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1 Introduction
The aim of this paper is to present several results on the global existence, uniqueness and
attractivity of the following fractional differential equation:

RpPx(t) = Ax(t) + f(t,%(t), ¢ € (0,+00),

s (1.1)

ol; " x(8)l =0 = %o,
where ng is the Riemann-Liouville fractional derivative with the order g € (0,1), A :
D(A) € X — X is the infinitesimal generator of a compact Cy-semigroup {S(¢)}:>o.

The attractivity of solutions plays a significant role in describing the properties of differ-
ential equations. Many researchers have investigated the attractivity of solutions of frac-
tional differential equations. For instance, Furati and Tatar [5] proved that solutions of
fractional differential equations with weighted initial data exist globally and decay as a
power function. Kassim, Furati, and Tatar [10] studied the asymptotic behavior of so-
lutions for a class of nonlinear fractional differential equations involving two Riemann-
Liouville fractional derivatives of different orders. Gallegos and Duarte-Mermoud [6]
studied the asymptotic behavior of solutions to Riemann-Liouville fractional systems.
Zhou [26] studied the attractivity of solutions for fractional evolution equation with al-
most sectorial operators. Tuan, Czornik, Nieto and Niezabitowski [22] presented some
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results for existence of global solutions and attractivity for multidimensional fractional dif-
ferential equations involving Riemann-Liouville fractional derivative. Sousa, Benchohra,
and N’Guérékata [18] considered the attractivity of solutions of the fractional differen-
tial equation involving the v -Hilfer fractional derivative. For more references, we refer to
1, 15,19, 20].

Since weakly singular integral inequalities are well-known tools for proving the exis-
tence, uniqueness, stability and attractivity of integral evolution equations and fractional
differential equations, many scholars have begun to study weakly singular integral in-
equalities and have obtained several versions of weakly singular integral inequalities. See
[3,8,9, 12, 13, 16, 21, 23, 28] for more details. Especially, Zhu [28-31] studied several
results on the existence and attractivity for the following fractional differential equations
with Riemann-Liouville fractional derivative in R:

RpPx(e) = f(t,x(2)), t€(0,+00), 02
limy_ o+ £1Px(2) = xo. '

Zhu presented some weakly singular integral inequalities to prove the main results under

the following boundedness conditions

f (t,%)| < U(®)|x] + k(2), (1.3)
[f(t,x)] < 1(@®)lxl", (1.4)
[f(t,x)] < 1) |x" + k(2), (1.5)
[f (t,%)| < i) (7 1x]), (1.6)

where u € (0,1],/, k € C((0, +00), R,) ﬂL{DC,I_ﬁ([O, +00),R,) (p > %) and nonnegative non-
decreasing function w € C([0, +00), R,) with lim;_, ;oo ﬁ =K(0< K < +00).

In this paper, by exploiting the Leray-Schauder alternative fixed point theorem and some
weakly singular integral inequalities in Banach spaces, we first prove the existence of global
mild solutions of problem (1.1). We also prove that there exists a unique mild solution of
problem (1.1). Furthermore, we show that the mild solutions of problem (1.1) are globally
attractive. Our results generalize and improve the results existing in literature. Finally, we
provide several examples to illustrate the applicability of our results.

Below we will describe some of the new features. First, our problem is the natural gener-
alization of many well-known works on the existence and global attractivity for fractional
differential equations in finite-dimensional spaces. Second, some boundedness conditions
of the nonlinear term are considered to obtain the main results that generalize and im-
prove some well-know works. Instead of conditions (1.3)—(1.6), we deal with more general
conditions in the Banach space:

If&.x)| < i@ (e xl), (1.7)
|V(t,x) || < l(t)w(tl’q||x||) + k(t), (1.8)

where [,k € C;_5((0, +00), R,) ﬂL’ZOC’lfﬁ([O, +00), R, )(p > %). Third, we obtain several use-
ful nonlinear weakly singular integral inequalities in Banach spaces, which can also be used
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to control some problems. Fourth, problem (1.1) reduces the problems of first-order and
Caputo fractional semilinear evolution equations and can be generalized to more com-
plex forms, for instance, fractional impulsive evolution equations and fractional evolution
inclusions.

The outline of this paper is as follows. In Sect. 2, we introduce some notations, defini-
tions, and useful lemmas. In Sect. 3, we present several nonlinear weakly singular integral
inequalities useful to prove the main results. In Sects. 4 and 5, we give some sufficient
conditions on the global existence and attractivity of mild solutions of problem (1.1). In

Sect. 6, some deduced results are given to illustrate our main results.

2 Preliminaries
In this section, we introduce some notations, definitions and lemmas which will be needed
later.

The norm of a Banach space X will be denoted by || - || x. For an interval J, let C(J, X)
denote the Banach space of all continuous functions from J into X equipped with the
norm |lx[|c = sup,; [*(¢)llx and LP(J,X)(p > 1) denote the Banach space of p-th in-
tegral functions from J into X equipped with the norm [x|z» = ( f] ||x(t)||’;(dt)ll7. Let
Cs(J,X) = {x : y(t) = tPx(t),y € C(J,X)} equipped with the norm lxlic, = sup{t? [|x(t) | x :
t €]} and let L’;(],X) = {w:y(t) = tPx(t),y € LP(J,X)} equipped with the norm ||x||L1;; =

(f] tP 1l (2) |15 dt)l% :t € J}. Obviously, the space Cg(J, X), LI/; (/,X) is Banach spaces. For a >
0, let Cy([a, +00),X) = {x € C([a, +00),X) : lim;_, ., x(¢) = 0}. It is clear that Cy([a, +00), X)
is a Banach space equipped with the norm |[x|lo = sup,,., o, [*(®)]l.

Definition 2.1 ([4, 11, 14, 17]) The Riemann-Liouville fractional integral of order 8 €
(0,1) for a function f : R, — X is defined by

TP S A
1O = s /0 (t - )P f(s)ds,

where I' is the gamma function.

Definition 2.2 ([4, 11, 14, 17]) The Riemann-Liouville fractional derivative of order 8 €
(0,1) for a function f : R, — X is defined by

d t
RDPF(E) = = /0 (6 - 5)Pf(s) ds.

r1-g

Definition 2.3 ([4, 11, 14, 17]) The Caputo fractional derivative of order 8 € (0,1) for a
function f : R, — X is defined by

§DLf(6) =D} ((2) ~£(0)).
Lemma 2.4 ([2], Corollary 5.3) Let u, ¢, Y and k be nonnegative continuous functions

on |a, b). Let w be a continuous, nonnegative and nondecreasing function on [0, +00), with
o(r) >0 for r >0, and let O(t) = max,<s<; ¢(s) and V(t) = max,<s<; ¥ (s). Assume that

u(t) < o(t) + v (t) /tk(s)a)(u(s)) ds, Vte]a,b]. (2.1)



Jiang and Xu Journal of Inequalities and Applications (2024) 2024:64 Page 4 of 21

Then
u(t) < W-l[w(cp(t)) + () / tk(s) ds} vt ela,T), (2:2)

where W (u) = flz) ﬁ dt, uo,u >0, WL is the inverse of W and

T = sup{t €la,bl: W(P() + \D(t)/tk(s)ds eDom(W),a<t< 7:}.

Lemma 2.5 ([28]) Let 1 < p < 00, ¢ and ¢ be continuous and nonnegative functions on

[0, 00), function | € LY, ([0, +00), R,), and u be a continuous and nonnegative function with

u(t) < M(t) + ¢>(t)(/t P(s)u” (s) ds) E, vVt € [0,00). (2.3)
0
Then
u(t) < M(t) + qb(t){M(t) exp (/tL(s) ds) }p, vVt € [0, 00), (2.4)
0

where M(t) = [, 27117 (s)¢? (s) ds and L(t) = 227 ()P (t).

Lemma 2.6 ([28]) Let0O<B<1,p> %, q="L,p eLf_ﬁ([O,l],R). Then

p-1
t 1-8
[ e

1 1 1
2748 p t v
57( f sp(lﬂ)|p(s)|pds> , Vie[0,1]. (2.5
0

1
(@B-q+1)1
Lemma 2.7 ([29]) LetO<fB<1,p> % q= ;ﬁ’ p € LY _4([0,1],R). Then
tror P PG t »
f(—) p(s)ds 571</ S”“"S)Ip(S)IpdS> , Vte[o,1], (26)
o \f=s (@B -gq+1)7 \Jo

and if0<t; <t, <1, then

ty t2 1-B t tl 1-B
/0<t2—s) ,o(s)ds—/o <t1—s) p(s)ds

1

1 1
2a(ty — ;)P a2 Z
< (—t1) : (/ Sp(lﬁ)|p(s)|pds>l9
(qg-g+1)7 \n
1

1

£ — ) 1+a(B-D | tl+q(/371) _ t1+q(ﬁ71) 7 t 5

+ (( 2 1) 1 2 ) % (/ Sp(lﬁ)|p(s)|pds) .
qq9-q+1 0

Lemma 2.8 ([31]) Let0<B<1,p> %, P € L per_p([1,+00), R) and

¥(6) = / (- 5P pls) ds.

Then y € C([1, +00),R).
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Lemma 2.9 ([31]) LetO<B<1,p> %, 0 eLlf_ﬁ([O,l],R) and

1
= — )P p(s) ds.
¥(0) /0 (£~ 9P p(s) ds
Then y € C([1, +00), R).

3 Nonlinear weakly singular integral inequalities
In this section, we study some nonlinear weakly singular integral inequalities that will be
useful to prove the main results.

Lemma 3.1 Leta,b>0,1>a0>8>0and0< B < 1,p>max{%,ﬁ}andq:%.Let
f:(0,T) x X — X be a continuous function, and there exists a function | € C((0, T),R,) N
L’Zoc’afa([o, T),R,) and a nondecreasing function v € C([0, +00), R,) such that

If &) < @)oo Ixll), V(Ex) € (0,T) x X.

Let u € Cy([0,T),R,) with

||u(t) H <at™ +bt? /t(t —g)f1 Hf(s,u(s)) H ds, Vte(0,T). (3.1)
0

Then

t
||u(t)||§t“{W1|:W(2p1ap)+2plcptp’31 / sPM)zp(s)ds“p, vte (0, 1), (3:2)
0

1 1
bra (z{(ﬂ—l)+1)F 9 (q(8-a)+1) , W(u) f

1 4o DPe l/p dt, ug,u >0 and
T'9(q(B-1)+q(8-)+2)

where c =

T = sup{t €(0,T): W/(21’_1a”) + 2P 1Bl
t
X / LI P(s)ds € Dom(W’l),O <t<Tt }
0
Proof Fort € (0,T),let v(t) = t*u(t). We get
t
||v(t) || <a+bt* / (£ —s)P1 Hf(s,s_“v(s)) H ds. (3.3)
0
Using the Holder inequality, we obtain
t
o] <as bt [ (-9 G0 (|us)]) s
0

ca b [ (=9t s s
0
1 1 (34)

<a+ b (/t(t_S)q(ﬁ—1)+1—1sq(5—a) ds) ‘ x (/tsp(a—a)lp(s)wp(nv(s) H) ds>ﬁ
0 0

<a+ ct1 </ts”(“‘5)l”(s)w”(||"($) ) ds) E'
0

Page 5 of 21
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Then

”v(t) ||p < oplgh 4 op-lppph-l /Otsp(“_a)lp(s)wp(”v(s) ”) ds. (3.5)
Let w(¢) = |[v(®)||”. Then

() < 21ap + 207 Pyl / P () (1 ) . (3.6)

0

Using Lemma 2.4, we obtain

n@) <wt [W(zp-lap) + 2P PPl /0 tsﬂa-‘”zp(s) ds} (3.7)
and

” u(t) H <t { wl [W(Zp_lap) + 0 Loyl /Otsp(“_a)lp(s) ds] }p. (3.8)
Thus, we complete the proof. d

The following conclusion is a consequence of Lemma 3.1 whenao =1- 8 and § = 0.

Corollary 3.2 Leta,b>0and 0< B <1,p> % and q = %.Letf:(O,T) XX — Xbea
continuous function, and there exists a function [ € C((0, T),R,)) N L’Zoc,l_ﬂ([o, T),R,) and
a nondecreasing function o € C([0,+00),R,) such that

If &) < i@ Plxl), Y(&x) €O, T) x X.

Let t1"Pu(t) be a continuous, nonnegative function on [0, T) with
t
”u(t) H <atP 't b/ (¢ —s)P1 Hf(s, u(s)) || ds, Vte(0,T). (3.9)
0

Then

1

t
(o) 5tﬂ-1{w-1[w(2p-lap)+2P-1cptpﬁ-1 x / spﬂ-f’)zp(s)ds“p,

0 (3.10)

Vit € (O; Tl)r

2
q

where ¢ = w, W (u) = f:o ﬁ dr, ug,u >0 and
I'7(2q(8-1)+2)

T = sup{‘l: €(0,T): W(2r'aP) + 207 PPt
t
X / IR P(s)ds e Dom(W‘l),O <t< 'C}.
0

We can also obtain the following results.
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Lemma 3.3 Leta,sz,1>a2820and0<ﬁ<1,p>max{%,ml+6}mqu:p%.Letl

1
be a nondecreasing continuous function on (0, +00) with [ € Lfocv_a([o, +00),R,)). Let t*u(t)
be a continuous, nonnegative function on [0, +00) with

|| <at™ + bt / (- 9P ) |u(s)] ds, Ve e (0,+00). (3.11)
0

Then

|u@®| < at™ + i {M(t) exp (/tL(s) ds) }p, V¢ € (0, +00), (3.12)
0

where M(t) = ZP‘lan(;s‘p‘slp(s) ds, L(t) = 207 ePePaP51IP(t), and c is defined as in
Lemma 3.1.

Proof Let v(t) = t*u(t). Using (3.11) and the same procedure as in (3.4), we get
t
||v(t) || <a+bt*? / (¢ —s)P1(s)s™ ||V(s) || ds, (3.13)
0

and

VO] <a+eal? ( /0 v ds) g (3.14)

It follows from Lemma 2.5 that

Iv®)| <a+ 1 {M(t) exp </tL(s) ds) }p, Vt € [0, +00), (3.15)
0

which completes the proof. 0

Lemma 3.4 Let a,b > 0, 1>az820,0<y<1and0<ﬂ<1,p>max{%,ﬁ}
and q = 1%. Let I be a nonnegative nondecreasing continuous function on (0, +00) with

le L"Zoc,(l_y)a_(3 [0, +00). Let t*u(t) be a continuous, nonnegative function on [0, +00) with
t
||u(t) H <at™ +bt? f (£ —s)P1(s) Hu(s) ||y ds, Ve (0,+00). (3.16)
0
Then

1

t 20—
H”(t)” <t [2(”_1)(1_V)a1’(1_y) +(1- y)zp—lcptpﬂ—l x / Sp(l—y)a—pSIP(s) ds:| o V), (3.17)
0

forall t € (0, +00), where c is defined as in Lemma 3.1.

Proof Let v(t) = t*u(¢). Using (3.16) and the same procedure as in (3.4), we get

[ < a+bee? / - s )| ds, (3.18)
0
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and

. 1
VO] <a+ca? ( / FUIDB P (5) [o(s) |7 ds) g (3.19)
0
Then from (3.19), we know
t
”v(t) ||p <owlgry 21’_lcptpﬁ’1/ sPA=V)epipp (o) Hv(s)HPV ds. (3.20)
0

Using Lemma 2.4, we get

1

I-y

t
||v(t) ”P < |:2(P—1)(1—V)ap(1—)/) +(1- y)zp—lcptpﬂ—lf Sp(l—y)a—wlp(s) ds] . (3.21)
0

Thus, we complete the proof. d

4 Global existence
In this section, we present the existence and uniqueness results for problem (1.1).

Definition 4.1 A function x € C;_g((0, T, X) is called a mild solution of problem (1.1) if
it satisfies the following fractional integral equation

x(t) = tP71S g ()0 + / t(t -8)P 1St - s)f (s,x(s)) ds, Vte[0,T],
0
where

Sﬂ(t):ﬂ/() 0&5(0)S(¢0) db, £5(0) = %9—1-%@3(9-%),

wp(0) = % ;(—1)”_19_”’3_1w sin(nrrg), 6 €(0,00),

&(0)=0, 6¢€(0, oo),/oooéﬁ(e)de =1.

Lemma 4.2 ([16, 27]) If the Cy-semigroup T(t)(t > 0) is uniformly bounded, then the op-
erator Sg(t) has the following properties:
(@)
|Ss(@)x| < M lxll, VxeX,t>0,
T'(q)

where SUPye o) I T(8) | < M < 05
(if) Sp(t)(t = 0) is strongly continuous;
(iii) Sp(t)(t > 0) is compact if S(t)(t > 0) is compact.

Theorem 4.3 Let p > % and q = 1%. Suppose [ : (0, T] x X — X is a continuous func-
tion, and there exists a function | € C,_g((0, T],R,) ﬂL‘ffﬁ([O, T1,R,) and a nondecreasing
function w € C([0, +00),R,) such that

If (&%) <O (EPlxl), VY(Ex) € ©O,T] x X.
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Then problem (1.1) has at least one mild solution in C,_g((0, T], X) provided that

t
W (27 o |P) + 277 P PPt / s?PP(s)ds € Dom(W™), Vte(0,T],
0

where ¢ = 7MN( B0+ Wy =

I'(@r a (29(B-1)+2)

fuo wﬂ(r“ﬂ dr, ug,u > 0.

Proof Define the operator G : C,_g((0, T],X) — C1_5((0, T],X) by

t
Gx(t) = tﬂ_ISﬂ(t)xO + / (t- s)ﬁ_lS,g(t - s)f(s,x(s)) ds. (4.1)

0
Step 1. We will prove that G is compact. To see this, let 2 € C1_g((0, T'], X) be bounded
and ||x]l1_g < R for each x € Q with some R > 0. We will show that t'PG(Q) is uni-

formly bounded and equicontinuous on [0, T']. First, we prove that £:~#G(2) is uniformly

bounded. For x € 2, we have

| # Ga(t H_F ol + H/ (¢ - 5P f (5,%(s)) ds

M 1 1\70-8) .
_F(q)” *oll + F(ti)(/ (Tf}) dS)

x ( / U0 (51 4(6)]) ds)”
0

L ﬁ—1+l ¢ 1
M 24 R)t
< ——|lxoll + (R) ); (/ AP () ds)p
q

ra F@)(gB-1+1
M B-1+1 T 3
< %onn ;2 e®T - (/ AP (s) ds) .
1 T(@)(q(B-1) +1)4

This proves that the set £'#G() is uniformly bounded. Second, we prove that ' # G(2)

is an equicontinuous family. For anyx € ,let 0 <¢; <, < T, we get

677 Gx(tr) - £ 7F Ga(ty)|

M ty t 1-B a f 1-8
-tall, <t2_s) £(s,%(5)) ds—/o <t1 _S) f(s,x(s))dsH

M| N\ 42)
< T 0 ((E) B (tl—s) )f(S,x(S)) ds

M

ty tZ 1-p
[(G%) e

Since [[f(t,x(1)]| < i) (P |x(D)]]) < I(t)w(R) and [ € C1_p((0, T, R,) N LY_4([0, T],R,).
By Lemma 2.7, we know that the right-hand side of (4.2) tends to zero as t, — t;. There-

fore, ' G(R) is an equicontinuous family. From Lemma 4.2, it follows that ' #G() is
relatively compact for each ¢ € [0, T].
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Step 2. We now show that G is continuous. Let x,, — x in C,_g((0, 7], X). Then there

exists r > 0 such that ||x,[l,-g < r and ||x||;_g < r. For every s € (0, T], we have

Sf(5,24(5)) = f(s,%(s)) asn— +o0

and

1-p

1-p
(tfts) [f (s,2u(5)) = f (S»x(s))||52w(f)(ttfs> 1(s). (4.3)

Sincel € C1_4((0, T],R) ﬂL’f_ﬂ([O, T],R), using (2.6) in Lemma 2.7, we know that the func-

tion

t—s

t \'*
s—>2a)(r)(—) I(s)

is integrable for s € (0, £). Then we deduce that

Therefore, t'#Gx,(t) — t'"# Gx(t) pointwise on [0, T] as n — +00. With the fact that G
is compact, we get that G: C;_g((0, T],X) — Ci_5((0, T, X) is continuous.

Step 3. We shall prove that the set A = {x € C;_g((0, T],X) : x = AGx for some 0 < A < 1}
is bounded. Indeed, for x € A, one has

[[(5) oni-stsso)as

— 0 asn— +00.
t—s

()] Smtﬂ kY o||+m/ (=) |f (s,x() | ds

5% gy 0||+—/(t—S)’3 ()5 [x(s) ) ds

Using Corollary 3.2, we obtain

£ ?
®| < tﬂ 1{W‘ [W 2771 x0 1P +2p_lc”tpﬁ‘1/ s”(l_ﬂ)l”(s)ds“ ,
lo = I(g) (2 lkoll) 0 (4.4)
vVt € (0, T],
and
M r ’
llll1_p < o ){Wl[w(zf“ lloI7) + 27~ cP PP / sPW)lP(s)ds” ) (4.5)
0

Then the set A is bounded.
Finally, by applying the fixed point theorem in Theorem 6.5.4 in [7], the operator G has
a fixed point x € C;_4((0, T'], X), which is the mild solution of problem (1.1). O

Now we investigate the existence of global mild solutions of problem (1.1).
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Theorem 4.4 Let p > % and q = p%l. Suppose f : (0, +00) x X — X is a continuous func-

tion, and there exists a nonnegative function | € C((0,+00),R,) N L{m_ﬁ([o, +00),R,) and

a nonnegative nondecreasing function o € C([0, +00),R,) with lim;_, , ﬁ =K(0<K <

+00) such that
If &) < i@ Plxl), V() € (0,+00) x X.
Then problem (1.1) has at least one global mild solution in C;_g((0, +00), X).

Proof Letting (u(f) = (tl% ), we know

t t
lim — = lim ——— =K?. (4.6)
t—+00 M(t) t—+00 a)P(tf)

Since f;ooo % dr is divergent (ug > 0), from (4.6), we get that f;ooo ﬁ dr is also divergent.

Since W (u) = f;:) ﬁ dr = f’ZJ W dt, then we get [0, +00) € Dom(W 1) and

t
W(2”’1||x0||p) + 2P 1 pyphl / PP p(s)ds e Dom(W‘l), vt € [0, +00),
0

where c is defined as in Theorem 4.3.

For any T > 0, from Theorem 4.3, we know that problem (1.1) has at least one mild so-
lution in C;_g((0, T'], X). Since T can be chosen arbitrarily large, then problem (1.1) has at
least one global mild solution in C;_g((0, +00), X). Thus, we complete the proof of Theo-
rem 4.4. O

From Theorem 4.4, we can immediately obtain the following conclusion.

Corollary 4.5 Let O <y <1, p > % and q = }%. Suppose f : (0,+00) x X — X is

a continuous function, and there exist nonnegative functions I,k € Ci_g((0,+00),R,) N
L{oc,l_ﬂ([or +OO), RJr) Such that

If &%) < U@Ixl” + k@), VY x) € (0,+00) x X.

Then problem (1.1) has at least one mild solution in C,_g((0, +00), X).

Proof Since

If&x)| < B Pue)(EPlixl)” + k@) < (Vi) + k@) ((EPIxl)” +1), 47
then we know

L) =P (P10 + k() = (PP + P k(o) 1 e LY, ([0, +00), R,),

and if 0 < y < 1, then

im = +00; (4.8)
t—>+o0 Y + 1
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if y =1, then

t
lim =1. (4.9)
t>+o0 t¥ +1

Applying Theorem 4.4, we know that problem (1.1) has at least one mild solution in
C1-(0, +00). Thus, the proof is complete. d

Theorem 4.6 Let p > %

tion with and f(-,0) € L§_, ,.[0,+00), and there exists a function | € C_g((0, +00), R,) N
LILaoc,lfﬂ([Oy +00),R,) such that

and q = 1%. If f:(0,+00) x X — R is a continuous func-

Hf(t,x) —f(t) ” <I®)lx-yll, VxyeR,te(0,+00).
Then problem (1.1) has a unique mild solution on (0, +00).

Proof We know

lf@&0] < [f &2 -f&0)| + [f&0)] < UD)lxll + |[f(z,0)]. (4.10)

Since f(-,0) € L’Zoc‘lfﬂ([o,+oo),X) and [ € Cy_g((0, +o0), Ry) N L’Zoc‘lfﬂ([Oﬁoo),]RJr), ap-
plying Corollary 4.5, we know that problem (1.1) has at least one mild solution in
C1-5((0, +00), X). We suppose that x;, x; are two global mild solutions of problem (1.1).
Then

1

- ! Bl B
F(q)/o“ 9P (f (5,1(5)) —f (s, 22(s))) ds

o (6) = x2(8) | = H

< %q) /ot(t =5)"7H(s) 21 (5) — 22(s) | .

Using Theorem 3.3, we can get x; (t) = x3(¢). Thus, the proof is complete. (]

5 Global attractivity
Definition 5.1 The mild solution x € C;_g((0, +00), X) of problem (1.2) is said to be glob-
ally attractive if lim;_, ;oo x(£) = 0.

The main result in the section reads as follows.

Theorem 52 Let 0 < B <y <1, 0<pu <1, p> %,1, k € Ci_((0,+00),R,) N
Lfoc‘l_ﬁ([o, +00),R,) be such that there exists a constant K > 0 such that

ti(t) <K, tYk(t) <K, Vtell,+o0).
Suppose f : (0, +00) x X — X is a continuous function and
If &) < @)lxl* + k),  ¥(tx) € (0, +00) x X. (5.1)

Then problem (1.2) has at least one globally attractive mild solution.
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For convenience, we first obtain several lemmas under the assumptions in Theorem 5.2,

which will be useful in the proof of the main theorem.

Lemma 5.3 Under the assumptions in Theorem 5.2, problem (1.2) has at least one mild

solution x, € C,_g((0, T, X) provided that T > 1 and M, = 17“:21;51}/—)?) <1.

Proof From (5.1), we have
If &%) < “CDue) (P Ixll)” + k(@) < (“P00e) + k@) (EPIIxll)" +1).  (52)

Let w(t) = t* + 1 and W(u) = f,Z) W dt = ,Z) m dt, where up,u > 0, then we get

[0, +00) C Dom(W1). Using Theorem 4.3, we know that problem (1.2) has at least one
mild solution x; € C;_g((0, T'], X) that satisfies the following integral equation

x1(8) = tﬁ‘lSﬁ(t)xo + /t(t - S)ﬁ‘lS,g(t - s)f(s,x1 (s)) ds, VYte(0,T]. (5.3)
0
O

Now let us define the operator F : Co([T, +00),X) — Co([T, +00), X) by the following

formula

T
(Fx)(t) = tﬁ_lSﬁ(t)xo + /0 (t - s)ﬂ‘lSﬁ(t - s)f(s,xl(s)) ds

+ /t(t - s)ﬁ’lS,g(t - s)f(s,xl(s)) ds,
T

where x; € C;_g((0, T],X) is a mild solution of problem (1.2) given in Lemma 5.3, and T
is as in Lemma 5.3. For convenience, we denote Ry = [|x1]l1-p = supg <t P21 (2)]].
Let R > 1 be sufficiently larger such that

M+ My(R* +1) <R, (5.5)

where M, is as defined in Lemma 5.3, and M, is defined in the following Lemma 5.4. Define

a set U as follows

U={xeCo(IT,+00)X) : Ixlo= _sup |+(0)] <R}. (5.6)

T<t<+oo

It is easy to see that U is a non-empty, closed, convex and bounded subset of Cy([T, +00),
X).

Lemma 5.4 Under the assumptions in Theorem 5.2, F maps U into U.
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Proof For any x € U, we have

[(Ex) @) < e llxoll +

M [T g1
F(ﬂ)/o (t—s) ||f(s,x1(s)) H ds
vt [ 6= 1) |
p-1 e B-1 Iz
=Tl + s f (T~ 9P (19 |r ()] + K(s)) s
(t —s)f1 (l(s) ||x(s) ||M + k(s)) ds

(5.7)
M
ry Jr

< TP YIxo ] +

F(ﬂ)/ (T —s)P- l[R”s‘“3 1l(s)+k(s)]

+ % /T (t-s)P'K(R" +1)s7 ds.

Using Lemma 2.6, we get

TP x|l +

T
FZE/;) /0 (T =) [Rs"PDi(s) + k(s)] ds

MTﬁ—lRH T T 1-p
= T ol + =g f ( E ) sP~Vi(s) ds
0 -8

MTPL (T NP
") o (T—s) K

oMT*- 1“R" T
< T ol + —1 ( f AR (s) ds)p
I'(B)gB—q+1)7

2510} !

+ —ZMT T ( / sPU-Pgp (s) ds)
L(B)gp -q+1)7

=M.

(5.8)

Since B < A, we get

MK@®*+1) (o MKR:+1) [f
—F(f}) /;(t s)P s dsfi[‘(ﬂ) /O(t )P s ds

_ MKR*+1)T(1-y) 4,

- TA+B-y) (5.9)
_MK®R A DA -y), 4,

T TA+p-y)

=M (R" +1).

Using (5.5), (5.7), (5.8), and (5.9), we get
|(Fx)(@®)| < My + Mp(R* +1) <R. (5.10)

Thus, ||Fxllo <R for any x € U.
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We now prove that Fx is a continuous function on [T, +00). Since
P |f(Hx )| < EPUD | | + P h(e) < REETMEP(E) + P k(2),

then we have f(-,x:(-)) € L’l’_ﬁ [0, T],X). Using Lemma 2.9, we get that fOT(o — 8)P7If (s,

x1(s)) ds is continuous on [T, +00). Since
If (& x@)| < 1@ |»@)|" + k(&) < R*L(e) + k(?),

where x € U, then f(-,x(-)) is continuous on [T, +00) and f(-,x(-)) € Lfoc’l_ﬁ([T, +00), X).
Using Lemma 2.8, we get that [.(- — $)P~1f(s,x(s)) ds is continuous on [T, +00). Therefore,
Fx is a continuous function on [T, +00) when x € U.

Now let us prove that (Fx)(t) — 0 as t — +o0. For any x € U, we have

T
(Ex)(®)] < 7 |xo0ll + F](V;) /0 (¢ =) |f (s.x1(5)) || ds

M (5.11)
M el
"I /T (t =) f(s,x(5)) | ds.
Using Lemma 2.6, we have
T
/0 (t =) f (s:1(5)) | ds
T ¢ 1-8
=t /0 (t—_s) I (s,0(5)) | ds
T T 1-8
= L (T - s) “f(s,xl(s)) H ds
(5.12)

T T 1-B T T 1-8
< RitP! / s"BV1(s) ds + £ / —_ k(s)ds
0 T-s 0 T-5s

P~y REB-1 [ [T 1
et (RO}
0

= 1
(@B —q+1)1
1 1
277 p Pt (T »
+ = : </ AP P (s) ds)p,
(@B —q+1)1 \Jo
then we get that

T
/ (¢ —s)P! |Lf(s,x1(s)) || ds— 0, ast— +oo. (5.13)
0

Page 15 of 21
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Moreover, we know

/‘t(t—s)ﬁ_1 If (s,x(5)) || ds < /t(t—s)‘g"ll(s) [x()[" ds + /t(t—s)""‘lk(s) ds
T T T

t t
sl(R“/ (t—s)ﬂ_ls_”ds+1(/ (¢ —-s)P 1577 ds
T T

, (5.14)
<K(R"+1) / (t-s)1s7 ds
0
_ KR* + 1)I(B)T (1 -y) by
F1+p-y)
Since 0 < B < y < 1, we get that
t
/ -9 |f(s,x(9) | ds > 0 ast— +oo. (5.15)
T
Using (5.13) and (5.15), we get (Fx)(¢) — O as t — +00.
Thus, F maps U into U. The proof is complete. d

Lemma 5.5 Under the assumptions in Theorem 5.2, F : U — U is completely continuous.

Proof Forany T1>T >1landx e U, let T <t <t, < T}, then we get

| (Ex)(e2) - Fo)@1)|
< |67 (Ex)(t) - &P (En)(e1) |

< |6 F)(5) -6 P E@)|| + |67 (@) - 67 (o)) |

T 1-8 T 18
() o [(2) s 519
1 ty t 1-8 4 ; 1p
T /T (t2is) f(S,x(s))ds—/T <tlis> f(s,x(s)) ds

+Rlg P -7

Using Lemmas 2.8 and 2.9, we can obtain that FU is equicontinuous on [T, T1]. From the
inequality (5.10), we know that (Fx)(¢) is relatively compact for any ¢ € [T, +oo) and x € U.
Using the proof of Lemma 5.4, we can get that lim;_, ;o |(Fx)(¢)| = 0 is uniformly for x € U.
Therefore, we get that the set FU is relatively compact.

We now show that F is continuous, that is x,, — x implies Fx,, — Fx. Since x,,(t) — x(t),
then f (¢, x,(2)) — f(t,x(t)) for t € [T, +00). Therefore, we have

(t - s)ﬂ_lf(s,xn(s)) — (t— s)ﬁ‘lf(s,x(s)), Vs e [T,t). (5.17)
Since [,k € C([T, +o0),R,) and

=97 f (s;%u(9)) | < (£=5)P"1(Us)||%nls) | +Kk(s)) < (=98P (R*U(s) + k(s)), (5.18)

Page 16 of 21
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then we have (t — -)#~f (-, x,(:)) € L'([T, t],X). From (5.17) and (5.18), using the Lebesgue
dominated convergence theorem, we have

—0

| (Ex,) () - (Fx)(2)]| = 1 t(t—S)ﬁfl[f(S;xn(S)) —f(s,x(s))] ds
e /-

as n — +0o. Therefore, (Fx,)(t) — (Fx)(f) pointwise on [T, +00) as n — +00. With the fact
that F is compact, then ||Fx, — Fx|o — 0 as n — +o00, which implies F is continuous.

Therefore, F: U — U is completely continuous. O

Lemma 5.6 Under the assumptions in Theorem 5.2, the following integral equation

T
x(t) = tﬂ_lSﬁ(t)xo + fo (t - s)ﬂ‘lS,g(t - s)f(s,xl(s)) ds
(5.19)

+ /t(t - s)’s’lS,g(t - s)f(s,x(s)) ds
T

has at least one mild solution in Cy([T, +00),X), where x; € C1_5((0, T1, X) is the mild so-
lution of problem (5.3), and T is as in Lemma 5.3.

Proof Using Lemma 5.4, Lemma 5.5, and Theorem 4.3, we have that the integral equation
(3.21) has at least one mild solution x, € Cy([T, +00), X). O

Now we give the proof of Theorem 5.2.

Proof of Theorem 5.2 We denote

x1(t) te(0,T],
x(t) tel[T,+00),

x(t) =

where x; € C1_4((0, T1,X) is a mild solution of problem (5.3), and x5 € Co([T, +00), X) is
a mild solution of the integral equation (5.19). From (5.3) and (5.19), we know that x is
continuous on (0, +00), and we have that x is the mild solution of the following integral

equation

T
x(t) = tﬁ’lSﬁ(t)xo + /0 (t- s)‘s’lS,g(t - s)f(s,x(s)) ds
(5.20)

t
+ / (t- s)ﬁ_lSﬁ(t - s)f(s,x(s)) ds.
T
From Theorem 4.3, we know that x is also a global mild solution of problem (1.2) and
lim x(¢) = lim x,(¢) =0.
t—+00 t—+00

Thus, the mild solution x of problem (1.2) is globally attractive. g

The following conclusion is a consequence of Theorem 5.2.
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Theorem 5.7 Under the assumptions in Theorem 5.2, problem (1.2) has at least one mild
solution x € C1_g((0, +00), X) and

||x(t) H = 5 x|l + o(tﬁ_”) ast — +00o, (5.21)
where B<y <y <1.

Proof From Theorem 5.2, we get that x € C;_g((0, +00), X) is a globally attractive mild
solution of problem (1.2). Since 0 < 8 < y1 <y <1, for ¢ > T, then we have

i 130 = %o
m ——
t—+00 7
< i J0=9 s x(s) 1 ds
t—+00 F(ﬁ)tﬁ—)’l

i P E=T O ds =9 I () s
t—+00 L (B)tPn t—+00 L(B)tPn

(5.22)

Using (5.12) and (5.14), we get

i 180 — ol
t—+00 -7 B

0.

Thus, () = t#"1xy + o(tP71) as t — +00. O

Remark 5.8 In fact, from (5.12) and (5.14), we get that the mild solution x of problem (1.2)
satisfies

2@ | < 8 lxoll + KitP ™ + KatP?, Ve [T, +00), (5.23)
where K; and K; are nonnegative constants.

Theorem 5.9 LetO<u<1,0<B<1l,y>B,p>1,8> 119 >2B-1,1€ Ca_uya-p((0,+00),
R,)N L’zw(l_m(l_m([o, +00),R,). Suppose that there exists a constant K > 0 such that

t'l(t) <K, Vtell,+00), (5.24)
and f : (0, +00) x X — X is a continuous function with

If &2 <@, Y& %) € (0,+00) x X.
Then problem (1.2) is global attractive.
6 Deduced results

In this section, we derive some deduced results for the following first-order and Caputo
fractional semilinear evolution equations

X () = Ax(t) +f(t,x(t)), te€(0,+00),
x(0) = xo.

6.1)
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EDPx(t) = Ax(t) + f(6,x(2)), ¢ € (0,+00), 62)
JC(O) = X0. '

Definition 6.1 A function x € C([0, T'], X) is called a mild solution of problem (6.1) if it
satisfies the following fractional integral equation

x(t) = S(t)xo + /tS(t —s)f(s,x(s)) ds, Vtel0,T].
0

Definition 6.2 A function x € C([0, T], X) is called a mild solution of problem (6.2) if it
satisfies the following fractional integral equation

x(t) = tﬁ‘lS};(t)xo + /t(t - s)ﬂ’lSﬁ(t - s)f(s,x(s)) ds, Vtel0,T],
0
where
Sy(t) = / £4(0)S(t"0) db.
0

Theorem 6.3 Supposef : (0, T] x X — X is a continuous function, and there exists a func-
tionl € C([0, T],R,) and a nondecreasing function v € C([0, +00),R,) such that

If &) < i@®o(lxll), Y(&x) € (0,T] x X.

Then problem (6.1) has at least one mild solution in C([0, T, X) provided that
t
W (Mllxoll) + M/ I(s)ds e Dom(W™), Vte(0,T],
0

where W () = fuuo ﬁ dr, ug,u > 0.

Proof Define the operator G; : C([0, T],X) — C([0, T], X) by

Grx(t) = S(t)xg + /t S(t - s)f(s,x(s)) ds, Ytel0,T].
0

Similar to the proof of Theorem 4.3, we only prove that the set A; = {x € C([0, T],X) : x =
AGyx for some 0 < A < 1} is bounded. Indeed, for x € A; one has

] <ol + o [ fo69)]
< Mol + M [ 1630([09]) ds
Using Lemma 2.4, we obtain
x| < W-l[w(Mnxon) +M/0tl(s) ds:|,

which shows that the set A; is bounded. The proof is complete. d
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1%' Suppose [ : (0, T] x X — X is a continuous function,

and there exists a function [ € C((0, T],R,) N L?([0, T],R,) and a nondecreasing function
w € C([0, +00),R,) such that

Theorem 6.4 Letp > % and q =

If &) | < i@o(lxll), Y(&x) € (0,T] x X.

Then problem (6.2) has at least one mild solution in C([0, T], X) provided that

M p t
W(Z’“(m) >+2P-1cptpﬁ-1/ $’IP(s)ds € Dom(W™), Vte(0,T],
q 0

1 1
where ¢ = MLL@EDDTT@+D) yyry) = fu"o o

T %,p) dt, ug,u>0.
T(g)T 1 (q(B-1)+q+2)

Proof Define the operator G, : C([0, T],X) — C([0, T], X) by
Gox(t) = S};(t)xo + /t(t - s)ﬂ_lSﬂ(t - s)f(s,x(s)) ds, Ytel0,T]. (6.3)
0

Similar to the proof of Theorem 4.3, we only prove that the set A, = {x € C([0, T],X):x =
AGox for some 0 < A < 1} is bounded. Indeed, for x € A, one has

lx0)] < %onll . % /0 (6 - )P f (5, 2(5)) | ds

M M [ s
< Fi ol + /0 (¢ - 5P U(s)oo(|(5) ) .

By Lemma 3.1 for « = § = 0, we obtain

||x(t) || < {W‘{W(Z"_l(ﬂ)p) + 2P 1 pppBl /ts”l"(s) ds] };, vt €(0,T1),
I'(q) 0

which shows that the set A is bounded. The proof is complete. O

Remark 6.5 Theorems 6.3 and 6.4 generalize and improve the results on the existence of
mild solutions in [24, 25, 27].
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