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1 Introduction

Let A denote the class of functions satisfying the following series form:

X@=z+Y dud", (1.1)
n=2

which are analytic in the open unit disc E = {z: z € C and |z| < 1}. The functions x having
the series form (1.1) are called univalent in E and denoted by S, if it is one to one, that is,
for all z1,2, € E, if x(z1) = x(22) implies z; = z5.

In [1] the author defined the class R, (¢ > 0) having the functions that satisfy the con-
dition

Re{x'(z) + azx”(z)} >0, (z€E).
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They also proved that if x € R, then yx is univalent in E. Singh and Singh [2] showed
thatif x € R (@ = 1) then y is starlike in E. Furthermore, they proved in [2] that the class
R is closed under convolution, that is, if x,g € R then (x * g) € R, where * stands for
convolution. Also in [3], Krzyz showed by an example that the class R is not a subset of
the convex functions class C. In 2015, Noor et al. [4] generalized the class R by using the
idea of multivalent functions and conic regions. Khan et al. [5] generalized it further in
2021.

An analytic function w under the condition w(0) = 0 and |w(z)| < 1 is known as a Schwarz
function. Consider the functions yx, g € A, we say that x is subordinate to g (indicated
by x < g) if x(2) = g(w(2)). Further, if g is univalent in E, then x < g < x(0) = g(0) and
X (E) C g(E). The class P denotes the well-known class of Caratheodory functions [6],
which satisfy the conditions p(0) = 1 and Re(p(z) > 0, where z € E. Every p € P, having the
series form

plz)=1+ chz”. (1.2)
n=1

Since the nineteenth century, when the geometric function theory was established, coef-
ficient bounds have been continuously important. The Bieberbach conjecture [7], which
came to be in 1916, offered an innovative field of study for this field of research. He con-
jectured that for every x € S having the series form (1.1), |d,,| < n, n > 4. This conjecture
was attempted to be proved for a long time by mathematicians until de-Branges [8] proved
itin 1985.

In 1992, the authors contributed in their article [9] by revealing the basic structure of
families of univalent functions S*(¢), where ¢ is an analytic function satisfying ¢(0) > 0
and Re(¢(z)) > 0 in E. When we fix ¢(z) = %, then S*(¢) = S*. Several subfamilies of
generalized analytic functions have been studied recently as a specific case of S*(¢p).

For example, Janowski [10] examined the class of Janowski starlike functions S*[L, M]
(-1 <M < L <1). Furthermore, by choosing L = (1 - 2«) and M = -1, we get S*(a) (0 <
o < 1). Sokél and Stankiewicz [11] set ¢(z) = +/1 + z and defined the family of class Sh

S = {X eA:ZX/(Z) <«/1+z}.
x(2)

Recently, the authors [12, 13] chose ¢(z) = 1 +sinz and ¢(z) = 1 + %z + §22 and defined the
following classes of convex, starlike, and bounded turning functions:

zx" (2)
x'(2)

Sin = {X ed: ® <1+sinz},
‘ x(2)

Ren={x € A: x'(2) +zx"(2) < 1 +sinz},

Csm={xe8:1+ <1+sinz},

4 2
Reard = {x cA:x'@+ax"(@) <1+ 2z + gzz}.

Authors investigated initial bounds, Fekete—Szego problems, and third Hankel determi-
nant for the above mentioned classes. In [13, 14] authors introduced the class of starlike
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functions whose image under an open unit has a cardioid form. In [15], Mendiratta et al.
studied the function class S} = S*(¢?) of starlike functions by using the idea of exponential
functions and subordination technique. This class was recently generalized by Srivastava
et al. [16], who also found an upper bound for the third-order Hankel determinant.

In 1966 Pommerenke [17] explored research on the Hankel determinants for univalent
functions, which were further investigated by Noonan and Thomas [18]. For x € A4, the
jth Hankel determinant is defined by

dn dn+1 e drH—j—l
dn+l dn+2 e dn+j
Hin(x)=| . . , N (1.3)
dn+j—1 dn+/—2 cee dn+2j—2

where n,j € Nand d; = 1.
For different values of j and #, the jth Hankel determinant #;,,(x) has a different form.
For example, Fekete—Szego functional that is

Hai(x) =|ds—d3| forj=2andn=1,

and its modified form is |d3 — ud3|, where i € R (or C) (see [19]). The second Hankel
determinant was similarly provided by Janteng [20] in the following form:

dy ds

Hoo(x) = ds d,

- (dsds ),

and a number of scholars then looked into it for a few other classes of analytic functions.
Further, the third Hankel determinant form is indicated below:

Hs(x) = ds(dody — d2) - da(dy — dods) + ds(ds — d2) forj=3andn=1. (1.4)

In 2021, for x € S, the authors in [21] found Hankel determinants of second and third
order

|Ha200)| < 4, l<hs—

and

32 + /285

<i<
- 15

O |

[ Hz1 ()| <,

Recently, different researchers are active to find the sharp bounds of #;,(x ) for a different
family of functions. For instance, Cho et al. [22, 23] computed bounds of the second Han-
kel determinant of the classes of convex, starlike, and bounded turning. Compared to the
second and third Hankel determinants, the mathematical computation of the fourth Han-
kel determinant is significantly more difficult. For specific classes of univalent functions,
Babalola [24] calculated the third Hankel determinant in 2010. See the following articles
for more details [25-28].
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After that, a number of researchers examined the third Hankel determinant for different
subclasses of analytic and bi-univalent functions using the same methodology. Zaprawa
[29] in 2017 investigated third Hankel determinant for two basic subclasses of univalent

functions class as follows:

1 if x € §* (class of starlike functions)

’HS,I(X” b .

2 if x € K (class of convex functions)
But in [30] authors improved the above result in the year 2018 and proved that |H31(x)| <
g, (x € §*). In 2021, Zaprawa et al. [31] again improved the result of [30] as follows:

5
’7'13,1(X){ = 9 X €S™

For the analysis of power series with integral coefficients and singularities, H;,(x) is very
helpful. Numerous technological studies have made use of Hankel determinants, particu-
larly those that depend mainly on mathematical approaches. Readers interested in under-
standing how the solutions to the above listed problems make use of Hankel determinants
ought to read [32-40].

Let As denote the class of sigmoid functions having the form (see [41])

x3@) =z+ ) SW)d,2", (1.5)
n=2
where
2
S() = , v>0. (1.6)
1+eV

From (1.6) we see that 3(0) =1 and A, = A.

Definition 1.1 [42]. The Sildgean type differential operator S : Ay — Ay is defined by

Sixx(@) = xx@),  S'x(@)=zx3(2), ...,
S"xx(2) = 28(S" " x3(2)), (1.7)

where x3(z) € Ay, m € NU{0}. It is easy to prove that if

oo

x3(2) =z + Z SWd,z" € As,

n=2

then
o0
§"x3(2) =z + Z n"3I()d,2".
n=2

Remark 1.2 When J(v) = 1, we have the Silagean differential operator [43].
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Here we define a new class of bounded turning functions connected with modified sig-

moid function and sine functions as follows.
Definition 1.3 A function x5 € R (3), where xy is of the form (1.5), if

(SmX3(Z)), < 1 + sin(z), (1.8)
or it can be defined as

5" x5 (2)

< 1 +sin(z).

When v =0 and m = 0 in Definition 1.3, we get a known class proved in [44].
When m = 0 in Definition 1.3, we get the following function class.

Definition 1.4 A function xx € Rn(3), where x5 is of the form (1.5), if
x5(2) < 1+ sin(2). (1.9

2 Setof lemmas
Lemma 2.1 Let the function p be of the form (1.2), then

lenl <2, n>1, (2.1)
[Cnik — MCnck| <2, for0O<p <1 (22)
lemen — kel <4 form+m=k+1, (2.3)
|c,,+2k - ucncﬂ <2(1+2u) forueR. (2.4)
2 2
c 7|
- — 2—-—, 2.5
C2 5= ) (2.5)

for complex number 1, we have

|2 — 3| <2max{1, 12n - 1]} (2.6)
For the results in (2.1), (2.5), (2.2), (2.4), (2.3), see [45]. Also, see [46] for inequality (2.6)
Lemma 2.2 [47]. Let the function p € P be given by (1.2)), then

|C3 —2Bcicy + DC§| <2,

0<B<1, and B(2B-1)<D<B.
Lemma 2.3 [48, 49]. Let the function p € P be given by (1.2)), then

20, =ci + x(4 - c%)
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and
dez = + 2(4 - cf)clx - (4 - cf)clx2 + 2(4 - Cf)(l - |x2|)z,
where x,z € C with |z| <1 and |x| < 1.

Lemma 2.4 [50]. Consider the function p € P of the form (1.2),0<y <1,0<a < 1, and

8y(1-y){(@B-21)*+ (aly +a) - B)*}
+a(l-a)(B - 2)/0:)2

<4’y (1-a)(1-y). (2.7)
Then
4 2 3.2
)‘bl + ]/b2 +20b1b3 — Eﬂblbg —by| <2. (28)

We divided our paper into four parts. In Sect. 1, we give some basic definitions includ-
ing some subclasses of analytic functions, such as starlike, bounded turning, and convex
functions, also we give the definitions of the Hankel determinant, the modified sigmoid
function, and the sine function. Inspired by the above mentioned work, we create new
classes of analytic functions related to modified sigmoid function and sine functions. Also
we consider the Salagean type of differential operator and define a new class of analytic

functions. In Sect. 2, we use known lemmas to prove our article’s main results. For func-

tions x in the classes R (I) and Rin(S), we first calculate the initial coefficient bounds,
Fekete—Szego problem, and the second, third, and fourth Hankel determinants in Sect. 3

and highlight some known results.

3 Main results

Main findings for the function class R ().

Theorem 3.1 If x5y € R”

sin

(I) where x5 has the form (1.5), then

|da| < m (3.1)
|d3| < m (3.2)
4l = s (33)
|ds| < m, (3.4)
where J(v) is given by (1.6). The results are sharp.
Proof Let x5 € R (3), then from relation (1.8) we have
(8" x> (z))/ =1+ sin(w(z)), (3.5)

where w is a Schwarz function.
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Now consider a function p such that

1+w(z)

1-w(2)

plz) = =l+ciz+Cz2+c2+--+, (3.6)

then p € P. From (3.6), a simple computation yields

c1z+cz? + e+

w(z) = .
2+ €12+ 2% + 323 + -+

From (1.8), we can write

(S"x3(2)) = 1+2(2"3())daz + 3(3"3(v))d32*

+4(4"3(v))daz® + 5(5"3I(W))dsz* + -+ . (3.7)

By using the above values and after simplification, we get

1 2 5¢3
1+sin(w(z)) =1+ Jaz+ (%2 - %)22 + (ﬁ - % + %3>Z3

From (3.5), (3.7), and (3.8), it follows that

d, = m (39)

ds = m<% - Z—%) (3.10)
and

ds = 5(5’”2(1/)) (%Ci - % - % " 561%662 " %) (312)

Applying relation (2.1) in (3.9), we obtain

]
% = S sy

Using relations (2.1) and (2.5) on (3.10), we obtain

2

B 1 (o
%1 = semsen |2 2
1 lc1]?
= 53730) <2 B T)

1
3(373(v))
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Rearranging (3.11) gives

1 C3 C1Cy 5 3
g = —— |2 22, 23
a@3e)|2 " 2 T oa
= |es—2Bere, + D3,
8@ 3(v)) [e5 ~2Berea + D

Let

1
B=- and D:i.
2 24

We can observe that 0 < B and B(2B — 1) < D < B. Therefore, using Lemma 2.2 leads us to

1
|da| < 1@30)

From (3.12) it follows that

dj-— L [P G _as sdo o
T EGBmIw) |32 4 2 6 2
or
1 1 c? cic3 3 (5c%c,
ds| = ———|—ct+ 242 == )-S5 ) -¢
s 10(5"’3(1/))‘16 175 ( 2 ) 2( 24 *
1 4 2 3 2
= W Acy +ycy +2acic3 — 555152 —Cql,
where
L1 1 1 4 5
=—, = -, o=-, = —,
16 =3 2 24

We see that 0 < ¥ <1 and 0 < @ < 1. Now we calculate inequality (3.1), we see that

8y(1- ) (@B -21)+ (aly +a) - )’} + (1 —a)(B - 2ya)?

<4o’y(l-a)*(1-y),

where

49

2
(aly +a)-B) =6

8y(l-y)=2,  (@f-24)"=

)

2304’

sy (L-a(l-y) = —.

2__ "7
o« =e)(f = 2ye)” = 300 16

By using Lemma 2.4, we get

1
|ds| SW
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For n = 2,3,4,5, we take the function y,(z) =z + - - -, such that
(S"xns(@) =1 +sin(z""), zeE,
then

(SmX3(Z)), <1 +sin(z)

and x5 € R, (), where
® o E (3.13)
s2)=24+ ——2"+---, zE€E, ‘
"o 202"3(v))
1 3
=Ztsgmen’ T b 3.14
x33(2) =z + 3(3’”‘3(1»))2 + z (3.14)
® ! E (3.15)
Z)=2+ ——-—F—2 +---, z€E, ‘
Ko 2@ W)
1 5
A N T A 3.16
x53(2) =z + 5(5’"S(v))z + z (3.16)
which shows that the bounds are sharp. .

For m = 0 and v = 0, we get the known sharp result proved in [44].

Conjecture 3.2 Ifa function x5 € R

sin

() is of the form (1.8), then

1
d| < W Jorn>6, (3.17)

where J(v) is given by (1.6).

Theorem 3.3 Ifa function xy given in (1.5) belongs to the class Rn(S), then

1

d -
|da] < 530)

1 1
— d3| < ——, da] <
=%3m |ds| < 330) |da| <

1
—_— d=| <
a0) |ds| <

where J(v) is given by (1.6). The results are sharp for functions (3.13) to (3.16).

Proof Using the same procedure as we adopted in Theorem 3.2, we obtain the required
result of Theorem 3.3. O

Conjecture 3.4 Ifa function x5 € Rqin(3) is of the form (1.9), then

|dn| S = 6,

n3(v)’ "=
where J(v) is given by (1.6).

Theorem 3.5 Let x5 € R (). Then, for a complex number p,
3p(3"3(v))

ds — pd?| < SPS” V)
|4 = pdy| < 3( 4273 (1))

1
- 1,
373(1) ma"{

}, (3.18)

where 3J(v) is given by (1.6). The result is sharp.
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Proof Using (3.9) and (3.10), one may write

1
2| _
|ds - pd3| = 6(373(1))

o (4(2’”3(1/))2 + 3,0(3"‘2‘5(1/))) )
2 8(2"3(v))? gl

Application of relation (2.6) gives

3p(3"3(v))

1
’d3—,0d§’ = 7"137({1, W

~ 3(3"3(v)

|

For the sharpness of (3.18), we consider (3.13) with n = 2

1 2
)z +---, z€E,

XZ,S(Z) =z+ W

which gives equality in (3.18) when |p| > 43((23?48)))2 , namely

ol
ds — pd?| = |pd3| = ————.
o= rds| = o] = s
For |p| < 43((2;,1\158)))2 , consider
@ 7 E
Z2)=2+———2"+-++, z€E
X 3(373())
which gives
1 1 3p(3"3(v))
ds — pd?| = |ds| = = max{l,|——— | ¢.
45 = pds| =131 = 315550 = SEmw) { 4273 W)? :
Corollary 3.6 If x5 € R (), then for a complex number |p| < 43((2;,,3("3))2, we have
|ds — pd;| < . (3.19)
~ 3(3"3(v))

where J(v) is given by (1.6). This inequality is sharp.

Corollary 3.7 [44]. Let x € Rgin- Then, for a complex number p,

3p
e

Theorem 3.8 Let x5 € Ryin(3). Then, for a complex number p,

’dg - pd%’ < %max{l,

|ds — pd3| <

{1 0(33(1/))}
~ 33(v) ’

" (23())?
where J(v) is given by (1.6). The result is sharp.

Proof Using the same procedure as we adopted in Theorem 3.5, we get the required re-
sult. O
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Theorem 3.9 Let x5 € R” (3). Then

sin

1
2
|ds d\-g@;@@g (3.20)

where J(v) is given by (1.6). This inequality is sharp for the function

1 3

- -, e E.
33730 z

x3(2) =z +

Proof From (3.9) and (3.10), we have

1|1, 36"3W)
5( ’ (m(v))z)c

|ds —d?| =

B 1
T 6(373()) ez -

where ¢ = l(1 +32 27*1*( ) ) since v> 0and 0 < ¢ < 1. Now, by using (2.2) forn =2 and k = 1,
we obtain (3.20). O

Theorem 3.10 Let xx € Rin(S). Then

| = 3| <

1
33(v)’
where J(v) is given by (1.6). This inequality is sharp for

z3+~~~, zeE.

1
xdd=Z+3$w)

Proof Using the same procedure as we adopted in Theorem 3.9, we obtain the required
result of Theorem 3.10. O

Theorem 3.11 Let x5 € R” (3). Then

sin

I@@—M_4wi®) (3.21)

This inequality is sharp for

(2) - . E
X3 =2+ gyt #eb

where J(v) is given by (1.6).

Proof From (3.9), (3.10), and (3.11), we have

(4(4'” 5(v)) +5(2"3(1))(3"3(v) ) ‘
192(273(v))(3"3(v) (43 (v))

(s (L)
262 MERM@) )% 8@

|dads —dy| =
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By using the applications of Lemma 2.3, and after some simple calculations, we get

1
dods —dy| < ————.
o~ do| < s
This completes the proof. d

Corollary 3.12 [44]. Let x € Rgn (m=0and v=0). Then
1
|dads — da| < R
This inequality is sharp for
@)=zt 12
=z+—Z .
xa@)=z+ 7
Theorem 3.13 Let x5 € Rin(S). Then

1
|dads — da| < ")

where J(v) is given by (1.6). This inequality is sharp for

1

4., zeE.
43(v)

Xa3(2) =z +

Proof Using the same procedure of Theorem 3.11, we obtain the result of Theorem 3.13.
Remark 3.14 For v =0, in Theorem 3.13, we get known result proved in [44].

Theorem 3.15 Let x5 € R” (). Then

sin

1
-d? _ 3.22
oy | = G (322)

This inequality is sharp for

1 3
sz2)=2+——2"+---, z€E,
x33(2) 33"30))

where J(v) is given by (1.6).

Proof From (3.9), (3.10), and (3.11), we have

’d2d4 - d;’ = ’C(m, v)eies — B(m, v)ciey — D(m, v)c% — A(m,v)c}

’

where
5 1
A(m,v) = 0@ I0) Dlom,v) = 32(3"3(v))?
1
C(m,v) =

32(2"3I(v))(4"3(v))’

Page 12 0of 18
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B,y - 28730~ 8QTION@"S ()
" 288 @R )T WP

Using Lemma 2.3, we obtain

T, (m, 1/)0‘1L + Ty (m, v)c% (4 - c%)x - (3’”3\(1/)) T5(m, V)cfx

|dads — d2| = (- - -)i-k? |
T1282730)@3() | T44EPIW)P T TR 0) @)

where
T - ! T.
1mY) = Ssemmy@nm) ~ 2@
15373(1))? — 16273 (1)@ 3(1)) 1
’ < 2304(23(1) (43 (1) (3" (1)) > T 14433 W)?

To(m,v) = ((3"30)* - (2"3W) (4"3())),

(9(3"3(1)* - 8(2"3I(1)("I(v))

Talm. ) = s @S ERW)?

Let |z| =1, |x| =t, t € [0;1], |c1| = ¢ € [0;2]. Then, using the triangle inequality, we get

dads
< \Tl(m, V)|c4 + |T2(m, v)|c2 (4 - cz)t + (SV”S(V)) T3(m, V)cft

(4-c3)cit? (4-c})?t? c(4—cA)(1-t?)
T 128273 ()@ () | 144B7I()? | 144273 (1)) @S (v))

=H(c,t).

Taking the derivative of H(c, ) w.r.t.,, t we get

8H8(z’ i = | Ta(m,v)|*(4 - &) + (3"I(W)) | T3(m,v)|c}
72(3m3(v))?
>0,

which shows that H(c, ¢) increases on [0, 1] with respect to ¢. That is, H(c, ) has a maxi-
mum value at £ = 1, which is

max H(c,t) = H(c, 1)
= | Ty (m,v)|c* + | To(m,v) | (4 - ¢*) + (3"3(v)) T3 (m, v)c?

(4 - c?)c? (4 - c?)?
T 128273 () @3 () | 144373 (1))
=G(c).

Differentiation gives

G (c) = 4|T1(m, v){c3 + |T2(m, V)‘SC + 2(3”‘1‘5(1/))|T3(m, v)|c
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8c—2c¢%-2c2 4c(4 - ?)
T 128273(1) @3 () | 144373 (1))

<|T2(m v)[8 +2(3"3(1))| T5(m, v)|

16 8
T 14437302 128(2’”3\(1/))(4’"3\(1/)))0

|T ( )\ 1 1 3
* ( WY 1083 ) @ 3(v) | 144373 (V))2)
If G'(c) = 0, then the root is ¢ = 0 and

2 _ (sz(Wl V)|8 + 2(3m S(V))|T3(W1, )| - 144(3rln6~(v))2 12802 (8))(4m“( )))

1 1
AT (m,v)| - 12827M3() (@) 144(3"13(1/))2)

Again, taking the derivative of G'(c), we have

G"(0) = | To(m,v)|8 + 2(3"3(v)) | T3(m,v)|

16 8
T 12437302 T 128273 (1) @)
3(|7,0m.) 1 1 )
(‘ 1m )] - 1282730 @ 3() 144(3’”S(v))2>c '
We see that
G’(0)<0

so the function G(c) can attain the maximum value at ¢ = 0; which is

1
2
s~ 5| = Sy

This completes the result. d

Theorem 3.16 Let xx € Rin(S). Then

1
2
’dzdz; - d3’ < 9(3(1/))2,

where J(v) is given by (1.6). This inequality is sharp for

z3+---, zeE.

1
s(2)=z+
x35(2) = 330)
Proof Using the same procedure as we adopted in Theorem 3.15, we obtain the result of
Theorem 3.16. O

Theorem 3.17 Let x5 € R” (3). Then

sin

1 1

10| = s ETSER * W@ Sm@ )
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1
T 156m30) 33 m)’

where J(v) is given by (1.6).
Proof From (1.4), it is easy to see that

Hs,1(x) = d3(dads — d3) + da(dads — ds) + ds (d3 — d3),
where d; = 1. This implies that

\Hs,1(x)| < |ds||dods — d3| + |dul|dads — du| + |ds5||ds — d3 .

By using (3.1), (3.2), (3.3), (3.4), (3.19), (3.21), and (3.22), we have

1 1
(3m3(v))(3"m3(v))? * 16(4"3(v))(4"3(v))
+ 1 5

15("3(1))(3"3(v))

|Hs31(x)| < 57

which is our required result. O

Theorem 3.18 Let xx € Rin(S). Then

1 1
[Hz1(x)| < 27(3()) * 16(3(v))?

1
TR0

where J(v) is given by (1.6).

Proof Using the same procedure as we adopted in Theorem 3.17, we obtain the result of
Theorem 3.18. O

Remark 3.19 For m =1, v =0, in Theorem 3.18, we get known result proved in [44].

4 Bound of |H,1(x)| for the functions class RT} (3) and R ()
First of all we can deduce the form of Hy;(x) from (1.3) in the following way:
Hy1(x) = d7 (H31(x)) — 2dsds(dods — dy) — 2dade(drds — d3)
- dé(d?, - d%) + dg(dzdz} + ng) + dé(dzdz; - d%)
- dg + di - Bdgdids (41)

We need the following simple result for the function class R (), that is, if x € R (J)
of the form (1.8), then

’d2d4+2d§| < |d2d4—d§‘ +3|d3|2
4

= W . (4.2)
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Now we move towards the forth-order Hankel determinant.

Theorem 4.1 Let x, € RY (3). Then

sin

H. < ;
[Haa(x)] < 773 (0)) (27(3m~3(v))(3'"*3(1/))2

1 1
T T6@m ()@ 3w) 15<5m3(v)><3m3(v)>>
1
10843 (1) (6" (V) (3" (1))2
1
T 12053 (1) (6" (V) @3 ()
1 1
T 10837 3(M)6"3M)? | 225373 (1)2(573())?
1
T 5433 ()2 (5" 3 ()2
1 1
T 12567303 | 2563 (1))
1
 80(3"3(1)) (4 3(1)2(5"3(v))

where J(v) is given by (1.6).

Proof Taking modulus on both sides of (4.1) and then applying the triangle inequality, we

obtain

\Ha1 ()| < Id7||Ha,1(x)| + 2|dal|ds||dods — d5 | + 2|ds)||de||dods — dal
+ |d6|2’d3 —d%‘ + |d5|2‘d2d4, —d%‘ + |d5|2’d2d4, + 261?2)}
+ds|® + |dal* + 3|ds]|dal*|d5).

Now, by using (3.1), (3.2),(3.3),(3.4),(3.17), (3.20), (3.21), (3.22), and (4.2), we get the re-
quired result. d

Theorem 4.2 Let x, € Rqin(3). Then

|Hai(x)] < ! ( ! + ! + ! )
' 730 \27GW)? T 16602 T 1530))
1 1
T 10830 T 1203()
1 1 1
T 108G T 22530)F 543 M)
1 1 1

T 125007 | 256(30)F  80(3()*

where 3J(v) is given by (1.6).

Page 16 of 18
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Proof By using a similar method as we adopted in the above theorem, we get the required
result. O
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