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1 Introduction

The theory of fixed point is crucial for solving numerous problems in a variety of study
fields. Many scholars investigated the ability to revolutionize the notions of metric and
metric spaces. There is a significant amount of literature on several generalizations and
developments. Throughout the years, the theory has piqued the interest of several schol-
ars. The Banach contraction theorem has been extended in a variety of ways throughout
the years; we suggest the reader [1-8] and references therein.

The notion of an F-contraction, which broadened and expanded the Banach contrac-
tion principle, was introduced by D. Wardowski [9] in 2012 as a unique type of contrac-
tive mapping. Wardowski demonstrated that if a metric space (E, d) is complete, each F-
contraction has a unique fixed point that corresponds to the Picard iteration limit. Just af-
ter, Wardowski and Van Dung [10] proposed a weaker notion of an F-contraction, called
F-weak contraction, and used it to demonstrate the fixed point theorem. For almost a
decade, many scholars have tried to broaden and enhance the survey of F-contractions by
generalizing the function F and the spaces with metric form structures, resulting in new
Picard mapping group [11-17].

A fascinating idea of orthogonal sets and later orthogonal metric spaces was recently
suggested by Gordji et al. [18] They also showed that by applying the Banach fixed point
theorem to this newly developed structure, their results may be utilized to ensure the
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existence and uniqueness of solutions to first-order differential equations. Moreover, the
scholars improved the findings in [18] and proved fixed point theorems in the setting of
this newly constructed structure [19].

2 Preliminaries
Definition 2.1 ([18]) Consider a set E # {J and a binary relation A € E x E. Then (E, A)
referred to as an orthogonal set if the following criterion is satisfied:

for all @ € E there exists gg such that (w A @) or (09 A @),

and element o is called an orthogonal element.

Definition 2.2 ([18]) Consider a set E # J and a binary relation A C E x E. Any two ele-
ments from E are assumed to be orthogonally connected if o, @ € E such that o A w.

Example 2.1 Let

1 0 0
E-= 21,1-51,10
0 0 1

and a binary relation A on E defined as o A @ if . = 0. Then (E, A) is an orthogonal set.

Assume that (E, A) is an orthogonal set and with the usual metric d defined on the set E.
The triplet (E, A, d) is then referred to as an O-metric space (briefly) or orthogonal metric
space.

Definition 2.3 ([18]) Let (E, A) be a nonempty O-set, then
(i) asequence {0,} is known as an orthogonal sequence (usually known as an

O-sequence) if
On AOns1 OF QOui1 Aoy, forallmeN;
(ii) similarly, a sequence {0,} is known as a Cauchy O-sequence if
On AOni1 OF Opi1 Aoy, forallmeNN.

Definition 2.4 ([18]) Let (E, A,d) be an orthogonal metric space.
(i) A triplet (E, A,d) is called an orthogonal complete metric space (briefly
A-complete) if every Cauchy O-sequence converges in E;
(ii) And completeness of a metric space implies O-completeness but the converse is not
always true.

Definition 2.5 ([18]) Let (E, A,d) be an O-metric space. Then
(i) a mappingf: E — E is known as orthogonally continuous (briefly O-continuous) if
for each O-sequence {0,}sen — 0, one has f(0,) — f(0) as n — oo;

(i) O-continuity is relatively weaker than classical continuity in classical metric spaces.
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Definition 2.6 ([18]) Let a pair (E, L) be an O-set, where A is a binary relation defined
on a nonempty set E. A mapping f : E — E is said to be A-preserving if f(0) A f(@)
whenever o A @ and weakly A-preserving if f(0) A f(w) or f(z) A f(0) whenever
oANw.

3 Main results
To continue, we must remember Wardowski’s [9] definition of a control function. Let T
be a set of all functions F : R* — R that is the following axioms hold:

(F1) for all a,b € R*, with a < b, F(a) < F(b);

(F2) for all positive sequences {y,,}, lim,_« ¥, = 0 <= lim,_, o F(y,) = —00;

(F3) there exists k € (0, 1) such that lim, o+ y*F(y) = 0.

Let f: E — E and (E, d) be a metric space. If there exist T > 0 and F € Y such that for all
o, @ €E,

difo,fm)>0 — t+F(d(fQ,fw)) §F(d(g,w)), (3.1)
then f is called an F-contraction mapping.

Example 3.1 ([9]) The following functions belong to T:
() Flo) = =L
(ii) F(e)=Ing;

(iii) F(o) =0 +1Ing;

(iv) F(o) =1n(0* + 0).

Definition 3.1 ([16]) Consider an O-metric space (E, A,d) and a function f : E — E. If
there exist T >0 and F € Y such that for all o, w € E with ¢ A @,

dfo.fw)>0 = t+F(d(fo.fo))<F(dom)), (3.2)
then f is called an orthogonal F-contraction mapping or F, -contraction.

Remark 1 ([16]) From equation (3.1) and (F1), we obtain
d(fo,fw)<d(o,w), forallp,o € Ewithp A @.

In [16], Sawangsup et al. showed that if (E, A, d) is an O-complete (not necessarily com-
plete) metric space, F € Y, and f : E — E is a an F, -contraction, which is A-continuous
and A-preserving, then f has a unique fixed point in E.

Further, we introduce the notion of an F, -weak contraction in the form of the following

definition.

Definition 3.2 Consider an O-metric space (E, A,d) and a function f : E — E. If there
exist 7 >0 and F € Y such that

T+ F(d(fg,fw)) < F(M(,Q, w)) when d(fo,fw)>0and o A @, (3.3)
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where

ANQWPmm4ﬂ@w%ﬂ&mLﬂwwaﬂ@ﬂw+ﬂwjm}

2

then f is called an F, -weak contraction.
Example 3.2 Let E ={0,1,2,3,4,5,6} be endowed with the usual metric. Let
A= {(Or 1)’ (0’ 2)! (07 3)! (01 4‘)’ (0! 5)7 (Or 6)1 (3; 0): (3: 1): (31 4); (3, 5); (3, 6) } .

Define a relation A such that ¢ A @ if and only if (¢,@) € A. Clearly, (E, A) is an O-set
with 0 as an orthogonal element. Define a mapping f : E — E as

f0)=f1)=f2)=fB)=0,  f(4)=3 = f(5)=2

Let F(o) = Ing, then it can be verified that f is an F, -weak contraction, however, not an
F, -contraction. Indeed, for ¢ =4 and @ = 3,

T+ F(d(fg,fw)) < F(d(Q, w))
does not hold for any 7 > 0.

Remark 2
(i) Every F, -contraction is an F, -weak contraction.
(i) Letf be an F, -weak contraction. From (3.3), for all o, w € E, fo #fw with o A @,

F(d(fg,fw)) <T +F(d(fg,fw))

< F(max{d(e, o), d(o,fo) d(w,fo), ‘&SP + dl@.fo) })

2

Then by (F1), we get

d(fo.fw) < max{d(g,w),d(g,fg),d(w,fw), dle.fw) +d(@,fe) }

2
forallp,w € E,fo #fw, withpo A @w.
The converse conclusion of Remark 2 (i) is not valid, as shown in the following example.

Example 3.3 Let E = [0,1] and the metric on E be the Euclidean metric. Suppose o A @
if oo < {0 or w}. Let f: E — E be a function defined by

0,1),
fo- 0€l0,1)

1
27
1
) o= 1.

By Remark 1, f is not an F, -contraction because it is not O-continuous. For ¢ € [0,1) and
w =1, we have

1
d(fo.frm) = and M(g,w)zz.
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As a result, by selecting F(p) = Inp, ¢ € (0,+00), and 7 = In3, we obtain that f is an F, -

weak contraction.
Now, we will present the paper’s primary conclusion.

Theorem 3.1 Let f : E — E be a function and (E, \,d) an O-complete (not necessarily
complete) metric space, where f is A-preserving, F, -weak contraction, and A -continuous,
then [ has exactly one fixed point in E. Furthermore, the limit of the iterative sequence

{f"00} is the fixed point of f .
Proof By orthogonality of the set, there exists an element gy € E such that
(forallw € E,po A @) or (forallw € E,mw A o).
It follows that (09 A f0o) or (foo A o). Let
01 =f00,02 =f01=f%00+-»0n =f0On-1=f"00, forallmeNU{0}.
Since f is A-preserving, {0,},en is an O-sequence. Let 9,,, = 0y+1 for some 1y € N. Then

the proof is obvious. Let 0, # 0,41, for all n € N. Thus for all # € N, d(0,,,1, 0,) > 0. Since f
is an F, -weak contraction, for all 7 € N,

F(d(QVle Qn))
= F(d(an’an—l))

d nJ On— d n-LJ &n
= F(max{d(gn, 0n-1),d(0n,f0n), d(0n-1,f 0n-1), (@nfer)* dorvfe )}> o

2

d n-1r&n+
= F(max{d(gn,Q,,_l),d(.Q,,,le),d(Qn—l,Qn), w }) -7

A(Qn-1,0n+
F(max{d(Qn,Qn—l)» d(Qm Qn+1); M }) -7

2

(Qn—l!Qn) + d(QQOl) }) _r
2

< F(max{d(gm 0n-1),A(Qns 1) 4
= F(max{d(on 0n-1), d(0ns 0ns1)}) — T
Let us assume that there exists an # € N such that
max{d(0n, 0n-1) A(Qn> 0n+1)} = A(Qns Ons1);s
which implies that
F(d(ons1,0n)) < F(d(0ns1,0n)) — T,
contradicting the assumptions in the definition. Hence,

max{d(Qm Qﬂ—l)?d(QVI?QYHl)} = d(an Qn—1)¢ forallmeN,
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s0
F(d(0n1,0n)) < F(d(0n 0n1)) -7, forallmeN, (3.4)
From (3.4),
F(d(0n1,0n)) < F(d(01,00)) —n7, forallmeN, (3.5)

Letting # — oo in the above inequality, we have

F(d(@n+1,0n)) = =00, (3.6)
which implies that

lim d(¢y1,04) =0 (by property F2). (3.7)

Now, to show that the sequence {g,} is a Cauchy sequence, let us assume there exist € > 0
and two sequences {r,} and {s,}, with r,, s, both in N, such that

Tp> S8, >N, d(o;,,0s,) = €, d(0y, 1,0s,) <€, forallmeN. (3.8)

Thus, € < d(0r,, 05,) < d(0r,> 0r, 1) + d(0r, 1, 05,) < d(Cr,, 0r,y) + € = dlCr, 1 TOr, ) + €
Considering (3.7) and the preceding inequality, we obtain

lim d(oy,, 05,) = €. (3.9)
Therefore, from (3.7), there exists n € N, satisfying

d(oy,,.for,,) < % and d(os,,,f0s,) < %, for all m > n. (3.10)
Further, we shall prove that

d(for,,.f0s,) = d(oy,,.,0s,,.,) >0, forallm=>n. (3.11)

For this purpose, suppose there exists p > n such that

d(0ry,1505,1) = 0. (3.12)
Using (3.8), (3.10), and (3.14), we have

€ <d(0y,,05,)
=d(or, 0r,,1) +d(0r,,1,05,)
< d(Crys 0ryir) + A(Crypu1s Osyr) + A0y, 05,)
=d(0r,,f0r,) + d(Cr,,150sp.1) + d(0s,,f 0s,)
€ € 2

<z+0+—-=—.
3 3 3
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This leads to a contradiction, hence (3.11) is true. Therefore, by assumption of the theo-

rem,

T+ F(d(f0rprf0sp)) < AF(d(0r5 05,))- (3.13)

From (3.9) and (3.13), we get 7 + F(€) < F(¢). That implies that {0, } is a Cauchy O-sequence
in E. Then there exists o* € E such that g, — ¢* as n — 0o because E is O-complete. Then
f(e") = lim f(e,) = lim g1 = 0"

because f is A -continuous. For the uniqueness of ¢*, assume that @* € E such that foo* =
w*. If o, > @w™* as n — 00, then we have o™ = w*. If g, - @™ as 1 — 00, then there exists
a subsequence {0, } of {0,} such that fo,, # @™, forall k € N. Because of the choice of g,
specified in the beginning section, we get

[Qo A w*] or [w* A Qo].

Because f is A-preserving and f"@w* = @w*, foralln € N,
[f”go )\f”w*] or D’"w* Af”go].

Since f is an F, -weak contraction and by (3.5), we have

F( g0 ) = F(an )
< F(d(go, w*)) —mt, forallkeN,

confirming that F(d(f" g, w*)) — —00 as k — oo, and so it follows from (F2) that
d(f" oo, ™) = 0 as k — 0o, which is a contradiction. As a result, f has a unique fixed

point. g

Example 3.4 Let E = [0,1] N Q be endowed with the usual metric. Define a binary relation
AonEbyo A @ if pw =0 or g. Clearly, (E, ) is an O-set with 0 and 1 as orthogonal
elements. Also, E is an O-complete metric space. Define a map

2 .

a4 1fQ € [0) 1] m@}
fle)=1"*

0, ifo=1.

It is easy to prove that f is A-continuous and A-preserving. For o =1 and & = %, we get

7 < 0, which is a contradiction. This implies that f is not an F , -contraction. For ¢ = 1 and
o €(0,1)NQ,

d(fl,fo) = d(O, %) - %2 <1=d(1,f1)

= maX{d(l,w’),d(l,fl),d(w,fw)’ d(l;fw) + d(w’,fl) }

2
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Hence, f is an F, -weak contraction for F(§) = In& with t = In2. By Theorem 3.1, f has a

unique fixed point, namely, ¢ = 0.

Example3.5 LetE = [0,00)and d : E x E — [0,00) beamappinggivenby d(o,w) = |[o-@ |

for all o, w € E. Define a sequence {W,,},cn as

2 12
W,,z%, for all n e NU {0}.

A relation A on the underlying space E is given by o A @ <= ow € {9, @} € {W,}. Thus
(E, A,d) is an O-complete metric space. Now we will define a mapping f : E — E by

W(), lf WO S o S Wh
W1, ifW,<o0<W,,, foralln>1.

flo) =

It is straightforward to validate that the mapping f preserves orthogonal continuity. Fur-
thermore, let a function F € Y be defined as F(«) = « +log(«) for all @ > 0. We argue that f
is an F, -weak contraction with t = 1. Indeed, let o, € E with o A @ and d(fo,fw) > 0.
So, we may suppose that o < @. Then ¢ € {Wj, W1} and @ = W; for some i € N\ {1}. So,

we get

Afe.f®) iagosmr-mem) _ Wit =L twi-1-Gen _ 1
Mo, @) Gi-1 '

Hence, all the conditions of Theorem 3.1 are satisfied and so f has a unique fixed point
x = Wy (see Fig. 1).

Remark 3 By replacing hypothesis (F3) with the following condition, Theorem 3.1 holds:
(F3) if {0,,} is a sequence in E such that g,, — ¢* € E and g9,, A @441 Or 0,11 A 0, for all
neN,theng, Aooro A g, forallmeN.

100 T T T T T T T T T =

80 - - -
70 e .

60 [~ - —

f(x)

50 .- -
40 L _

30| e

20 -7

10 T e -

0 10 20 30 40 50 60 70 80 90 100
X

Figure 1 Graphsofy=xandy =fx.
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Proof By Theorem 3.1, we have previously observed that there exists a point o* € E such
that o, — 0* as n — oo. Putting e = {n € N|fo, = fo*}, we consider the following two
situations:

Case 1: p is not finite. Then there is a subsequence {g,, } of {0,,} such that g, .1 = fo,, =
fo*, for all n € N. Since ¢, — 0*, we get fo* = 0*.

Case 2: g is finite. Then there is 1y € N such that fo, # fo* for all n > ny. Particularly,
on # 0%, d(oy,0%) >0, and d(f0,,f0*) > 0 for all n € N, so we have

T+ F(d(fonfo))

< F(max{d(gn, Q*), d(Q*:fQ*)’d(Qn’an)!

d(on,f0*) +d(0*.fon) D
2

(Qm Q*) + d(Q*’fQ*) + d(Q*r Qn+1) })
D) .

d
< F(max{d(gn, Q*), d(Q*»fQ*): d(Qm Qn+1)’
If d(o*,fo*) > 0, then
lim d(0x,0") = lim d(0*,0n1) =0,

and there exists #; € N such that, for all # > n;, we have

max{d (o 0%),d(0*,f0*),d(n 0ni1)s

d(on, 0*) +d(0*, fo*) + d(0*, 0ns1) }
2

Then,

t+F(d(fonfe®)) <F(d(e".fe*)) = t+F(d(em.fe")) < F(d(e".fe")),

for all n > max{ny, n;}. Because of the continuity of F and as # — 0o in the above inequal-
ity, we obtain

T+ F(d(o*.f0%)) < F(d(e*.f0")),

a contradiction. Therefore, d(0*,fo*) = 0, i.e,, fo* = 0¥, and hence ¢* is a fixed point. In
both situations mentioned above, the function f has a fixed point o*. The uniqueness of
this fixed point follows along similar lines as in the above theorem. 0

Remark 4 Take into account f from Example 3.3. Thus it follows naturally that we may
check that f has a fixed point % and meets all the requirements of Theorem 3.1. However,
because f does not represent an orthogonal F-contraction, the requirements of the main
result of [16] are not met. Hence, the primary Theorem 3.1 is an extension of the main
result of [16].

Corollary 3.1 Let (E, A,d) be an O-complete metric space and suppose f : E — E satisfies

dfo,fw)>0
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= T +F(d(fg,fw))
< F(ad(o, @) + pd(o.fo) + yd(w fw) + §[d(o,fw) + d(w,fo)]), (3.14)

forallo,w € Ewitho \w,wherea, B,y >0ando+B+y +28 < 1.IfF orf is A-continuous
then

(i) fo* =o0* 0" is unique;

(ii) for all o € E, the sequence {f"} — o*.

Proof For all o, w € E, we have

ad(o, @) + Bd(o.fo) + yd(w.fw) + 8[d(o.fw) + d(w,fo)]

<(@+B+y+ za)max{d(g'w);d(g,fg),d(w,fw), d(o,fo) ; d(@,fo) }
d(o, d(w,
< max{d(g, w),d(o,fo),d(o,fm), (0.f@) ; (w,fo) }

From (F1), observe that the contractivity condition (3.14) implies the contractivity condi-
tion (3.3). Hence the corollary is validated. O

Remark 5 Since the contractivity condition (3.2) implies (3.14) and f is O-continuous, as
a result of Remark 1, we find that Corollary 3.1 generalized the main result of [16].

Remark 6 Taking into account the various forms of an F, -weak contraction, there is a
wide range of known contractions in the literature. For illustration, consider the following:

(1) forall p,w € Ewithp A w and o, 8,y >0, @ + B + y < 1, we have that

dfe.fw) < ad(e, @)+ pd(o.fo) + yd(w,f@)

implies

d(o, d(w,
dfo.fo) <(a+pB+ y)max{d(g,w),d(g’fg),d(w,fw)’ (0.fm) ; (w.fo) }

Ifd(fo,fw) >0, we get

T +In(d(fo.fw)) < ln<max{d(g, @),d(0,f0),d(@,fw), d(o,f@) -2'- d(w,fo) }),

1
a+B+y
of the primary finding of [6] in the setting of an orthogonal metric space.

(2) For all o, w € E with o A @ and k € [0, 1), we have that

where 7 = In > 0. If we use F(p) = Ing, for all ¢ > 0, then Theorem 3.1 is an extension

d(fo.fw) < ad(o,fo) + bd(w ,fw)

implies

dfo.fo) < kmax{d(g,w),d(g,fm,d(w,fw), do.fm) +d@.fe) }

2
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Ifd(fo,fo) >0, we get

T +In(d(fo.fw)) < 1n<max{d(g, w),d(o,fo),d(@ fo), d(o,f@) -2F d(w,fo) })’

where 7 =In % > 0. If we use F(p) =Ing, for all ¢ > 0, then Theorem 3.1 is an extension of
the primary finding of [20] in the setting of an orthogonal metric space.

(3) For all o, w € E with ¢ A @ and nonnegative numbers g(o, @), r(o, @), s(0, @), and
t(o, @), with

sup {q(o, @) +r(o, @) +s(0,w) +2t(0, @)} = A <1
o,weE

and d(fo,fw) > 0, we have that

dfo,fw) < qlo,w)d(o, @) + r(o, w)d(o,fo) + s(o, w)d(w, fw)
+t(0, @)[d(w,fo) + d(o,f )]

implies

d(fo.for) < xmax{d@, o),d(0,fo), d(w, fr), 1S @) + d(@.fe) }

2

Ifd(fo,fw) >0, we get

in-+Indfo.f) < (max{d<w,fw),d(g,fg>,d<w, for), K0S 7)) D

where 7 =1In % If we use F(p) = Inp, for all o > 0, then Theorem 3.1 is an extension of the
primary finding of [3] in the setting of an orthogonal metric space.

(4) For all o, w € E with o A @ and nonnegative numbers «, 8, y, 5, ¢ witha + 8+ y +
8 + € < 1, we have that

y+48
2

dfo.fo) = L ldlofo) + d(m foly] + L2 [dlo.fm) + dler o)) + ed(o, m)

implies

dfo,fw) <(a+B+y +8+e)max{d(g, @), d(0.f0), d(w ,fo), d(o,fw) er d(w,fo) }

Ifd(fo,for) > 0, we get

ln; +Ind(fo,fw)

a+fB+y+d+e

< ln<max{d(9, @), d(o,fo),d(w,fo), d(o,fo) +d(w,fo) }>’

2

1
a+B+y+i+e

tension of the primary finding of [21] in the setting of an orthogonal metric space.

where 7 = In > 0. If we use F(g) = Inp, for all ¢ >0, then Theorem 3.1 is an ex-
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4 Application to differential equations
Recall that, for any 1 < g < 0o, the space L1(E, F, u) (or L4(E)) consists of complex-valued
measurable functions 8 on the underlying space E obeying

fE 18" du(o) < 0o,

where u is the measure and F is a o-algebra of measurable sets. When ¢ = 1, the space
LY(E) is the set of all integrable functions 8 on the underlying space E and we define the
L'-norm of B by

1811 = /E 1B ().

Theorem 4.1 Suppose that

{V’(t) —fe WD), tel:=[0,T], W

v(0) =¢, c>1,

where f : I x R — R is an integrable function satisfying the following conditions:
(d1) f(&,9) =0, forallq>0and & € I;
(d2) for each o, w € LY(I) with o(§)w (£) > 0(£) or 0(&)ww (§) > w (§) for all £ € I, there
exist B € L'(I) and t > 0 such that

B(&)

m|9(§)—w(§)| (4.2)

f (& 0) -f(5, ()] <

and
o (&) - @ ()] < BE)e*®

forall & € I, where A(§) := fOE |B(wW)| dw.
Then the differential equation (4.1) has a unique solution.

Proof Let E = {0 € C(I,R): o(¢) > 0 for all £ € I}. Let the orthogonality relation A be de-

fined on X as
ol w <= o)w(t)=o0(t) or ot)w(t)>wl(t), foralltel.

Since A(t) = fot |B(s)| ds, we have A'(¢) = | B(¢)| for almost every ¢ € 1.
Define a mapping d : E x E — [0,00) by

dlo:) = llo = @l =sup e 40 o(t) - @ (1)
te

for all o, @ € E. Thus, (E,d) is an O-complete metric space (see [18] for details).
Define a mapping G : E — E by

(Go)(t) = c + /0 F(.0()) de.

Then, G is A-continuous.
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Now, for each o, w € E with ¢ A @ and ¢ € I, we have

(Go)(t) = c+ fo F(6,0@))de = 1.

It follows that [(Go)(®)][(Gw)(¢)] > (Gw)(t) and (Go)(t) A (Gw)(t). Then, G is A-
preserving.

Let a function F : R* — R be given by F(p) = —ﬁ for all ¢ > 0. It follows that G is an
F, -weak contraction. Hence the differential equation (4.1) has a unique solution because,

by Theorem 3.1, G has a unique fixed point. d

Remark7 Note that the orthogonality is a necessary condition for the differential equation
(4.1) to have a unique solution. Indeed, under assumption (d2) of Theorem 4.1, it is not
possible to find the solution of equation (4.1) without orthogonality.

5 Application to integral equations

Let E = (C[c,d],R) be the set of all continuous functions defined on I = [c,d]. It is well-
accepted that £ is equipped with the metric given by d = sup,.,;e™"|u(e) — v(0)|. If for all
u,v € E we set u A vif u(p) < v(o), for all ¢ € I, then the space becomes an O-complete

metric space.

Theorem 5.1 The integral equation

d
u(o) = / H(Q, w,u(w)) do +g(0), Vo €lcd], (5.1)
wheret € I, H:IxI xR — R,andd > c > 0, has unique solution if the following conditions
are satisfied:
(i) H:[c,d] x [c,d] x R— R is continuous and g : [c,d] — R;
(i) H(o,w,-)>0and fcd H(o,@,-):R — Ris increasing for all o, w € I;
(iti) forallu,veE,o, w €1,

|H (e, @, u(@)) - H(e, @, v(@))| < " |u(o) - v(0)]-

Proof Set
d
(fu)(t) = / H(Q,w,u(w)) dw +g(0), uek, oc¢€lcd].
AsH(o,@,) >0, for all g, w € [c,d], we have
d
(e) = [ (e, ute) dev + g0

d
< / H(o, @, v(w)) de + g(0)

= (fv)(@).
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So, f preserves orthogonality. Consider, a Cauchy O-sequence {1, } tending to u € E. Then

o) < 1(0) < ma(o) < mz(e) <---pnl0) <--- <o), forallgel,

this implies that u, A u, for all o € I. As f preserves orthogonality, this implies that
f(un) = f(1). Consequently, f is A-continuous.

Define a function F : R* — R as F(p) = log g, for all o > 0. Then the conclusion is that
f is an F, -weak contraction. Hence f has a unique fixed point (by Theorem 3.1), and this
implies that the integral equation (5.1) has a unique solution. d
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