we define the convolution of functions f; and f; by

o]

(hxf)@) =Y (aruarnz" + brubysz") (z€U).

n=-1

In [17] Ruscheweyh introduced an operator D* defined on the class of analytic functions
by

z 22 'gz)W

D'g(2) :=g(2) T 5

(A € Ng,ze 1).

Now, we define the Ruscheweyh derivative D* on the class of meromorphic harmonic
functions. Let D% : My (k) = My (k) denote the operator defined for a function f =
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h+g e My(k) by
A 1 ATyL 1 YN
D5,f(2) := 2 +(-1)"D <h(z) - ;) + D*g(z)

1 1 z z
o) (Fr e w)

1 > R
; + (_1)}L Z)\nanzn + Z)&nbnzn (Z € U)’
n=k n=k

A+ (A+n-1)

)\.1 = 1, )\'n : (n _ 1)'

(n=2,3,...). (3)

It is clear that DY,f = f and Dj,f = Dyf.
Due to Janowski [13] (see also [9]) we define the class M%(k;M,N) of functions f €
My,(k) that satisfy the following condition

A+1
D3/ f(2) - 1+Mz,
Dif(z) ~— 1+Nz

-N<M<N<1. (4)

By W%_L(k; M, N) we denote the class of functions f € My (k) such that

1+Mz
DA < , -N<M<N<1.
D@ = TN =M=
Moreover, let us denote
3,k M,N) := MY, (k; M, N), %, (k; M,N) := M}, (k; M,N),

M5 () := M5,(1, 20 - 1,1), MG () := M5, (1,200 - 1,1).

The classes M3, := M3, (0) and M5, := M5, (0) were studied in [3] (see also [9]). We see
that the function f € M}, is starlike in U(r) for all r € (0, 1).

In this paper, we obtain some necessary and sufficient conditions for the defined classes
of functions. In addition to finding certain analytic criteria, we obtain radii of starlikeness
and convexity, and some topological properties for the defined classes of functions. Some
applications of these results are also given.

2 Analytic criteria
To obtain the main results we need the following lemma.

Lemmal [8] A complex-valued function ¢ inU is weakly subordinate to a complex-valued
univalent function ® in U if and only if there exists a complex-valued function w that maps
U into oneself such that ¢(z) = ®(w(z)), z € U.

Theorem 1 Let f € M be of the form (1) and

en=Aa{n(1+N)+(1+ M)}, dp = Aa{n(1+N) - (1+M)}. (5)
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Then, f € MY, (k; M, N) if the condition
Z(C"|ﬂn|+dn|bn|)§N—M (6)

n=k

holds true.

Proof 1t is easy to verify that

Cu d,
>n,
N-M "™ N-M

>n (neNp).

Thus, by (6) we have
oo
> (nlan| +nlb,l) < 1. )

n=k

It is well known that the Jacobian of f is given by

J@ =l -|¢@) @eU).

A function f is locally univalent and sense-preserving if the Jacobian of f is positive in U.
Lewy [15] proved that the converse is true for harmonic mappings. Since

2 @| = |2 @)] - |2°¢ )]

> 1= nlayllzl™* = " nlby|z|"

n=k n=k

o0
> 1-2l Y (nlay| +nlbsl) =1-12| >0 (z€U),
n=k

we have that f is locally univalent and sense-preserving in U. To obtain univalence we

assume that wy, wy € U, w; # w,. Then,

ll nl

n
<> Tl <n (neN)
=1

and by (7) we obtain

[f 1) —f (wa)| = [h(wn) = h(wa)| = |g(wn) - g(ws)|

o —
= ————Zan wi —wj) an(wi’—wg‘)
w1
n=k n=k

zw—wl/vr'—zmnwwl—wﬂ Z|b|’w1 w2|

= (w1 —wy|
[wyw

oo

-w

Wi —Wwy

=)
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> [wy —W2|<1 - nlay] - me) >0

n=k n=k

Thus, f € My,;(k) and by Lemma 1 we obtain that f € M, (k; M, N) if and only if there
exists a complex-valued function x bounded by 1 in U for which

D} f(z2)  1+My(2)

Dif()  1+Nx() (zel),
or equivalently
A+1 A
Dy /&-Dyf@ | | (. ®)

ND};'f(2) - MDf ()(2)

Therefore, we need to show that

]D“lf -D}f(z ‘ - |ND“1 z) — D%f(z)| <0 (ze€l).
Putting |z| = r (0 < r < 1) we obtain

|Dy f(2) - Dy f(2)| - IND3 f(2) - D f (2)]

Z( 1) dn( + 1)atyz" —an(n 1)b,2"

n=k =

—|(N - M)— _Z( 1)* A, (N1 + M)a,z" +ZA (Nn — M)b,z"

n=k n=k
[o¢]
Z (n+1)|a,|r" +ZA (n—=1)|b,|r" — (N - M)—
n=k n=k

+ 3 hu(Nr+ M)lay|r" + > hy(Nm = M)|by|r"
n=k n=k

1 C- n+1
< ;[Z(cnw + dylby]) " = (N = M)

n=k
which implies f € M5 5 (ks M,N). a

Let 7:]k(k) be the class of functions f = & + g € M (k) with varying coefficients (e.g., see
[12]) so that

f@)=h) +g(2) = ~ + (-1 Ze-l g, 2" = Db, 2" ©)

n=k

and let

M (k; M,N) := T (k) N M5, (ks M,N), — W, (k; M,N):= T, (k) N Wj,(k; M, N),
Mk M,N) = T2 (k) N M5, (k M,N), M (k; M,N) := T, (k) N MS,(k; M,N).

Page 5 of 14
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The sufficient coefficient bound given in Theorem 1 is also necessary for functions to be
in the class Mi‘](k; M, N), as stated in the following theorem.

Theorem 2 Let f € 7? be a function of the form (1). Then, f € ./\/l;(k; M, N) if and only if
the condition (6) holds true.

Proof By Theorem 1 we need to prove the “only if” part. Let f € M; (k; M, N). Then, by
(8) we obtain

>l (=1 (n + Da, 2™t — (n - 1)b,22"}
(N = M) = 32, Al (=D (Nn + M)a, 2"+ — (Nn — M)b,zz"}

<1 (zel).

Thus, by (9) for z = re (0 < r < 1), we have

Sore i hnl (74 1)lan] + (1= 1)|by[}r"*! »
(N = M) = 302 Al (N1 + M)y | + (N = M) |y [}

(10)

The denominator of the left-hand side cannot vanish for r € (0, 1). Also, it is positive for
r =0, and in consequence for r € (0, 1). Thus, by (10) we have

oo

Z(c,,|an| +d,,|l9y,|)r"’rl <N-M (O<r<1). (11)
n=k

The sequence of partial sums {S,} related to the series > -, (aula,| + Bulbul) is a nonde-
creasing sequence. Moreover, by (11) it is bounded by N — M. Hence, the sequence {S,} is
convergent and Y oo (&t |a@n| + Bulbyul) = lim, o S, < N — M, which gives (6). O

Analogously as Theorem 2 we can prove the following theorem.

Theorem 3 Letf € 7?(/() be a function of the form (1). Then, f € W,?(k;M, N) if and only
if

N-M
1+N°

(12)

o0
> (il + 1b4l) <
n=k

By Theorems 2 and 3 we have the following corollary.

1+M
Corollary 1 Leta= 155 and
1 &1 1
¢(Z)=—+Z( 7"+ E”) (ze ),
z ‘=\n+a n-a

w(z) = % + Z((n +a)?" + (n-a)z") (zel).

Then,

feEWHM,N) &  fx¢eMikM,N),

Page 6 of 14
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M e (1.
feMycM,N) & fxweW,(kMN).
In particular,
W,?*l(—l,N) = M;(—I,N).

Remark 1 If we put n=0or n =1 in Theorems 1 and 2, then we obtain similar results for
the classes M (k; M, N) and M; (k; M, N).

3 Radii of convexity and starlikeness of order «
By using condition (2) we generalize the definition of starlikeness of meromorphic har-

monic functions. We say that a function f € 777* (k) is starlike of order « in U(r) if

%(argf(pe”))<a, O0<p<r<1,0<t<2m. (13)

Also, a function f € 7?(k) is said to be convex of order « in U(r) if

0 0 .
a(arggf(pe”» <o, 0<p<r<l1,0<t<2m.

It is easy to verify that for a function f € ’7:]*(/() the condition (13) is equivalent to the

following
Dyf(2)
Re e >a (z € U(r))
or equivalently
Dyf (@) ~f ) <1 (z € U(r)). (14)

Dy f(2) - 2a = 1)f (2)

Let B be a subclass of the class 7? (k). We define the radius of starlikeness R’ (B) and the
radius of convexity R¢ (B) for the class B by

R (B) ::;gg(sup{r € (O, 1] : f is starlike of order « in U(r)}),

R (B) ::}nlg(sup{r € (0,1]: f is convex of order o in U(r) }).
€

Theorem 4

1

RZ(Mg(kQM,N)) - 1nf< l-« mln{ Cy dn })"”, (15)

7
neNp \ N — M n+o n—o

where c, and d,, are defined by (5).

Proof Letf € ./\/l:;(M, N) be of the form (1). Then, putting |z| = r < 1 we have

Yo m+ Dayz" =Y 02 (n—1)b,z"
@ =Y im+2a = Dayz" + > 02 (n— 2o + 1)b,2"

Dyf(2) - f(2)
Dyf(2) - 2o — 1)f (2)
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Y02+ Dlay| + (n = 1)y )r!

= 21 —a) = 2 (1 + 20 — Dlan] + (1= 2a + Db’

Thus, the condition (14) is true if

oo
n+o n—uo

} la,| + [by] Pl <1
l-«a l-«a

n=k
By Theorem 2, we have
oo

d,
Y (=2l + bl ) < 1,
— N-M N-M

where ¢, and d,, are defined by (5). Thus, the condition (16) is true if

AT DL N . S SR TR S A
l-« N-M l-« N-M
that is, if

1
1- " d, T
r< * min] & (m e Ng).
N-M n+a n—uo

It follows that the function f is starlike of order « in the disk U(r*), where

« . l-«o . Cn d,
r:= inf min ,
neNg \ N — M n+o n—o

p— A‘ p—
hy,(z) = % + 7( D'V M)Z",

cnei(n+1)n

are given by

0(2) = =

)

The radii of starlikeness r*(h,), r*(g,) of functions 4, g, (n € N) of the form

N-M _
z - dnei(l—n)n

1 1

l1-a ¢ el l-a d, ™

*hn = ’ * n) = .
() <n+aN—M> r(en) (n—aN—M)

Therefore, the radius r* given by (18) cannot be larger. Thus, we have (15).

The following result may be proved in much the same way as Theorem 4.

Theorem 5 Let ¢, and d,, be defined by (5). Then,

l-«a C d, n+1
RS (M?*(l;M,N)) = inf i R .
"‘(M”(( )) nlenNk<n(N—M)mm{n+a n—a})

If we put n=0or n=1in Theorems 4 and 5 we obtain the following results.

7' (neNgzel)

(16)

(17)

(18)

Page 8 of 14
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Corollary 2

R (M (k; M, N))
= RS, (M (k; M,N))

= inf
neNg

RS (M (k; M, N))

)
n+ao n—o

<1—a _ {n(1+N)+(1+M) n(1+N)—(1+M)}>n—11
min ,
N-M

_ < loa | {n(1+N)+(1+M) n(1+N)—(1+M)}>ﬁ
= inf min , )
neNi \ n(N — M) n+a n-ao
RS (M M,N))

- <"<1—a> .{n(1+N)+(1+M) n(1+N>—<1+M)Dﬁ
= inf min ’ .

neNg\ N - M n+ao n-—o

4 Topological properties

Let us consider the usual topology on M+, (k) defined by a metric in which a sequence {f,}
in M (k) converges to f if and only if it converges to f uniformly on each compact subset
of U. It follows from the theorems of Weierstrass and Montel that this topological space
is complete.

Let BB be a subclass of the class My, (k). We say that a function f € B is an extreme point
of B if it cannot be represented as a nondegenerate, convex, and linear combination of
two function from B. We denote by EB the set of all extreme points of 3. We have that
EBCB.

A class B is called convex if any convex linear combination of two functions from B
belongs to B. We denote by coB3 the closed convex hull of B, i.e., the intersection of all
closed, convex subsets of M that contain B..

A real-valued functional D : My (k) — R is called convex on a convex class B C My (k)
iffor f,g € Band 0 < <1 we have

D(yf +(1-y)g) <yD(f)+(1-y)D().
From the Krein—Milman theorem (see [14]) we have the following lemma.

Lemma 2 Let B be a nonempty, compact, and convex subclass of the class My (k) and
D : My (k) = R be a real-valued, continuous, and convex functional on B. Then,

B =¢coEB
and
max{D(f):f € B} = max{D(f): f € EB}.
Moreover, from Montel’s theorem we obtain the following lemma.

Lemma 3 A class B C My(k) is compact if and only if B is closed and locally uniformly
bounded.
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Theorem 6 The class M;(k; M, N) is a compact and convex subclass of My (k).

Proof Let0 <A <1landf,f, € ./\/l;(k; M, N) be functions of the form

o]

fiz) = % + ;(az,nz” +b,,7") (zeU,leN). (19)

Then, we have
Mi(2) + (1= 1)fa(2)

[ee]

= % + Xk:{ (Aar+ (1 =Nazu)z" + (Abyy + (1= M)by,)z" ).

Moreover, by Theorem 2 we obtain

oo

Z{Cnb/ﬂl,n +(1- y)’le,n| + dw|ybl,n +(1- y)bZ,nH
n=k

<y Y _{culavul +dulbral} + (1=9) > {culasul + dulboul}
n=k n=k

SyW-M)+(Q-y)IN-M)=N-M.
Thus, the function ¢ = Af] + (1 —1)f; belongs to the class M%(k; M, N) and, in consequence,
the class is convex.
The class is locally uniformly bounded if for each r, R, 0 < r < R < 1, there is a real con-
stant L = L(r, R) so that

f@| <L (feF,r<lz <R).

Letf € Mf](k;M,N), 0<r<|z| < R< 1. Then, by Theorem 2, we have

If2)| <

N =
N =

e (anl + )R <+ S (ealanl + dalbyl) < -+ (N =) =L
n=k n=k

This implies that the class M;\](k; M, N) is locally uniformly bounded. Next, we show that
it is closed. Let f; and f be given by (19) and (1), respectively. By Theorem 2 we obtain

o0
> (calanl + dulbiul) <N -M  (I€N). (20)
n=k

If f; — f, then we obtain that a;,, — a, and b;,, — b, as [ — oo (n € Ng). The sequence
of partial sums {S,} associated with the series Y -, (cu|@u| + dulby|) is a nondecreasing
sequence. Moreover, by (20) it is bounded by N — M. Therefore, the sequence {S,} is con-
vergentand -, (¢y|du| + dyulbyl) =1im,_, S, < N — M. This gives the condition (6), and,
in consequence, f € M;(k;M, N), which completes the proof. d
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Theorem 7
EM(k; M,N) = {h, :n € Np1} U {gy :m € Ni,
where hi_1(z) = % and

1 (-)'WN-M) , 1 N-M_,
hn(Z) = ; + Wz ) gn(Z) = ; - WZ (n e N, ze ). (21)

Proof Letfi,f> € ./\/l’,\](k;M,N) be functions of the form (6), g, = Afi + (1 -A)f, withO < A < 1.
Then, by (6) we obtain |by | = |by,,| = N’;—MM Thus, a1, =a;=0forl € Nyand by;=by; =0
for [ € N;\{#}. This means that g, = fi = f5, and, in consequence, g, € EM;(/(;M, N). In
the same way, we show that the functions /%, of the form (21) are the extreme points of the

class M} (k; M,N). Now, let f € EM;(k; M, N) be not of the form (21). Then, there exists
r € Ng such that

or 0<|b|<
r r

0<|a,|<

If0 < |a,| < X=X then for

o
aylay|

1
A= ) = —(f=Ihy),
N @ 1_/\(f r)

we have that 0 < A < 1, 1, # 9 and f = Ak, + (1 — A)g. Thus, f ¢ EM;(k;M,N). Analogously,
if0< b, < Nﬂ‘—nM, then for

L _ Bbi

1
= ’ =T _)\'rx
N Pt iv

we havethat0 <X <1,g, #¢ andf = Ag, + (1 —1)¢. Thus, f ¢ EM;(k;M,N), and the proof
is completed. d

5 Applications of extreme points
If the class B = {f,, € M (k) : n € N} is locally uniformly bounded, then

ol = {ixnﬁq:ixn =1,4,>0(neN)}.

n=1 n=1

Thus, by Lemma 2 and Theorem 7 we obtain

Corollary 3

M (k; M,N) = { D bt +84g) s Y (Va4 8) = 1k = 0,7, 8, = 0) 1
n=k-1 n=k-1

where hy, g, are defined by (21).
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It is easy to show that the following real-valued functionals are convex and continuous
on My (k):

D(f) =ap, D(f) = bm D(f) = lf(z)

. D)= [Dif@),
1 27 ] 1y
D(f):(E /0 [f(re"’)|yd9> (f € Ma(h).

for each fixed value of n € Ny, z€ U, ¥ > 1, 0 < r < 1. Thus, by Lemma 2 and Theorem 7
we have the following results.

Corollary 4 Letf € Mi‘](k;M,N) be a function of the form (1),0<r <1,y > 1. Then,

Z

-M
, bn <
Cy 16l d,

lan| <

(l’l € Nk)r

1 N-M 1 N-M /< B
;——dk kalf(Z)|§;+ a r (|Z|—r);

[f(rem)|yd9 < i /2n|h1(rei6)|yd9,
27 0

1 2
27 Jo

1

2 ) 1 2 )
o ); {DM(re"’)Vd@fE/O | D, (re?)|” do,

where c,, d,, are defined by (5). The results are sharp with extremal functions h,,, g, of the
form (21).

Corollary 5 Iff € M} (k;M,N), then
U(r) cf(U),

where

) N-M
K11+ N)-kM(1+ M)

r =

Remark 2 1f we put n =0 or n =1 in Corrolaries 3 and 4 we obtain similar results for the
classes M; (k; M, N) and M; (k; M, N).

By using Corollary 1 and the results above we obtain the corollaries listed below.
Corollary 6 The class W, (k; M,N) is a convex and compact subset of M+4,(k). Moreover,
EW,(k; M,N) ={h, :n e Ny_1}U{g, :ne N}

and

Wyl MUN) = 3> " (Vun + 84gn) D (v +84) = 1,81 = 0,,,8, = 0(m e N) 1,

n=1 n=1

Page 12 of 14
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where hi_1(z) = z and

N-M i ~ N-M _,
h,(z) = z+(1 N> gn(z)—z—mz (ze ). (22)

Corollary 7 Iff € W,(k; M,N) is of the form (1), then

< N- b | < - M (neN
YT '"'—m ne )
1 N-M * < 1 N-M , )
r (1+N)k lf(z)|— 7(1 N)kr (|Z|—r<1),

1 2

L ANL4 i/zn AV
2 ), [f(re )| d9§2n ; |h2(re )| do,

21
2; {D%f(re )|Vd9<—f |Dj,ha(re?) |7 do.

The results are sharp with extremal functions hy, g, of the form (22).

Corollary 8 Iff € W,(k; M,N), then
N-M
1-
U( 1+ N)k) A
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