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1 Introduction

Our understanding of real-world phenomena and our technology today are largely based
on mathematical analysis for partial differential equations (PDEs) [1, 2, 4, 5]. This math-
ematical analysis helps us to visualize and understand different real-world problems
[7, 8, 10, 11]. The mathematical analysis study of PDEs has also taught us to show a little
modesty: we have discovered the impossibility of predicting certain phenomena governed
by nonlinear PDEs in the medium term—think of the now famous butterfly effect: a small
variation of the initial conditions can lead to very large variations in very long time. On
the other hand, we have also learned to “hear the shape of a drum”: it has been shown
mathematically that the frequencies emitted by a drum during membrane vibration—a
phenomenon described by a PDE—allow the drum shape to be perfectly reconstructed.
One of the things to keep in mind about PDEs is that you usually do not want to get their
solutions explicitly! What mathematics can do, on the other hand, is to say whether one
or more solutions exist, and sometimes to very precisely describe certain properties of
these solutions. However, the emergence of extremely powerful computers today makes it
possible to obtain approximate solutions for partial derivative equations, even very com-
plicated. This is what happens, for example, when you look at the weather forecast, or
when we see the moving images of a simulation of airflow on the wing of airplane. The

© The Author(s) 2024. Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit
to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The
images or other third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise
in a credit line to the material. If material is not included in the article’s Creative Commons licence and your intended use is not

L]
@ Sprlnger permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.


https://doi.org/10.1186/s13660-024-03132-2
https://crossmark.crossref.org/dialog/?doi=10.1186/s13660-024-03132-2&domain=pdf
mailto:S.Boularas@qu.edu.sa
http://creativecommons.org/licenses/by/4.0/

Boulaaras et al. Journal of Inequalities and Applications (2024) 2024:55 Page 2 of 32

role of mathematicians is then to build approximation schemes and to demonstrate the
relevance of the simulations by establishing a priori estimates on the made errors. When
did EDP appear? They likely originated in the early days of rational mechanics in the sev-
enteenth century, with figures like Newton and Leibniz playing crucial roles. As scientific
disciplines, especially physics, advanced in energy functional, fluid mechanics equations,
Navier—Stokes equations, where they contributed to the expansion of partial differential
equations (PDEs).

To highlight a few key contributors, Euler’s name stands out, as well as Navier and Stokes
for fluid mechanics equations, Fourier for heat equations, Maxwell for electromagnetism
equations, and Schrddinger, Heisenberg, and Einstein for quantum mechanics and the
theory of relativity PDEs, respectively (see e.g. [1, 6, 9] and the references therein). Nev-
ertheless, the systematic examination of partial differential equations (PDEs) is relatively
recent, with mathematicians embarking on this endeavor only in the twentieth century.
A significant leap occurred with Schwartz’s formulation of the theory of distributions
in the 1950s, and comparable progress emerged through Hérmander’s work on pseudo-
differential calculus in the early 1970s. Importantly, the study of PDEs remains highly ac-
tive as we progress into the twenty-first century [12—16]. Mathematics serves as a potent
tool in both scientific inquiry and engineering applications, enabling precise modeling,
analysis, and solution exploration of complex mathematical systems fundamental to ad-
vancing our understanding of the natural world and optimizing technological innovations
[17-19, 21-23]. This research not only influences applied sciences but also plays a crucial
role in the ongoing evolution of mathematics itself, particularly in the domains of geom-
etry and analysis. In this work, the following problem is addressed:

Ve " = MIVVIR) AV + [§ hi(E = 1) Av(r) dr — Ave + B lve ()"0, (2)
+ :12 Bo(N) vt = )" D2y, (t —r)dr =fi(v,w), (3,t) € Q x (0, T),
[we|"wy — M(|VW]3) Aw + fot ho(t = r)Aw(r) dr
— Awy + B3lwi ()02 wy (2)
+ [2 B wilt = O 2wyt~ r)dr = fo(v,w),  (3,8) €2 x (0,7), (1.1)
vy, t) =w(y,£) =0, (y,£) €92 x (0, T),
v(y,0) = v (y), vi(5,0)=11(y), ye,
w(y,0) = wo(y), wi(y,0) =wi(y), Y€,
ve(y, =) =fo, 1), we(y, —t) = go(y,t) in Q x (0,72),

inwhichn>0forN=1,2and0<n < A% for N > 3, and 4;(.) : R* — R* (i = 1,2) repre-
sents positive relaxation functions, which will be specified later. The term —A(.)z¢ denotes
the dispersion term, and M(o) is a nonnegative locally Lipschitz function for y,o > 0 such
that M(0) = a1 + ay0”. Specifically, we choose a3 = «p = 1, and

fiv,w) = ar|v+ w240 D (4 w) + by [v|90) v, |w]|10)+2,

(1.2)
fo(v,w) = ar|v + w240 D (v 4 w) + by |w|10 w.|v|10)+2,

In this context, we consider nonnegative constants 7; < 7 such that gi: [t1,172] — R,

where i = 2,4 represents the time delay in the distributive case. Furthermore, g(.), m(.),

and s(.) are variable exponents defined as measurable functions on  in the following
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manner:

1<q <q0)<q" =q",

2<m <m(y) <m" <m",

q = infq(y), m~ = inf m(y), s~ = inf s(y),
yeQ yeQ yeQ

q' =supq(y), m* = sup m(y), s* = sups(y),
yeQ yeQ yeQ

with
max{m*,s*} <2q +1

and

m*,s" = 2n-1) ifn>3.
n-—2
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(1.3)

(1.4)

(1.5)

(1.6)

This research is organized into distinct sections. In the following section, we present the

hypotheses, concepts, and lemmas essential for our study. Section 2 is dedicated to prov-

ing the blow-up result, followed by the derivation of exponential growth of solutions. In

Sect. 4, we establish the general decay when f; = f; = 0. The paper concludes with a com-

prehensive summary in the final section.

2 Fundamental theory

The importance of studying the blow-up of solutions in various systems lies in its ability to

reveal critical thresholds, instabilities, and singularities that can significantly impact the

behavior and evolution of dynamic processes [27—-30]. Here, we will present some related

theory and will define suitable assumptions for the proof of blow-up result.
(A1) Take a decreasing and differentiable function #4; : R, — R, in a manner that

[o¢]
hi(t) >0, 1—/ hi(r)ydr=1;>0, i=1,2.
0

(A2) One can find &;,&; > 0 in a way that

B0 < —&hi(0), £>0,i=1,2.
(A3) B;: [t1, 2] =& R, i =2,4, are a bounded functions satisfying

15}
8/ ‘ﬂg(r)‘dr<ﬂ1, §>1,
71

8/2|,34(r)|dr<,33, §>1.
1

(2.1)

(2.2)

(2.3)
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Lemma 2.1 There exists F(v,w) in a manner that

Flv,w) = m (Vi) + Wi )]
- m[allv + W02 | 9 [y|192] > 0,
in which
an A, o A,

Here, consider a; = b; = 1 for convenience.
Lemma 2.2 [26] One can find ¢y > 0 and c1 > 0 in a way that

‘o 2(q()+2) 2q()+2)
[v[=1 + |w| <F(v,w)
2(q(y) +2) ( )

1 2q()+2) 2q)+2)
< (WP 4w . (2.4)
2(q(y) +2) ( )
Consider a measurable function g : 2 — [1, 00). We introduce the Lebesgue space with
a variable exponent ¢(.) as follows:

L1(Q) = {v: Q — R; measurable in 2 : / v|19) dy < 00}7
Q

with the norm defined by

||v||q(.)=inf{x>0:f d
ol

q()

dy < 1},

Endowed with this norm, L7(R2) forms a Banach space. Subsequently, we introduce the
variable-exponent Sobolev space W70)(Q) as follows:

whal)(Q) = {ve L19(Q); Vv exists and |Vv| € Lq(')(Q)},
with the norm given by
IVll1,q0) = Vllq0) + IV VIg0),

W140)(Q) is a Banach space, and the closure of C§°(2) is given by Wol 'q(')(Q).
Forve Wol ’q(')(Q), we give the equivalent norm

Vllg0) = VVIg0)-

Wo_l’q/(')(Q) sign to the dual of Wol’q(')(Q) in which % + q,l(‘) =1.

Also, we take the log-Hoélder inequality

la() - q(2)| < (2.5)

logly 7|

for ally,z € Q, with |y —z| < ¢, where0< ¢ <1and A > 0.
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Theorem 2.3 Assume (2.1)—(2.3) hold. Then, for any (vo,v1, Wo, W1,f0,£0) € H, (1.1) has a

unique solution for some T > 0:

v,we C([0, T H*(R) N Hy (),
v, € C([0, T1; Hy (2)) N L"™(Q x (0, T)) N Ha,
wy € C([0, T1; Hy () N LV (2 x (0, T)) NHa,

where

Hi= L’”(y)(Q x (0,1) x (11, 2)),
H, :Ls(y)(Q x (0,1) x (11, 72)),
H = Hy(Q) x L*(Q) x Hy(R) x L*(Q) x H1 x Ha.

Proof We can prove the local existence result for (1.1) in suitable Sobolev spaces by ex-
ploiting the Faedo—Galerkin approximation method (see [3, 24]). O

Firstly, we take the following variables as mentioned in [25]:

x()/,,o,r,t) =Vt0/:t—'",0):

Z(_)/,,O,r,t) :Wt(y’t_rp)’

which verify
rxe\y, ’ryt +X ) ’r;t :0’
(v, 0,75 8) + %, (y, 0, 7,7) 26)
x(y,0,7,8) = vi(y, 1),
and
rz:(y, p, 1, t) + z,(y, p, 1, t) =0,
t(y 1Y ) p(y 1Y ) 2.7)

z(y,0,1,t) = w(y, £).
Then, problem (1.1) is equivalent to

[Ve|"ve — M(|VV[13)Av + fot hi(t = r)Av(r) dr — Avy + B1|ve()]"92v,(¢)
+ fflz Bo(N)x(y, 1,7, )" 25(y, 1,7, £) dr = (v, w),
[we|"wy — M(|VW]3) Aw + fot ho(t —r)Aw(r) dr
— Awg + B3l ()02, (1)
+ f:f Ba(N)|z(y, 1,7, 6)*D22(y, 1,1, t) dr = fo(v, w),
rxe(y, P15 t) + %, (3, p, 7, 8) = 0, (2.8)
rze(y, p,1,t) + 2, (9, p, 17, 8) = 0.
v(5,0) =vo(y), ve(%,0) =v1(p), w(y,0) = wo(y),
wi(y,0) =wi(y), inQ
x(y, p,7,0) =foly, pr), z(y, p,1,0) = go(y, pr), in Q2 x (0,1) x (0, 17)
v(y,t) =w(y,£) =0, ina2x (0,7),
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where
(9, 0,7, 8) € 2 x (0,1) x (11, 72) X (0, T).
In the upcoming step, the energy functional is introduced.

Lemma 2.4 Let (2.1)—(2.3) be satisfied, and assume that (v,w, x,z) is a solution of (2.8),

then E(t) is nonincreasing, that is,

1 by 1
E(t) = r}T[Hvt” 2wl s ] + E[IIVWII% + [ Vwell3]

2 1 2 1
Vv + Vw3 D] + Wi, 2)

2+ D)
1 £ t
+ §[<1—/0 hl(r)dr>||VVII§+ <1—/0 hz(r)dr)||Vw||§:|
+ l[(hva)(t) + (h20Vw)(t)] —/ F(v,w)dy (2.9)
2 Q
Sfulfills
E@) = S[(R099)® + (0 w)(0)] - 5 [ @1V¥I3 + b1 Vwi3]
_CO{/§Z|Vt(t)|m(y)dy+/;2/ 2|ﬁ2(r)||x(y,1,r,t)|’”‘”drdy
) N 50)
+/Q|Wz(t)! d“fgfn |Ba(r)]|2(r, 1,7, )| drdy}
=0 (2.10)
where
m)
Wi.2) // / a0 (6m(y) - l)lx(y p:1t)| drdpdy
E - 50)
+/Q/O / r\m(r)l(as(y) D 'Sz((yy)’p”’t)' drdp dy. (2.11)

Proof By multiplying (2.8);, (2.8), by v;, w; and integrating over €2, we have

d , 1 ) 1
dt{ || t”Z:z"’ ”Wt”Z:z'*' IIVVt||§+§IIVWtII§

2(y+1) 2(y+1)
+ Vv + || Vw
2(y+1)[ll I3 IVwliy” "]

( / hi(r) dr) ||Vv||2 + —( / hz(r)a,’r)HVwH2

+ E(hva)(t) + E(thVw)(t) - /QF(V, w) dy}

5}
:—,31/|Vt(t)|m(y) dy—// ﬁz(r)vt|x(y,1,r,t)|m(y)_2x(y, 1,rt)dr
Q QJ1

Page 6 of 32
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19}
- Bs / we)|"” dy - / / Ba(rIwel 2y, 1,7, 2, 1,7, ) dr
Q QJn

1, 1 1., 1
+ E(hIOVv) - ihl(t)”VV”% + i(hZOVw) - Ehz(t)HVwH%. (2.12)

Now, multiplying (2.8)3 by (Sm(y lx(y, 1,7, £)""®-1| B5(r)|), then integrating over Q x
(0,1) x (71, 72), and applying (2. 6)2, the following is obtained:

m(y)
dt / / / 1| )| 22200 1>|x<yp,r,t>| drdpdr
_/Q/O/ |B2(r)|(8m(y) — 1) 1% x, drdp dy
1 pry ~
_/// |l32(r)|M1|xwrp,r,t)|mmdrdpdy
m(y) dp

- [ [ 1O R (50,0501 < a0 1,0 iy

:(f |ﬂz(r)|dr)/8m(y Lo a

(23 8 _ m
_/Q/ |,32(V)\%|x(% 1,V',t)| (y)drdy; (213)

and by the inequalities of Young, we have

/ velx 1,1 8)] " 2k, 1,7, ) dy (2.14)
Q

1 m) m(y) -1 m(y)
S/Qm—(y)|w(t)| dy*’/QT(y)h(y’l’r’t” dy.

Hence,

)
/ Ba(r) / vt‘x(y, 1,7,t) ’mu)_zx(y, 1,7,t)dxds (2.15)
T1 Q

- ( f Zlﬂz(r)ldr) f mi(y)ivtu)r”(”dy

fﬁﬂm>| |@1mwwﬁw

Similarly, we get
s Dlz(y, p, 1, t)[*¥
dt/// ] 50~ )|(yp O 1indy

([ o) 5

2 8 .
—é/|muﬁ” |@1nm@m@ 2.16)

O 4

Page 7 of 32
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and

™
/ Balr) / wil 2y, 1, 0" 2y, 1,7, ) dy dr (2.17)
T Q

< ( /:|ﬁ4(r)|dr) /Q Sﬁwt(t)r@dy

3 s )_1 s(y)
+/Q/T1 | Ba(r)| 0) |2y, 1,7,0)" ds dx.

According to (2.12), (2.13), (2.15), (2.16), (2.17), we find (2.9) and

d w2 m
EE(t)s—(ﬁl—s / |ﬁz(r)|dr) /Q )" dy

—(a-l)fQ/2|ﬁ2(r)||x(y,1,r,t)|’”(”drdy

_ (ﬂs—(S / 2|ﬁ4(r)!dr> [ (0] dy

_(5—1)/9/2|,34(r)||z(y,1,r,t)|s(y)drdy

1, 1 1, 1
+ E(hloVV) - Ehl(t)HVvH% + E(hZOVW) - Ehz(t)Hlel%. (2.18)

Hence, by (2.3), we obtain (2.10), where

co=min{(ﬂl—af 2|ﬂz(S)|dS>,<ﬁs—8f 2|ﬂ4(s)|ds),<a—1)} >0,

and hence E is a decreasing function, which completes the proof. d

3 Blow-up
Here, we establish the blow-up result for the solution of (2.8). Initially, we introduce the
functional as follows:

1 i 1
H(t) = ~E(¢) = —m[nwnzj +lwell5] = S [Vwell3 + 1Vwel3]

[IVvI7 Y 4 1wl 0] - Wi, 2)

2y +1)

—%[(1—/0 hl(r)dr)||w||§+ (1—/0 hg(r)dr)||Vw||%}

- l[(hlon)(t) + (h20Vw)(t)] +f F(v,w)dy. (3.1)
2 Q

Theorem 3.1 Assume that (2.1)—(2.3) hold and assume E(0) < 0, then the solution of (2.8)
blows up in finite time.

Proof From (2.9), the following can be written:

E(t) < E(0) < 0. (3.2)

Page 8 of 32
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Therefore

H'(t) = —-E'(¢)
ZCo{fQ|vt(t)}m(y)dy+/Q/:2|ﬂ2(r)||x(y,1,r,t)|m(y)drdy
R /Q w00 dy + /Q / ”\,34(7)|\z(y,l,r,t)r%rdy}.
Hence
H'(£) > Co /ﬂ v dy > 0
H (O = G [ futo)] dy=0
H'() > Co /Q /Zz‘ﬂg(r)| %@, 1,7, 8)[" drdy >0
H'(£) > Co /ﬂ / % 180|200 11 ) drdy = o.
By (3.1) and (2.4), we have
0 < H(0) < H(#)
S/QF(MW)dy
< /Q m(w«mm + [W2012) gy
< ﬁ(@(w) +o(w)),

in which
o) = 00(V) = / [y2a012) g,
Q

Lemma 3.2 Let ¢ > 0 in a way that any solution of (2.8) fulfills

2(g+2 2(g~+2
IVl + Wl < (o) + o(w)).

Proof Let
le{yeﬂz‘v(y,tﬂzl}, Qg={yEQZ’V()/,t)’<1},
we have

o) = |V|2(61(Y)+2) dy + |V|2(QO’)+2) dy
Q1 Q

2(q* +2)

| V|2(q’+2) dy> A

> lv|2@ +2 dy+c<

1931 Q)

Page 9 of 32

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)
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then

o) > | WX dy
Q1

(v)) 263

14 gt + _

(Q—) > | P2 ay. (3.9)
Q1

Cc

Hence, we get

2q_+2)
||V||2 é <o) +c(ov)) 2
< (o) + o(w) + c(o(v) + o(w)) 77

+2)

< () + ow)[1+ (o) + o(w) 24 1], (3.10)

According to (3.5), we have

2O < (o9 + o).
Therefore,
||v||2 < (o) +ow))[1+ C(H(O)) - 1]'
Hence
||V||2 <c(ov) +o(w)). (3.11)

Similarly, we find

Wl < c(o(v) +o(w)). (3.12)
The adding of (3.11) and (3.12) gives us (3.6). O
Corollary 3.3

/ 70 dy < c((00) + 000)"™ T 4+ (o) + olw))™ 2T,
/ Wi dy < c((0() + W) T + (o) + o(w))” 7). (3.13)

Proof From (1.5), we have

/|v|m(”dys/ |v|’”*dy+f W™ dy
Q o Q

< c( v+ dy) +c< v dy>
21 Q9

< (V15 + V15 ). (3.14)

According to Lemma 3.2, we find (3.13);. Similarly, we obtain (3.13),. (|
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Now, take

e
n+1

K(t) = H* () + / [Vlvel™ve + wiwe|"w] dy
Q

+ 8/ (Vv Vv + Vw,Vw] dy, (3.15)
Q

in which 0 < ¢ will be considered later and take

. 1 1 1+2y 2 +4-m~
O<o<ming|1- - , ) )
20 +2) n+2) 4y +1) 2 +4)(m*-1)
2 +4-m* 2 +4-rt 2 +4—s" } 1

(3.16)

’ ’

Qg +4)m' 1) Qg + D" 1)’ Cq + D6 1)
By multiplying (2.8)1, (2.8)2 by v, w and with the help of (4.4), the following is achieved:

&

K'(#) = (1 - a)HH (£) + —— (Ivell 735 + 1wl 73) + e (IVvell3 + [ Vwe]I3)

+

n+1

t t
+s/ Vv/ g(t—r)Vv(r)drdy+8/ wa h(t —r)Vw(r)drdy
Q 0 Q 0
i J2

— e / Vv ve |02 dy — e f wwe | w,|*02 dy
Q Q

J3 Ja

2 miy)-2
—¢ Ba(r)va(y, L1, t) [x(y, L, 1, 1) drdy
Q

12t

J5

)
—s / Ba(rywz(y, 1,1, )| 2y, 1,7,0) "V drdy
Q

1

Jo

2 1 2 1
—e(IVVIZ + 1IVwI2) = e(IVVIRT Y + [V w]37*Y)

+& /Q(vfl (v, w) + wha(v, w)) dy.

J7

By (2.1), we obtain

& + +
K'(£) > (1 — ) HH (£) + e (el + 1lwell733) + e (IVvell3 + 1 Vwel12)
t t
+8/ Vv/ g(t—r)VV(r)drdy+8/ Vw/ h(t —r)Vw(r) drdy
Q 0 Q 0
A 2

ey / Vvl "2 dy — e / wwelwo [0 dy
Q Q

J3 Ja

Page 11 of 32
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_‘9/ h ﬁz(V)Vx(,)/»LV» t)ix()/, L, t)|m(y)—2 drdy
Q

1

J5

5]
—¢ / Ba(r)wz(y, 1,7,¢) ’z(y, 1,r,t) |S(y)_2 drdy
Q

L3

Jo

21 1 2 1
—e(IVVIE + 19wI2) —e(IVvI3 0 + [ Vw]37 )

+e(2q” +4) / F(v,w)dy. (3.17)
Q

J7

We have
t t
= 8/ m(t-r) dr/ Vv.(Vv(r) = V() dydr + sf h(r) dr||Vv3
0 Q 0
e [* , €
>— | m(r)dr|Vv|; - =(hi0Vy), (3.18)
2 Jo 2
t t
= s/ hy(t—1) dr/ Vw.(Vw(r) — Vw(t)) dydr + e/ hy(r) dr||Vw||§
0 Q 0
s [t , €
> —/ ho(r)dr|| Vw5 — = (hoVw). (3.19)
2 Jo 2

From (4.5), we find

K@) > (1-a)HH () + —

+2 +2 2 2
) (velly s + wellis) + eIV vell3 + 1 Vwell3)

_g|:(1—%/Othl(r)dr>||Vv||§+ <1—%/0th2(r)dr)||Vw||§:|

- %(hlon) - g(hzoVw) — (V27D 4 vw) 27 D)

+3+Ja+]s+]s+]7. (3.20)

Applying the inequality of Young, we have for 61,8, > 0

1 [ om mt—1 [ -
Jssaﬂl{—_/al ‘”|v|m<”dy+—+/81 R 1|vt|’"@>dy}, (3:21)
m-Jo m Q
1 st -1 fssi,)
]458/33{ ~ / 857 w0 dy + — / 8, 1|wt|s<”dy}, (3.22)
s~ Ja N Q
and

5) d
]558{(/‘11 |:32(_r)| r)/ 8;”0/)|V|m0')dy
m Q

+_1 2 __my)_ m
+ 2 / / 18278, ™07 |x(y, 1,1, £)| (y)drdy}, (3.23)
m- QJ1

T d
Jo < 8{%/ 53@)|W|S(y) dy
Q

N
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s(y)

o2 jl‘//2|ﬁ4(r)|82_3(”'1 |z(y, 1,r,t)|s(y)drdy}.
QJ1n

N

Therefore, by setting 81, > so that

m(y) C, () C
5,7 = DRHE(), 8,0 = H ),

putting in (3.20), the following is obtained:

2 2
(Ivellys + lIwelly s

K'(6) > [(1 - ) — ew(n +9)JHH () + —
n+1

_g|:(1—%/othl(r)dr>||Vv||§+ <1—%/0th2(r)dr>||Vw||§:|

P e
+e(IVvells + IVwell3) - §(h10VV) -3

B8 +1) [ (Cok\' ™ "
_E_I(Sm— / % HemO) 1)(t)|v| ) dy
Q

Bs(8 +1) Cox \ 1™V sy s
_ 873 = / % H60) 1)(t)|w| ») dy
Q

2 1 2 1
—e(IVVIZY D+ Vw2 D) 4

(h0Vw)

+

Sjl, by using (3.5) and (3.13), we have
1-m(y)
A +1) / o) getn o) )0 y
dm~ Q 2

B8 +1) Cok \' ™" e .
<BOD [(S5) o a
Q

= CH " D () / v|"™®) dy
Q

mt-1

in which 7 = 2-=2,5'= ¢

Wl+

= Caf (o) + o) TV o(1) + o) T T V),
By (3.16), we find

r=m"+a(2q +4)(m*-1) < (2q” +4),

r=m"+a(2q +4)(m" -1) < (29" +4),
and by the inequality

1
xV§x+1§<1+E>(x+b), Vx>0,0<y <1,b>0,

with b = %. Then we have

m

M a(mt— 1
(o) + o(w)) Ta 71+~ < (1 + m)((QM +o(w)) + H(0))

Page 13 of 32

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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< Gs((e) + o(w)) + H(2)) (3.29)
and
(o) + o(w)) T ™™™ < Cy((o(v) + o(w)) + H(D)), (3.30)

where C3 =1+ H Substltutmg (3.29) and (3.30) into (3.27), we get

Br(8 +1) (%)I_M(y)Hoz(m(y)—l)(t)W'm(y) dy
< Ca((e(v) + o(w)) + H(2)). (3.31)

Similarly, we find

1-s(y)
Ps(8 j— D (%) Ha(S(y)—l)(t)|w|S(y) dy

< GCs((e(v) + o(w)) + H(2)), (3.32)

where Cy = Cy(k) = C LG (L) 1-m™ €, = Cy (i) = C5 B (o1
Combining (3.31), (3.32), and (3.26), and by (2.4), we obtain

K0 2 [(1-0) - ex @+ HH @) + - -

2 2
1 (Ivellys + Iwellyss)

_g|:(l—%/Othl(r)dr)||Vv||§+ (1—%/0th2(r)dr>||Vw||§:|

e
+ 8(||VVt||% + ||Vw[||§) — —(hoVw) - E(hZOVw) +J7 (3.33)

N ™

~6(Cy+ C5)((e() + o(w)) + H(®)) = s (IVVI" " + I Vwll;” V).

~—

Now, for 0 < a < 1, from (3.1) and (2.4)

]7:5(2q_+4)/F(V,w)dy

Q
=¢ca(2q +4) / F(v,w)dy
Q

+(1-a)(2q +4)eW(x,2) + e(1 - a)(2q~ + 4)H(?)

e(l-a)(2q +4)
+ _—
+2

+e(l-a)(g + 2)(||Vvt||§ + [ Vwl3)

+2
(VeI + lwe753)

+e(1- a) q + (r)dr> |Vv||%

2)(1-
e(-a)(q- +2( r)dr)an%

+e(1- a)(q + 2) ((hlon) + (hzoVw))

Page 14 of 32
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s e(l-a)g +2)

G U9V 1w ). (3.34)

Substituting (4.21) in (4.20) and applying (2.4), the following is obtained:

K/ = {(1 - ) — exc(m +3) JHH (2)
+e{l-a)(g +2) + L}(IVvell3 + IVwl3)

+e{(1-a)(2g” +4) + 1}W(x,2)

—a)2a
e &:})i;] +4)+nil}(nvt”g;%||wt||21§)
+& (1—a)(q-+2)<1—/0 hl(r)dr>—(1—%/0 hl(r)dr>}||w||§
+¢ (1—a)(q+2)(1—f0 hz(r)dr)— (1—%/0 hz(r)dr>}||Vw||§

+eq(1 —a)(q_ + 2) - %}(hIOVv+ hyoVw)

U

2 1 2 1
}(HWHJV* L vw )

y+1
+ef{coa — (Cali) + Cs5(x)) } (o(v) + 0 (W)
+e{(1-a)(2q™ +4) - (Calk) + C5(k)) JH(2). (3.35)

Here, choose 0 < a in a manner that
(q_+2)(1—a)> 1+y.
Further, we have

Mi=(q +2)(1-a)-1>0
Ag = (q‘+2)(1—a)—%>0

(4 +2(1-a)

Az =
3 y+1

1>0,

and suppose

*© e (+2)1-a)-1 2
max{/0 lle(r)a,’r,/0 hz(r)dr} < (@ 20 2" %) WY

(3.36)

which gives

Ay = {((q- +2)1-a)-1)- /Othl(r) dr((q- +2)(1-a) - %)} >0,
As = {((q- +2)1-a)-1) - /Othz(r) dr((q- +2)(1-a)- %)} > 0.
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After that, select « large enough that

)»6 =acy — (C4(K) + C5(K)) >0
Ay = 2(q_ + 2)(1 —a)— (C4(K) + C5(/<)) >0

In the last stage, take «, 4, and we pick ¢ in a way that

rg=(1—-a)—ex(@+73) >0,
and

&
K0) = H-0) + 5 | [win v+ wowi ] dy
n+1Jq
8/ [VviVvg + Vw1 Vwyldy > 0. (3.37)
Q

Thus, for some pu > 0, (3.35) implies

K'(8) = p{H(E) + [ve 15 + w25 + 19w 4 vl
+ VY3 + VWl + 1VVI3 + VWIS + (110VY) + (10 Vw)

+o(v) +o(w) + W(x,2)} (3.38)
and
K@) > K(0)>0, t>0. (3.39)

In the coming step, applying the inequalities of Holder and Young, we get

0 o
[ Otvirves whwdtw | < I oy 173
Q

0
Wyt o) + IIWLIIM] (3.40)

where i + % =1.
Select i = (n + 2)(1 — ) to obtain the following:

0 n+2
1-a (1-a)n+2)-

<2(q +2).

Consequently, by the application of (3.5), (3.16), and (3.28), we have

n+2

a)(n+ 2(g+2
5257 <d(Iviod-: )+H(t))

(g~ +2) q=+2)
%2
- 2)-1
lwllg, 57" < d(Iwllsi- 15 + H(), Ve=o.

Therefore, we have

I-a

/ (V|Vt|"Vt + W|Wt|nwt) dy
Q
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n+2

<cfo) + o) + [Ivell}i5 + lwell}35 + H(e)}. (3.41)

In the same way, we have

o e
< ClIVviy ™ + IVvelly ™

I
/(VvVvt + VwVw,)dy
Q
0 o
+ VWl + [ Vwell; ™ ],

where L +1 =1,
I 0

For the next step, assume 6 = 2(y + 1)(1 — «) to get

wo 2(y +1)
l-o 20-a)(y+1)-1"

=
/ (VvVy; + Vwth)dy‘ < c{||vv||§(1’+1) i ”ané(wl)
Q

+[Vvell3 + IV 3}. (3.42)

Thus, by (3.41) and (3.42),

KT (f) = (Hl‘“(t) + /(V|Vt|nvt + wiw|"w,) dy
Q

n+1

1
=
+ 8/ (Vv:Vv + Vw;Vw) dy>
Q

a % IL
+HIVYl™ + VW™

< c<H(t) +

/(V|Vt|th+W|Wt|nWt)d)”
Q

= =
+ Vel ™ + IVwell,™

< c(H(E) + Ivel 25 + Iwell s + UVVIEY ™ 4 Vw37 + 9w, )12
+ Vw3 + (h10VV) + (h0Vw) + o(v) + o(w))

< c[H(@®) + velll55 + w75 + 1VvIR ™) + vl
+ VY3 + Vw3 + VY3 + VW3 + (110VY) + (h0Vw)

+0(v) + o(w) + W(x,2)}. (3.43)
Now, (3.38) and (3.43) imply
K/(8) > 1T (2), (3.44)

in which 0 < A, this relies only on 8 and c.
Further simplification of (4.31) leads to




Boulaaras et al. Journal of Inequalities and Applications (2024) 2024:55

Hence, KC(¢) blows up in time

l-«o
* —_—
r=1= Ao Ke/-2)(0)

Thus, it completes the proof.

4 Growth of solution

Here, the exponential growth of solution of problem (2.8) will be established.
For this, the functional is defined as follows:

H(t) = —E(¢)
1 n+2 n+2 1 2 5
= =g el + o] = S [vvels + 19 we]
= 35 o UV IVwIET ] - W)

3| (1= [ merarjioviz« (1= [ narar Jiowe]

- %[(hva)(t) + (hzOVW)(t)] + /QF(V, w) dy.

Theorem 4.1 Assume that (2.1)—(2.3) are satisfied, and suppose E(0) < 0, then

n+2

2(q’+2)> L

Then the solution of problem (2.8) grows exponentially.

Proof To prove the required result, (2.9) implies
E() <E(0)=<0

with the help of (3.3) and (3.4).
Now, take the following:

RO =HO)+ [ v s whal'w ] dy
n+1lJq
+ 5/ [(Vv,Vv + Vw,Vw]dy,
Q

in which ¢ > 0 will be chosen in a later stage.
From (2.8)1, (2.8),, and (4.4), we have

& 2 2
R'(¢) = H'(2) + ﬁ(”vt”?,:z +llwellyz) + e(IVvell3 + 1V well3)

+8/QVV./0 g(t—r)Vv(r)drdy+£/QVw/0 h(t —r)Vw(r)drdy

I I

(4.1)

(4.2)

(4.3)

(4.4)

Page 18 of 32
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ey f Vvl 2 dy — e / wwe w02 dy
Q Q

I3 Iy

5}
—¢ f Ba(r)va(y, 1,1, t) |x(y, 1,7, £) |m(y)_2 dr dy
Q

71

I5

L)
—8// Ba(Nwz(y, 1,1, 0)|2(y, l,r,t)|s(y)_2drdy
QJ1n

Is

2 1 2 1
—e(IVVIZ + IVwl2) = (IVvIB" Y + Vw37 D)

+e /;Z(Vfl(v, w) + wh(v, w)) dy.

I7

By (2.1), we obtain

2 2 2 2
(Ve + Iwell?53) + e(I9vel? + 19w ]13)

R0 > H () + —
n+1

+8/QVv/otg(t—r)VV(r)drdy+8/QVw/o h(t —r)Vw(r) drdy

I I

ey / Vvl "0 dy— ey / wwe w0 dy
Q Q

I3 Iy

—8/ /Q Ba(r)va(y, 1,7, t)\x(y,l,r, t)|m(y)—2 drdy
QJ1n

I5

)
—€ / Ba(rwz(y, 1,1, )2y, 1,1, 8)| dr dy
o

1

Ig

2 1 2 1
—e(IVVI2 + 1IVwI2) —e(IVvIRT ™ + [ vw)37 )

+e(2q +4)/ F(v,w)dy.
Q

I;

Similar to /1, /5 in (3.21) and (3.22), we estimate I3, I5:
e [* , €
Li=hi== | l(r)dr|Vvl; - =(oVv),
2 Jo 2
e [* , €
L=)>< | h(r)dr|Vwl; - z(h0Vw).
2 Jo 2
From (4.5), we find

&
K'(t) = H(£) + ﬁ(nvtn:’,:% +Iwelll3) + e (IVvell3 + 11 Vwell3)

(4.5)

(4.6)

(4.7)

Page 19 of 32



Boulaaras et al. Journal of Inequalities and Applications (2024) 2024:55 Page 20 of 32

_g|:(1—%/othl(r)dr>||VV||%+ <1—%/0th2(r)dr>||vW||§}

& £
~ 5 (110VY) = = (h20Vw) - e(IVVIR” Y 4 vw) )

+13 +14, +15 +16 +17. (48)

Similar to /3, J4, /5, and Jg in (3.20)—(3.24), we estimate [;, i = .,6. By Young’s inequality,
we find for 81,8, >0

1 m mt—1 [ -

Igssﬂl{—_ f 87 || dy + f 5, 1|vt|’"@>dy}, (4.9)
m- Jq Q
1 50|, 1s() st-1 ‘s(sy% s(y)

La<efsy— [ & wlVdy+—; 3, [we|* dy ¢, (4.10)
s~ Jo N Q

and
(U2 B(r)dr) [,
Is {L/ ()’)|V|m(y) dy

“ 1805 o Txy 1,78 drdy} (4.11)

T

(f " | Bu(r)| dr)
I L5 s(y
s<e {— /Q I

N

™ _ s
B8, z(y, 1,7, 6) 'Y dray!. (4.12)
|B4(r)|3,

71

Therefore, by setting 81, &, so that

G -5 G
5, "0t =7°/<, 8, 0T = 20, (4.13)

substituting in (4.8), the following is achieved:

o~ / € + +
R(8) > [1 - ex (i +9)|H (2) + " - (el S+ Iwlle)

n+2 n+2

_g|:(1 - % /othl(r)dr>||VV||§ + <1 - %/Othz(r)dr>||Vw||§i|

& &
+ £(19Wl3 + 19Vwe13) = 5 (oVv) = = (h20Vw)

_87’31(8”)/ Cor ) ) 4
om~ Q 2
5+1 1=0)
_8M/ % |w|s(y)dy
8s™ Q 2

— (VIR 1wl ) + 1, (4.14)

ol s SZ—fl By using (3.5) and (3.13), we have

m

1-m(y) 1-m~
—’31(8”)/(%) V"0 dy < —’m”)f(%) v d
oSm~ Q 2 Sm~ Q 2

where 71 =
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- G / v dy
Q

< Go{(ov) + o(w)) T

+ () + o(w) T,
By (1.5), we find
r:m_§(2q_+4), r=m+§(2q_+4),

and by (3.28) with b = ﬁ. Then we have

(o) + o(w)) T < (1 . %)((g(@ + o(w)) + HO))

< Cuo((e(v) + o(w)) + H(t))

and

mt

(o) + ow)) T3 < Cio((0(v) + o)) + H(z)),

where Cjp =1+ ﬁ, Substituting (4.16) and (4.17) into (4.15), we get

1-m(y)
ﬂl;i; 1) /Q(%) [v|"0) dy < Cu((e) +o(w)) + H(2)).

Similarly, we find

1-5()
ﬂii(;sj' 1) /g;(%) |W|S(Y) dy < Clz((Q(V) + Q(W)) + H(t)),

where Ci1 = Cii(k) = Gy —ﬂfg(,itl)(%)l_mi, Ci2=Cna(x) =Gy —ﬂS(;ffl) (%)1%*‘

Combining (4.18), (4.19), and (4.14), we have

£
n+1

_g|:(1—%/Othl(r)dr)||VV||§+ <1—%f0th2(r)dr>||w||§}

+e(IIVvell3 + [IVwell3)

R (t) > [1 —ek(m +'§)]H/(t) +

+2 +2
(VeI + lwe273)

- g(hlon) - %(hzow) + 1

—&(Ci1 + Ci2) ((0) + ow)) + H(D) — e (IVVI3Y ™ + [ Vv]37 ).

Now, for 0 < a < 1, from (4.1) and (2.4)

Jr = S(Zq_ +4)/ F(v,w)dy

Q

= sa(2q‘ + 4) / F(v,w)dy
Q

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

Page 21 of 32
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+(1-a)(2q” +4)eW(x,2) + (1 —a)(2q™ + 4)H(2)

e(l-a)(2q~ +4)
= (el + Iwel3)

+e(l-a)(q + 2)(||VVt||§ + Vwll3)

+e(1- a) q +2 < r)dr)HVVH2
e(1-a) q +2(

h(r dr) ||VW||2

+e(l—a (q + 2 ((hIOVv) + hzOVW))

e(l-a)g +2)
+—

o (Il + v 37 Y). (4.21)

Substituting (4.21) in (4.20) and applying (2.4), we have

R (t) > {1 —ek(m +§)}H/(t)
+ 8{(1 —a)(q_ + 2) + 1}(||Vvt||% + ||th||%)

+ 8{(1 —a)(2q‘ + 4) + I}W(x,z)

.. e(l—o,z?)iZ;[ +4) n 1 1 }(||Vt||21§ + w72
+¢ (l—a)(q_ +2)(1—/th1(r)dr> — (1—%/0th1(r)dr)}||Vv||%
+ey(l-a)(q +2( /vmu¢h> (1—%meuyh)“vWﬁ

+e{(1- a)(q +2)—1}(h10Vv+h20Vw)

1-a)g +2
vl Uzala +2) V)(fl )—1}(||Vv||§‘y*”+||w||§‘”“)

+&{coa — (Cu1(k) + Cra()) } (o) + 0 (W)
+ s{(l - a)(2q’ + 4) - (Cu(/c) + Cu(/c))}H(t). (4.22)

Here, assume that 0 < a is small in a manner that

(+2)1-a)>1+y,

we have
=(q +2)1-a)-1>0,
1
:(q‘+2)(1—a)—§>0,
~+2)(1-
hyie VA0

y+1

Page 22 of 32
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and we assume

o o ~+2)(1 - 1 2A
max{/ hl(r)dr,f hg(?’)d}"} < (¢ +2(1-a)- = L (4.23)
0 0 (T +2(1-a)-3) 2r+1
which gives
¢ 1
14:{(@—+2x1_a)_n_:/;n@p#<@—+zx1_a)_§>]>a
0
¢ 1
As = {((q +2)1-a)-1) —/ hz(r)dr<(q +2)(1-a)- 5) } > 0.
0
After this, select « large in a way that
Ao = aco — (Cr1(k) + Cia(k)) > 0,
)»7 = 2(q_ + 2)(1 - 61) - (Cll(K) + Clg(K)) >0
At the last stage, fix k, a and pick ¢ small such that
rg=(1-a)—ex(m+3)>0
and
e
RO) = HO) + [ [l + wolwr ],
n+1Jg
+ 8/ [V Vg + Vwy Vel dy > 0, (4.24)
Q
and from (4.4)
2(q*+2) 2(q"+2)
Ruy_z( Sy UV + Il 3] (4.25)
Thus, for some p; > 0, (4.22) implies
RO = pa [HQ) + 115 + w75 + 1V + w37
+IVVell3 + IVwell + 11VVI5 + VW3 + (110VY) + (h20Vw)
+0(v) + o(w) + W(x,2)} (4.26)
and
R(t) >R(0)>0, ¢t>0. (4.27)

Further, applying the inequalities of Holder and Young, we get

0
/@MWHMMW@@SCWMWQHMMz
Q

+ 1wl 12y + el ], (4.28)
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where i + 01 = 1. Next, assume u = (1 + 2) to reach

—

n+2)

o=+

<2(q +2).

Subsequently, by using (4.2) and (3.28), we obtain

v ||;";”+2 < K(Ivlii-3) + H()

42

Il gD,y < K(Iwly- 15 + (), ve=o0.

Therefore

/ (V|Vt|th + W|Wt|nwt) dy
Q

<cl(e) + o) + lIvellls + lwelllis + H(D)}. (4.29)

Hence

R(t) = (H(t) +

€
(V|Vt|th + W|Wt|nwt) dy
+1 Q

5/(Vvth+ thVw)dy)
Q

n+2

n+ 2 2
< c(H(E) + [vellis + lwell)is + 1V VI3 + Vw3

(y+1) (y+1)

2 2
FIVVeld + 1YWl + 19V + Vw3

+ (h10VV) + (hoVw) + W(x,2) + (0(v) + 0(v))). (4.30)

From (4.26) and (4.30), we have

R(&) = MR(), (4.31)
where A; > 0, this relies on 1; and ¢ only. Further, (4.31) implies

R(t) > R(0)e™?, V> 0. (4.32)
From (4.4) and (4.25), we get

R() < (VI3 ) + Iwlnd ). (4.33)
Then (4.32) and (4.33) imply

IS5 + Wl s = Cet19, e o,

Therefore, we deduce that the solution experiences exponential growth in the L2¢"+?
norm. This concludes the proof. d



Boulaaras et al. Journal of Inequalities and Applications (2024) 2024:55 Page 25 of 32

5 General decay
In this section, we state and prove the general decay of system (2.8) in the case fi = f, = 0.
For this goal, problem (2.8) can be written as

[Velve —M(”VV”%)AV + fot hi(t —r)Av(r)dr — Avy + B |Vt(t)|m(y)_2Vt(t)
+ [2 B2, 1,1, )" 2x(y, 1,7, ) dr = 0,
rxe(y, P15 t) + %, (3, p, 7, 8) = 0,

(5.1)
V()/; 0) = VO(Y); Vt()/» 0) =N (y); ln Q
x()/,,o;r,o) :ﬁ)()’nor)’ in 2 x (O’I)X(O;TZ)
v(y,£)=0, inaQ x(0,7),
where
(yr Io’rﬁt) € QX (0’1) X (7:1; 7:2) X (0, T)'
Here, we introduce the modified energy functional £ of (5.1) as follows:
1 1 1 Ap+
£0 = SIvellis + SI9vel3 + mnwnﬂ )+ Flx)
1 ‘ , 1
t3 1- | m@r)dr||IVvl; + E(hlon)(t). (5.2)
0
Similar to Lemma 2.4, the energy functional fulfills for assumption (2.3)
£(6) <-C 0 ’ )
<-Co{ [ [v@®)|™ dy + |B2(P)| % (3, 1,7, 6)|" dr dy
Q QJn
1, 1 )
+ E(hlow)(t) - Ehl(t)||Vv||2 <0, (5.3)
where
! 2 (57”’1(3’)— l)lx(y¢ p)r)t)lm(y)
Fl(z):= r|ﬂ2(r)| drdpdy. (5.4)
eJo Jg m(y)
Remark 5.1 In this case fi = f, = 0. Condition (2.3) remains true for (6 = 1), i.e., it can be
replaced by
)
[ Il ar < 55)
71

Also, relation (5.3) becomes of the form
/ m(y) 1 / 1 2
EW)<-Co | |ve®|™ dy+ E(hlow)(r) - Ehl(z:)uwu2 <0. (5.6)
Q

Lemma 5.2 (Komornik, [20]) Assume a nonincreasing function E : R, — R, and suppose
that Ao, > 0 in a manner that

/ T de < SETO)EC) = cE(), >0, 67)

r
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Then we have Vt > 0

’E(t) < cEO)/(1+D)%, ifo>0, 63

E(t) < cE(0)e™", ifo =0.

Theorem 5.3 Assume that (1.3), (2.1)—(2.3), and (2.5) hold. Then 3c, ). > 0 such that the
solution of (5.1) fulfills

‘E(t) < cEO)/(1+ )73, ifm*>2, 59

Et) < &M, if m(y) = 2.

Proof Multiplying (5.1); by vEF(¢) for p > 0 to be specified later and integrating the result

over Q x (s, T),s < T, we have

T t
/ Sp(t)/{V|vt|"vtt—M(||Vv||%)vAv+/ h(t —r)vAv(r)dr
r Q 0

—VAVy + ﬁlvvt|vt(t)|m(y)_2

15}
+ / |ﬂ2(r)yvx(y, 1,7, t)|x(y, 1,7, t)|m(y)72 dr} dydt =0, (5.10)
51

which implies that

T d 1 1 d
4 - Ty,) — 72y —(VvV,) — |V
/r g(t)/g{dtn+l(v|w| Vt) 7]+1|Vt| +dt( vVv,) — |V
t
+M(||Vv||§)|w|2—/ hn(t = )Yy dr + o |v()]"
0
1]
+ / |82 vy, 1,7, 0) |x(y, 1,r,t)|m(y)_2dr}dydt:0. (5.11)
71

By (5.2) and the relation

i (5”(t)/ (V|Vt|”vt + VvVvt) dy>
dt Q

:pé'pl(t)f/(t)</ v|vt|”vtdy+/. VVVthy)
Q Q

+5p(t)£(/ v|vt|"vtdy+f Vvvafy),

this implies

T
(n+ 2)/ EPL(t) dt

T T
=/r %<Sp(t)‘/gzv|vt|"vtdy> dt—p/r (Ep_l(t)é”(t)/Qv|vt|”vtdy) dt

I I
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+(n+ 1)/ (Sp(t)/ VvV, dy> dt

I3

T
-+ l)p/ <51’_1(t)5/(t)/QVvVvtdy) dt

Iy

T T
—ﬁ/ (5”(t)/ IVvt|2dx> dt+(n+2)/ EP(8)F(x)dt

2

”;2/ (5%)( /hl(r dr)/ Vvl dy)
2
' ((n+1)+ 2(”y++ 1)) f (5%) fg ||W||§V|Vv|2dy> dt

I3

T
+(+1)p / (5P(t) /Q vvt|v£(t)|m(y)_2dy) dt

Iy

T T
+(n+ 1)/ <51’(t)/ / |B2(r) v (3, 1,7, 8) | (3, 1, 7, t)lm(y)_2 drdy) dt
r QJ1

Lo

T
v ”T” / (E2(t)(ny o VV)(0)) dt

I

T t
—(n+1)/ (E)‘”(t)/0 hl(t—r)/QVvVv(r)dydr) dt. (5.12)

ha

At this point, we estimate I;, i = 1,...,12, of the RHS in (5.12), we have

I = €(T) / vl iy T dy — E7() / Vvl il ) dy
Q Q

<€D v, D5 + [v:0: DI} )
+ € O{ v, + w075}
< cEP(T {C*HVV )||2+5(T)}
+ cE”(r){c* || V(r) ||§ + S(r)}

< (EPNT) + EP(r)). (5.13)
Since & is decreasing, this implies

I} < cEPY(r) < EP(0)E(r) < cE(r). (5.14)
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Similarly, we find
T
L < —p/ EFTE () (e E(t) + E(1)) dt
T
< —c/ EP()E'(t) dt < cEP*(r) < c&(r),

T
I3 < cf EL@(IIVvl3 + Vv 3) dt
< cEP Y (r) < EP(0)E(r) < cE(r),

and
T
I <—(n+ l)p/ EVNOE (B)(cE(t)) dt
T
< —c/ EPWE () dt < cEP(r) < cE(r).
Next, we get
T
==Y [ (E@nvvi)ar
T
< c/ EPE@) dt < cEP(r) < cEr).
The other terms are estimated as follows:
T
Is=(n+ 2)/ EP () F(x)dt
T
<+ [ OO =) <0
T
L<(n+ 2)/ EP(H)E(8) dt < cEP(r) < cE(r).
For the next term, we have
T
= Q0+ D+ )+ 0+2) | (5%)

T
< c/ EP(E() dt < &P (r) < cE(r),

and applying the inequality of Young, the following is obtained:

T
I = (n+ D, / (ﬂ(t) /Q vw!vt(t)\m@_Zdy> dt

T
er ’”%)d
S€/r< (t)f9|v(t)| y ) dt

T
e / (5%) /Q cs(y)|vt(t)|m(y)dy> dt

Ivvlz”*”
2(y +1)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

Page 28 of 32
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T ) .
58/; Sp(t)[/ﬂ+|v(t)| dy+/;27|v(t)| dy] dt
T
+e / (Sp(t) /Q o))" dy) dt.

Here, utilizing Hy () < L™ (Q) and H}(Q) < L™ (), we get

T + -
L<e / e[| Vv +c| Vv ] de

T
e / (gp(t) /Q cg(y)|vt(t)|m(y)dy> dt

T -2 m_=2
<e / EX D)€" (0)E() + €7 (0)E(2)] dt

r

T
&r X , m(y)d)d
+c/r ( (t)/ﬂc (y){v(t)| ly ) dt
T T
L OF (EP L))" d )d . 5.22
Scs/r ® L‘+c/r (t)/QC )| ve(®)] V| at (5.22)

Similarly, we find

T )
Lio=(n+ 1)/ (517(15)/9/ |Bo(r)|vx(9, 1,7, 6)|x(y, 1,7 t)|m(y)72 @) dy) “
T mt m-
<o [ vl +dwwoly e

T
& \ 17, ’”%)d
+c/r< (t)/Qc(y)|x(y rt)| ly | dt

T ) m_ =2
< / EP(B)[c€" 7 (0)E(R) + c€" 7 (0)E(2)] dt

T
te / <5P(t) / ()|, 1,7, 8)[" dy> dt
r Q
T T )
< ce/ EPL(p) dt+c/ <5p(t)/ cs(y)|x(y, 1,7, t)|m(y dy) dt (5.23)
r r Q
and
T
i<+ 2)/ EP()E(L) dt < cEP(r) < c&(r). (5.24)
Now, by the inequality of Young from the last term, the following is obtained:

T
Lo<(+1) / E ) (ClVVI2 + el 0 VV)(0)) dt

T
< c/ EP()E(t) dt < cEP(r) < cE(r). (5.25)
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By substituting (5.14)—(5.25) into (5.12), we find
T T T
() d &b d (gp L))" d )d
fr (¥) tfcs/r (¥) t+c/r (t)/ﬂc (y)|v(t)| ly | dt
T
+cE(r) + c/ (Ep(t)/ cg(y)|x(y, 1,7, t){m(y) dy) dt. (5.26)
r Q
Now, choose ¢ so small that
T T
/ EPN() dt < cE(r) +c/ (Ep(t)/ cg(y)|vt(t)’m(y) dy) dt
r r Q
T
&r \ 1) d )d. 5.27
”/r( ©) [ el r0" dy) (527)

After, fix ¢, ¢.(y) < M because m(y) is bounded.
Hence, by (5.3),

T T
| erwdr=cety o | <5P(t> | |w(t)|m(y)dy)dt
r r Q

T
M| (& 1,7, ”“”d)d
+c /r ( (t)/ﬂ|x(y rt)| ly ) dt

T
<c&(r)- Ccﬂ/ EP)E (t) dt

0 Jr
<c&(r) + %[5’”10) - 5’”1(T)] <c&(r). (5.28)
Taking T — oo, we get
/N EPTY ) dt < cE(r). (5.29)

Finally, Komornik’s Lemma 5.2 (witho = p = %) implies our result. This completes the

proof. d

6 Conclusion

In this research, we investigated the blow-up and growth of solutions in a coupled non-
linear viscoelastic Kirchhoft-type system with sources, distributed delay, and variable ex-
ponents. Additionally, we obtained a general decay result when f; = f; = 0 by leveraging
an integral inequality introduced by Komornik [20]. Such problems are commonly en-
countered in various mathematical models of real-world problems. In future research, we
plan to apply this approach to address similar problems, incorporating additional damp-
ing effects such as Balakrishnan—Taylor damping and logarithmic terms. We will also try

to prove the general decay result in the case (f1,f #0).

Author contributions
All the authors contributed to the study. All authors read and approve the final manuscript, “S.B. and A.C. wrote the main
manuscript text and DO and RJ. review and check. All authors reviewed the manuscript”



Boulaaras et al. Journal of Inequalities and Applications (2024) 2024:55 Page 31 of 32

Data Availability
No datasets were generated or analysed during the current studly.

Declarations

Competing interests
The authors declare no competing interests.

Author details

'Department of Mathematics, College of Science, Qassim University, 51452, Buraydah, Saudi Arabia. 2Department of
Material Sciences, Faculty of Sciences, Amar Teleji Laghouat University, Laghouat, Algeria. *Departement of Mathematics,
Laboratory of Pure and Applied Mathematics, Laghouat University, Laghouat, Algeria. *Laboratory of Mathematics and
Applied Sciences, Ghardaia University, Ghardaia, Algeria. °Institute of Energy Infrastructure (IEl), Department of Civil
Engineering, College of Engineering, Universiti Tenaga Nasional (UNITEN), Putrajaya Campus, Jalan IKRAM-UNITEN, 43000
Kajang, Selangor, Malaysia. ®Mathematics Research Center, Near East University TRNC, Mersin 10, Nicosia, 99138, Turkey.
’Mathematics in Applied Sciences and Engineering Research Group, Scientific Research Center, Al-Ayen University,
Nasiriyah 64001, Iraq.

Received: 2 December 2023 Accepted: 3 April 2024 Published online: 11 April 2024

References

1. Abdelhedi, B.: Hyperbolic Navier-Stokes equations in three space dimensions. Filomat 37(7), 2209-2218 (2023)

2. Agre, K, Rammaha, M.A.: Systems of nonlinear wave equations with damping and source terms. Differ. Integral Equ.
19, 1235-1270 (2007)

3. Antontsey, S.: Wave equation with p(x, t)-Laplacian and damping term: existence and blow-up. Differ. Equ. Appl. 3,
503-525(2011)

4. Ball, J.: Remarks on blow-up and nonexistence theorems for nonlinear evolutions equation. Q. J. Math. 28, 473-486
(1977)

5. Ben Aissa, A, Ouchenane, D., Zennir, K.: Blow up of positive initial-energy solutions to systems of nonlinear wave
equations with degenerate damping and source terms. Nonlinear Stud. 19(4), 523-535 (2012)

6. Ben Omrane, I, Ben Slimane, M., Gala, S., Ragusa, M.A.: A weak-Lp Prodi-Serrin type regularity criterion for the
micropolar fluid equations in terms of the pressure. Ric. Mat. (2023). https://doi.org/10.1007/511587-023-00829-2

7. Bland, D.R:: The Theory of Linear Viscoelasticity. Dover, Mineola (2016)

8. Boulaaras, S, Choucha, A, Ouchenane, D., Cherif, B.: Blow up of solutions of two singular nonlinear viscoelastic
equations with general source and localized frictional damping terms. Adv. Differ. Equ. 2020, 310 (2020)

9. Boulaaras, S., Choucha, A, Scapellato, A.: General decay of the Moore-Gibson-Thompson equation with viscoelastic
memory of type II. J. Funct. Spaces 2022, 9015775 (2022)

10. Cavalcanti, M.M,, Cavalcanti, D, Ferreira, J.: Existence and uniform decay for nonlinear viscoelastic equation with
strong damping. Math. Methods Appl. Sci. 24, 1043-1053 (2001)

11. Choucha, A, Boulaaras, S., Jan, R, Alharbi, R.: Blow-up and decay of solutions for a viscoelastic Kirchhoff-type equation
with distributed delay and variable exponents. Math. Methods Appl. Sci., 1-18 (2024).
https://doi.org/10.1002/mma.9950

12. Choucha, A, Boulaaras, S., Ouchenane, D., Beloul, S.: General decay of nonlinear viscoelastic Kirchhoff equation with
Balakrishnan-Taylor damping, logarithmic nonlinearity and distributed delay terms. Math. Methods Appl. Sci., 1-22
(2020). https://doi.org/10.1002/mma.7121

13. Choucha, A, Ouchenane, D, Boulaaras, S.: Well Posedness and Stability Result for a Thermoelastic Laminated
Timoshenko Beam with Distributed Delay Term. Math. Methods Appl. Sci., 1-22 (2020).
https://doi.org/10.1002/mma.6673

14. Choucha, A, Ouchenane, D, Boulaaras, S.: Blow-up of a nonlinear viscoelastic wave equation with distributed delay
combined with strong damping and source terms. J. Nonlinear Funct. Anal. (2020).
https://doi.org/10.23952/jnfa.2020.31

15. Coleman, B.D,, Noll, W.: Foundations of linear viscoelasticity. Rev. Mod. Phys. 33(2), 239 (1961)

16. Ekinci, F, Piskin, E.,, Boulaaras, S.M., Mekawy, |.: Global existence and general decay of solutions for a quasilinear system
with degenerate damping terms, JFS (2021)

17. Georgiey, V., Todorova, G.: Existence of a solution of the wave equation with nonlinear damping and source term. J.
Differ. Equ. 109, 295-308 (1994)

18. He, L. On decay and blow-up of solutions for a system of equations. Appl. Anal., 1-30 (2019).
https://doi.org/10.1080/00036811.2019.1689562

19. Kirchhoff, G.: Vorlesungen Uber Mechanik. Tauber, Leipzig (1883)

20. Komornik, V. Exact Controlability and Stabilisation. The Multiplier Method Masson and Wiley

21. Liu, W.: General decay and blow-up of solution for a quasilinear viscoelastic problem with nonlinear source. Nonlinear
Anal. 73, 1890-1904 (2010)

22. Mesaoudi, S., Kafini, M.: On the decay and global nonexistence of solutions to a damped wave equation with
variable-exponent nonlinearity and delay. Ann. Pol. Math. 122(1) (2019)

23. Mesloub, F, Boulaaras, S.: General decay for a viscoelastic problem with not necessarily decreasing kernel. J. Appl.
Math. Comput. 58, 647-665 (2018). https://doi.org/10.1007/512190-017-1161-9

24. Mezouar, N, Boulaaras, S.: Global existence and exponential decay of solutions for generalized coupled
non-degenerate Kirchhoff system with a time varying delay term. Bound. Value Probl. 2020, 90 (2020).
https://doi.org/10.1186/51366-020-01390-9

25. Nicaise, AS., Pignotti, C.: Stabilization of the wave equation with boundary or internal distributed delay. Differ.
Integral Equ. 21(9-10), 935-958 (2008)


https://doi.org/10.1007/s11587-023-00829-2
https://doi.org/10.1002/mma.9950
https://doi.org/10.1002/mma.7121
https://doi.org/10.1002/mma.6673
https://doi.org/10.23952/jnfa.2020.31
https://doi.org/10.1080/00036811.2019.1689562
https://doi.org/10.1007/S12190-017-1161-9
https://doi.org/10.1186/s1366-020-01390-9

Boulaaras et al. Journal of Inequalities and Applications (2024) 2024:55 Page 32 of 32

26. Ouchenane, D, Boulaaras, S., Choucha, A, Alngga, M.: Blow-up and general decay of solutions for a Kirchhoff-type
equation with distributed delay and variable-exponents. Quaest. Math. (2023).
https://doi.org/10.2989/16073606.2023.2183156

27. Piskin, E,, Ekinci, F: General decay and blow up of solutions for coupled viscoelastic equation of Kirchhoff type with
degenerate damping terms. Math. Methods Appl. Sci. 42(16), 5468-5488 (2019)

28. Song, H.T, Xue, D.S.: Blow up in a nonlinear viscoelastic wave equation with strong damping. Nonlinear Anal. 109,
245-251 (2014). https://doi.org/10.1016/j.na.2014.06.012

29. Song, H.T,, Zhong, CK.: Blow-up of solutions of a nonlinear viscoelastic wave equation. Nonlinear Anal., Real World
Appl. 11,3877-3883 (2010). https://doi.org/10.1016/j.nonrwa.2010.02.015

30. Wu, S.T.: General decay of energy for a viscoelastic equation with damping and source terms. Taiwan. J. Math. 16(1),
113-128(2012)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



https://doi.org/10.2989/16073606.2023.2183156
https://doi.org/10.1016/j.na.2014.06.012
https://doi.org/10.1016/j.nonrwa.2010.02.015

	Blow up, growth, and decay of solutions for a class of coupled nonlinear viscoelastic Kirchhoff equations with distributed delay and variable exponents
	Abstract
	Mathematics Subject Classiﬁcation
	Keywords

	Introduction
	Fundamental theory
	Blow-up
	Growth of solution
	General decay
	Conclusion
	Author contributions
	Data Availability
	Declarations
	Competing interests
	Author details
	References
	Publisher's Note


