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Abstract
We introduce a novel multiparameterized fractional multiplicative integral identity
and utilize it to derive a range of inequalities for multiplicatively s-convex mappings in
connection with different quadrature rules involving one, two, and three points. Our
results cover both new findings and established ones, offering a holistic framework
for comprehending these inequalities. To validate our outcomes, we provide an
illustrative example with visual aids. Furthermore, we highlight the practical
significance of our discoveries by applying them to special means of real numbers
within the realm of multiplicative calculus.
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1 Introduction
Multiplicative calculus, initially introduced by Grosman and Katz [1] in 1967, was devel-
oped as an alternative to traditional calculus to address issues related to rates of change
and multiplicative processes. This type of calculus, which covers only positive functions,
gained its mathematical formalization in Bashirov et al.’s comprehensive work [2] in 2008.
Its importance lies in its ability to handle phenomena involving growth, decay, and pro-
portional relationships more effectively. Over time, it has gained relevance in fields like
finance [3], biology [4], and physics [5], offering a fresh perspective on modeling and anal-
ysis for scenarios where traditional calculus may fall short.

On the other hand, convexity is a fundamental mathematical concept that plays a pivotal
role in various scientific disciplines. Its significance lies in its ability to capture the essen-
tial characteristics of many real-world phenomena, making it a powerful tool for modeling
and analysis. Convex functions, in particular, exhibit remarkable properties that simplify
optimization, economics, and even the understanding of physical systems. In mathemat-
ical terms, a function R is convex on the interval [a, b] if for all u1, u2 ∈ [a, b], we have the
inequality

R
(
γ u1 + (1 – γ )u2

) ≤ γR(u1) + (1 – γ )R(u2)

for all γ ∈ [0, 1].
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One of the most important results associated with convexity is the Hermite–Hadamard
(H-H) inequality, which states that for a convex function R on an interval [a, b], we have

R
(

a + b
2

)
≤ 1

b – a

∫ b

a
R(u) du ≤ R(a) + R(b)

2
.

Various extensions and versions of the convexity concept have emerged and found ap-
plication in estimating the accuracy of certain quadrature formulas; see [6–14] and the
references tehrein. However, when considering multiplicative calculus, the most appro-
priate variant is the logarithmic convexity, also termed as multiplicative convexity. It can
be defined as follows.

Definition 1.1 ([15]) A positive function R is said to be multiplicatively convex over the
interval I if for all u1, u2 ∈ I , we have

R
(
γ u1 + (1 – γ )u2

) ≤ [
R(u1)

]γ [
f (u2)

]1–γ

for all γ ∈ [0, 1].

In a recent development, Ali et al. [16] provided the H-H inequality for multiplicative
integrals.

Theorem 1.2 Let R be a positive multiplicatively convex function on the interval [a, b].
Then we have the following inequalities:

R
(

a + b
2

)
≤

(∫ b

a
R(u)du

) 1
b–a ≤ √

R(a)R(b). (1)

In the realm of multiplicative integral inequalities, significant research has been con-
ducted. The midpoint- and trapezoid-type inequalities were established in [17] via mul-
tiplicative convexity. Ali et al. [18] scrutinized the Ostrowski and Simpson-type inequali-
ties within the context of multiplicatively convex functions. Additionally, a distinct study
detailed Maclaurin inequalities in [19], whereas Meftah and Lakhdari [20] explored dual
Simpson-type inequalities for the same class of functions. These contributions collectively
enhance our understanding of inequalities in the realm of multiplicative calculus. For more
papers dealing with multiplicative integral inequalities, we refer the readers to [21–26].

In 2016, Abdeljawad and Grossman introduced the multiplicative Riemann–Liouville
fractional integrals as follows.

Definition 1.3 [27] The left- and right-sided multiplicative Riemann–Liouville fractional
integral operators of order δ ∈C, Re(δ) > 0, are defined respectively by

aIδ
∗R(u) = exp

{(
Jδ
a+ (ln◦R)

)
(u)

}
, a < u, (2)

and

∗Iδ
bR(u) = exp

{(
Jδ
b– (ln◦R)

)
(u)

}
, u < b, (3)
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where Jδ
σ+ and Jδ

σ– denote the left- and right-sided Riemann–Liouville operators defined
respectively by

Jδ
a+T (v) =

1
�(δ)

∫ v

a
(v – u)δ–1T (u) du

and

Jδ
b–T (v) =

1
�(δ)

∫ b

v
(u – v)δ–1T (u) du.

Budak and Özçelik [28] established the H-H inequalities pertaining to multiplicative
Riemann–Liouville fractional integrals.

Theorem 1.4 Let R be a positive multiplicatively convex function on the interval [a, b].
For δ > 0, we have the following inequalities:

R
(

a + b
2

)
≤ [

∗Iδ
a+b

2
R(a) a+b

2
Iδ
∗R(b)

] 2δ–1�(δ+1)
(b–a)δ ≤ √

R(a)R(b). (4)

Fu et al. [29] conducted an investigation into multiplicative tempered fractional inte-
grals, offering a generalization of the findings presented by Ali et al. [16] and Budak et al.
[28]. Moreover, within the scope of fractional multiplicative integral inequalities, Boulares
et al. [30] demonstrated Bullen-type inequalities, whereas the establishment of Simpson
inequalities was attributed to Moumen et al. [31]. Furthermore, Peng et al. [32] contributed
to the field with their work on fractional multiplicative Maclaurin-type inequalities. Ad-
ditional pertinent results can be found in [33–36] and the references therein.

An interesting study was conducted in [37], where the authors introduced a one-
parameter identity from which they were able to establish some fractional multiplicative
midpoint-, trapezium-, Simpson-, and Bullen-type inequalities. Taking into account the
insights from the previously mentioned works, this study commences with the introduc-
tion of a biparameterized multiplicative integral identity tailored for multiplicative dif-
ferentiable functions. Expanding upon this identity, we proceed to establish a series of
three-point Newton–Cotes-type inequalities, purposefully designed for multiplicatively
s-convex functions. To conclude our investigation, we offer an illustrative example ac-
companied by graphical representations to validate the accuracy of the results obtained.
Additionally, we present practical applications that exemplify the utility and relevance of
our derived outcomes.

2 Preliminaries
In this section, we commence by revisiting select definitions, properties, and concepts
related to differentiation and multiplicative integration.

Definition 2.1 ([2]) The multiplicative derivative of a positive function R, denoted as R∗,
is defined as follows:

d∗R
du

= R∗(u) = lim
h→0

(R(u + h)
R(u)

) 1
h

.
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Remark 2.2 Each positive differentiable function R inherently exhibits multiplicative dif-
ferentiability, with the interconnection between R′ and R∗ governed by the relationship

R∗(u) = exp
{(

lnR(u)
)′} = exp

{R′(u)
R(u)

}
.

Proposition 2.3 ([2]) LetR andS be two multiplicatively differentiable functions, let T be
a differentiable function, and let c be an arbitrary positive constant. Then the functions cR,
RS , R + S , R/S , and RT are multiplicatively differentiable, and

• (cR)∗(u) = R∗(u),
• (R + S)∗(u) = R∗(u)

R(u)
R(u)+S(u) S∗(u)

S(u)
R(u)+S(u) ,

• (RS)∗(u) = R∗(u)S∗(u),
• (RS )∗(u) = R∗(u)

S∗(u) ,
• (RT )∗(u) = R∗(u)T (u)R(u)T ′(u),
• (R ◦ T )∗(u) = R∗(T (u))T ′(u).

Definition 2.4 ([2]) The multiplicative integral of a positive function R is defined as fol-
lows:

∫ b

a

(
R(u)

)du = exp

{∫ b

a
ln

(
R(u)

)
du

}
.

Proposition 2.5 ([2]) Let R and S be positive Riemann-integrable functions. Then R and
S are multiplicatively integrable, and the following properties hold:

•
∫ b

a ((R(u))p)du = (
∫ b

a (R(u))du)p, p ∈R,
•

∫ b
a (R(u))du =

∫ c
a (R(u))du ∫ b

c (R(u))du, a ≤ c ≤ b,
•

∫ a
a (R(u))du = 1 and

∫ b
a (R(u))du = (

∫ a
b (R(u))du)–1,

•
∫ b

a (R(u)S(u))du =
∫ b

a (R(u))du ∫ b
a (S(u))du,

•
∫ b

a (R(u)
S(u) )du =

∫ b
a (R(u))du

∫ b
a (S(u))du .

Theorem 2.6 ([2]) Let R be a positive multiplicatively differentiable function on the in-
terval [a, b], and let S : [a, b] →R be differentiable. Then the function (R∗)S is multiplica-
tively integrable, and

∫ b

a

(
R∗(u)S(u))du =

R(b)S(b)

R(a)S(a) × 1
∫ b

a (R(u)S ′(u))du
.

Lemma 2.7 ([2]) Let R be a positive multiplicatively differentiable function on [a, b], and
let T : J ⊂R →R and S : [a, b] →R be two distinct differentiable functions. Then we have

∫ b

a

(
R∗(T (u)

)T ′(u)S(u))du =
R(T (b))S(b)

R(T (a))S(a) × 1
∫ b

a (R(T (u))S ′(u))du
.

Now let us review certain specific functions that will be utilized later in our investigation.

Definition 2.8 ([38]) The beta function is defined for any complex numbers u1, u2 such
that Re(u1) > 0 and Re(u2) > 0 by

B(u1, u2) =
∫ 1

0
vu1–1(1 – v)u2–1 dv =

�(u1)�(u2)
�(u1 + u2)

,

where � is the Euler gamma function.
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Definition 2.9 ([38]) The incomplete beta function is defined for any complex numbers
u1, u2 such that Re(u1) > 0 and Re(u2) > 0 by

Ba(u1, u2) =
∫ a

0
vu1–1(1 – v)u2–1 dv, 0 ≤ a < 1.

Definition 2.10 ([38]) For any complex numbers u1, u2, u3, and y such that Re(u3) >
Re(u2) > 0 and |y| < 1, the hypergeometric function is defined as

2F1(u1, u2, u3; y) =
1

B(u2, u3 – u2)

∫ 1

0
vu2–1(1 – v)u3–u2–1(1 – yv)–u1 dv,

where B(·, ·) is the beta function.

Lastly, we recall the definition of multiplicatively s-convex functions.

Definition 2.11 ([39]) A function R : I ⊂ R → R
+ is said to be multiplicatively s-convex

for some fixed s ∈ (0, 1] if for all u1, u2 ∈ I , we have the inequality

R
(
γ u1 + (1 – γ )u2

) ≤ [
R(u1)

]γ s[
R(u2)

](1–γ )s

for all γ ∈ [0, 1].

3 Main results
We denote

Q(a, b, x,�;R)

=
(
R(x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a (

R(a + b – x)
) 2(x–a)+�(a+b–2x)

2(b–a) ,
(5)

I(a, b, x;R) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

((aIδ∗R)( a+b
2 )(∗Iδ

bR)( a+b
2 ))

2δ–1
(b–a)δ–1 for x = a,

((∗Iδ
xR)(a)((a+b–x)Iδ∗R)(b))

1
(x–a)δ–1

× ((xIδ∗R)( a+b
2 )(∗Iδ

(a+b–x)R)( a+b
2 ))

2δ–1
(a+b–2x)δ–1 for a < x < a+b

2 ,

((∗Iδ
a+b

2
R)(a)( a+b

2
Iδ∗R)(b))

2δ–1
(b–a)δ–1 for x = a+b

2 ,

(6)

�(�, δ, s) =

⎧
⎨

⎩

2δ(1–�)
δ+s+1

δ –δ+(δ+s+1)�
(δ+s+1)(s+1) for 0 ≤ � ≤ 1,

�(δ+s+1)–δ

(δ+s+1)(s+1) for � > 1,
(7)

and

N (�, δ, s) =

⎧
⎨

⎩

1–�

s+1 (1 – 2(1 – (1 – �)
1
δ )s+1) – G

(1–�)
1
δ

(δ + 1, s + 1) for 0 ≤ � ≤ 1,
�–1
s+1 + B(s + 1, δ + 1) for � > 1,

(8)

with

Gρ(u, v) = Bρ(u, v) – B1–ρ(v, u),

where B and Bρ are beta and incomplete beta functions, respectively.
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To substantiate our findings, it is imperative to invoke the following lemma.

Lemma 3.1 Assuming that R is a positive multiplicatively differentiable function on [a, b]
and R∗ is multiplicatively integrable over [a, b], then for δ > 0, � ≥ 0, and x ∈ [a, a+b

2 ], we
have the following fractional multiplicative integral identity:

Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

=
(∫ 1

0

((
R∗((1 – γ )a + γ x

))γ δ )dγ

) (x–a)2
b–a

×
(∫ 1

0

((
R∗

(
(1 – γ )x + γ

a + b
2

))1–�–(1–γ )δ)dγ ) (a+b–2x)2
4(b–a)

×
(∫ 1

0

((
R∗

(
(1 – γ )

a + b
2

+ γ (a + b – x)
))γ δ–(1–�))dγ ) (a+b–2x)2

4(b–a)

×
(∫ 1

0

((
R∗((1 – γ )(a + b – x) + γ b

))–(1–γ )δ )dγ

) (x–a)2
b–a

, (9)

where Q and I are defined in (5) and (6), respectively.

Proof Let

I1 =
(∫ 1

0

((
R∗((1 – γ )a + γ x

))γ δ )dγ

) (x–a)2
b–a

,

I2 =
(∫ 1

0

((
R∗

(
(1 – γ )x + γ

a + b
2

))1–�–(1–γ )δ)dγ ) (a+b–2x)2
4(b–a)

,

I3 =
(∫ 1

0

((
R∗

(
(1 – γ )

a + b
2

+ γ (a + b – x)
))γ δ–(1–�))dγ ) (a+b–2x)2

4(b–a)
,

and

I4 =
(∫ 1

0

((
R∗((1 – γ )(a + b – x) + γ b

))–(1–γ )δ )dγ

) (x–a)2
b–a

.

First, let us consider the case x ∈ (a, a+b
2 ).

Using Lemma 2.6, for I1, we have

I1 =
(∫ 1

0

((
R∗((1 – γ )a + γ x

))γ δ )dγ

) (x–a)2
b–a

=
∫ 1

0

((
R∗((1 – γ )a + γ x

)) (x–a)2
b–a (γ δ ))dγ

=
(R(x))

x–a
b–a

1
1

∫ 1
0 ((R((1 – γ )a + γ x))δ

x–a
b–a γ δ–1 )dγ

=
(
R(x)

) x–a
b–a

1
exp{δ x–a

b–a
∫ 1

0 (γ δ–1(lnR((1 – γ )a + γ x))) dγ }
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=
(
R(x)

) x–a
b–a

1
exp{δ (x–a)1–δ

b–a
∫ x

a ((u – a)δ–1(lnR(u))) du}

=
(
R(x)

) x–a
b–a

1

(exp{( 1
�(δ)

∫ x
a ((u – a)δ–1(lnR(u))) du)})(x–a)1–δ �(δ+1)

b–a

=
(
R(x)

) x–a
b–a

((
∗Iδ

xR
)
(a)

)– (x–a)1–δ�(δ+1)
b–a . (10)

In the same vein,

I2 =
(∫ 1

0

((
R∗

(
(1 – γ )x + γ

a + b
2

))1–�–(1–γ )δ)dγ ) (a+b–2x)2
4(b–a)

=
(∫ 1

0

((
R∗

(
(1 – γ )x + γ

a + b
2

)) (a+b–2x)2
4(b–a) (1–�–(1–γ )δ ))dγ )

=
(R( a+b

2 ))
(1–�)(a+b–2x)

2(b–a)

(R(x))– �(a+b–2x)
2(b–a)

1
∫ 1

0 ((R((1 – γ )x + γ a+b
2 ))δ

(a+b–2x)
2(b–a) (1–γ )δ–1

)dγ

=
(R(x))

�(a+b–2x)
2(b–a) (R( a+b

2 ))
(1–�)(a+b–2x)

2(b–a)

exp{δ (a+b–2x)
2(b–a)

∫ 1
0 (1 – γ )δ–1 ln(R((1 – γ )x + γ a+b

2 )) dγ }

=
(R(x))

�(a+b–2x)
2(b–a) (R( a+b

2 ))
(1–�)(a+b–2x)

2(b–a)

exp{ 2δ–1�(δ+1)
(a+b–2x)δ–1(b–a) ( 1

�(δ)
∫ a+b

2
x ( a+b

2 – u)δ–1 ln(R(u)) du)}

=
(
R(x)

) �(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
2(b–a)

((
xIδ

∗R
)(a + b

2

))– 2δ–1�(δ+1)
(a+b–2x)δ–1(b–a)

, (11)

I3 =
(∫ 1

0

((
R∗

(
(1 – γ )

a + b
2

+ γ (a + b – x)
))γ δ–(1–�))dγ ) (a+b–2x)2

4(b–a)

=
∫ 1

0

((
R∗

(
(1 – γ )

a + b
2

+ γ (a + b – x)
)) (a+b–2x)2

4(b–a) (γ δ–(1–�)))dγ

=
(R(a + b – x))

�(a+b–2x)
2(b–a)

(R( a+b
2 ))– (1–�)(a+b–2x)

2(b–a)

1
∫ 1

0 ((R((1 – γ ) a+b
2 + γ (a + b – x)))δ

(a+b–2x)
2(b–a) γ δ–1

)dγ

=
(R( a+b

2 ))
(1–�)(a+b–2x)

2(b–a) (R(a + b – x))
�(a+b–2x)

2(b–a)

exp{δ (a+b–2x)
2(b–a)

∫ 1
0 γ δ–1 ln(R((1 – γ ) a+b

2 + γ (a + b – x))) dγ }

=
(R( a+b

2 ))
(1–�)(a+b–2x)

2(b–a) (R(a + b – x))
�(a+b–2x)

2(b–a)

(exp{ 1
�(δ)

∫ a+b–x
a+b

2
(u – a+b

2 )δ–1 ln(R(u)) du})
2δ–1�(δ+1)

(b–a)(a+b–2x)δ–1

=
(
R

(
a + b

2

)) (1–�)(a+b–2x)
2(b–a) (

R(a + b – x)
) �(a+b–2x)

2(b–a)

×
(

(
∗Iδ

(a+b–x)R
)
(

a + b
2

))– 2δ–1�(δ+1)
(b–a)(a+b–2x)δ–1

, (12)
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and

I4 =
(∫ 1

0

((
R∗((1 – γ )(a + b – x) + γ b

))–(1–γ )δ )dγ

) (x–a)2
b–a

=
(∫ 1

0

((
R∗((1 – γ )(a + b – x) + γ b

))– (x–a)2
b–a (1–γ )δ )dγ

)

=
1

(R(a + b – x))– x–a
b–a

1
∫ 1

0 ((R((1 – γ )(a + b – x) + γ b))
δ(x–a)

b–a (1–γ )δ–1 )dγ

=
(
R(a + b – x)

) x–a
b–a

1
exp{δ x–a

b–a
∫ 1

0 (1 – γ )δ–1 ln(R((1 – γ )(a + b – x) + γ b)) dγ }

=
(
R(a + b – x)

) x–a
b–a

1
exp{ (x–a)1–δ�(δ+1)

b–a ( 1
�(δ)

∫ b
a+b–x(b – u)δ–1 ln(R(u)) du)}

=
(
R(a + b – x)

) x–a
b–a

((
(a+b–x)Iδ

∗R
)
(b)

)– (x–a)1–δ�(δ+1)
b–a . (13)

Multiplying equalities (10)–(13), we get the desired result.
Now, for the cases where x = a and x = a+b

2 , it suffices to follow the same demonstration
principle as above, taking into account that when x = a, we have I1 = I4 = 1, and when
x = a+b

2 , I2 = I3 = 1, and equation (9) will be reduced:
(1) For x = a,

(
R(a)

) �
2

(
R

(
a + b

2

))1–�(
R(b)

) �
2

((
aIδ

∗R
)(a + b

2

)(
∗Iδ

bR
)(a + b

2

))– 2δ–1�(δ+1)
(b–a)δ

=
[(∫ 1

0

((
R∗

(
(1 – γ )a + γ

a + b
2

))1–�–(1–γ )δ)dγ )

×
(∫ 1

0

((
R∗

(
(1 – γ )

a + b
2

+ γ b
))γ δ–(1–�))dγ )] b–a

4
;

(2) For x = a+b
2 ,

R
(

a + b
2

)
((

∗Iδ
a+b

2
R

)
(a)

(
a+b

2
Iδ
∗R

)
(b)

)– 2δ–1�(δ+1)
(b–a)δ

=
[(∫ 1

0

((
R∗

(
(1 – γ )a + γ

a + b
2

))γ δ)dγ )

×
(∫ 1

0

((
R∗

(
(1 – γ )

a + b
2

+ γ b
))–(1–γ )δ)dγ )] b–a

4
.

The proof is completed. �

Theorem 3.2 Let R : [a, b] →R
+ be an increasing multiplicatively differentiable function

on [a, b]. If R∗ exhibits multiplicative s-convexity on this interval, then for any x ∈ [a, a+b
2 ],

� ≥ 0, and δ > 0, we have

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣
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≤ (
R∗(a)R∗(b)

) (x–a)2
b–a B(δ+1,s+1)R∗

(
a + b

2

) (a+b–2x)2
2(b–a) N (�,δ,s)

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) �(�,δ,s)+ (x–a)2

(δ+s+1)(b–a) ,

where Q, I , �, and N are defined in (5)–(8), and B is the beta function.

Proof From Lemma 3.1 by the properties of multiplicative integrals we have

∣
∣Q(a, b, x,�;R)

(
I(a, b, x;R)

)– �(δ+1)
b–a

∣
∣

≤ exp

(
(x – a)2

b – a

∫ 1

0
γ δ ln

(
R∗((1 – γ )a + γ x

))
dγ

)

× exp

(
(a + b – 2x)2

4(b – a)

∫ 1

0

∣∣1 – � – (1 – γ )δ
∣∣ lnR∗

(
(1 – γ )x + γ

a + b
2

)
dγ

)

× exp

(
(a + b – 2x)2

4(b – a)

∫ 1

0

∣
∣γ δ – (1 – �)

∣
∣ lnR∗

(
(1 – γ )

a + b
2

+ γ (a + b – x)
)

dγ

)

× exp

(
(x – a)2

b – a

∫ 1

0
(1 – γ )δ lnR∗((1 – γ )(a + b – x) + γ b

)
dγ

)
.

From the multiplicative s-convexity of R∗ we have

∣
∣Q(a, b, x,�;R)

(
I(a, b, x;R)

)– �(δ+1)
b–a

∣
∣

≤ exp

(
(x – a)2

b – a

∫ 1

0
γ δ

(
(1 – γ )s lnR∗(a) + γ s lnR∗(x)

)
dγ

)

× exp

(
(a + b – 2x)2

4(b – a)

×
∫ 1

0

∣
∣1 – � – (1 – γ )δ

∣
∣
(

(1 – γ )s lnR∗(x) + γ s lnR∗
(

a + b
2

))
dγ

)

× exp

(
(a + b – 2x)2

4(b – a)

×
∫ 1

0

∣∣γ δ – (1 – �)
∣∣
(

(1 – γ )s lnR∗
(

a + b
2

)
+ γ s lnR∗(a + b – x)

)
dγ

)

× exp

(
(x – a)2

b – a

∫ 1

0
(1 – γ )δ

(
(1 – γ )s lnR∗(a + b – x) + γ s lnR∗(b)

)
dγ

)

= exp

(
(x – a)2

b – a

(∫ 1

0
γ δ(1 – γ )s dγ

)
lnR∗(a) +

(x – a)2

b – a

(∫ 1

0
γ δ+s dγ

)
lnR∗(x)

)

× exp

(
(a + b – 2x)2

4(b – a)

(∫ 1

0

∣
∣1 – � – (1 – γ )δ

∣
∣(1 – γ )s dγ

)
lnR∗(x)

+
(a + b – 2x)2

4(b – a)

(∫ 1

0

∣∣1 – � – (1 – γ )δ
∣∣γ s dγ

)
lnR∗

(
a + b

2

))

× exp

(
(a + b – 2x)2

4(b – a)

(∫ 1

0

∣∣γ δ – (1 – �)
∣∣(1 – γ )s dγ

)
lnR∗

(
a + b

2

)

+
(a + b – 2x)2

4(b – a)

(∫ 1

0

∣
∣γ δ – (1 – �)

∣
∣γ s dγ

)
lnR∗(a + b – x) dγ

)
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× exp

(
(x – a)2

b – a

(∫ 1

0
(1 – γ )δ+s dγ

)
lnR∗(a + b – x)

+
(x – a)2

b – a

(∫ 1

0
(1 – γ )δγ s dγ

)
lnR∗(b)

)

=
(
R∗(a)R∗(b)

) (x–a)2
b–a B(δ+1,s+1)R∗

(
a + b

2

) (a+b–2x)2
2(b–a) N (�,δ,s)

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) �(�,δ,s)+ (x–a)2

(δ+s+1)(b–a) ,

where we have used (7), (8), and the equalities

∫ 1

0
γ δ(1 – γ )s dγ =

∫ 1

0
(1 – γ )δγ s dγ = B(δ + 1, s + 1), (14)

∫ 1

0
γ δ+s dγ =

∫ 1

0
(1 – γ )δ+s dγ =

1
δ + s + 1

, (15)

∫ 1

0

∣∣1 – � – (1 – γ )δ
∣∣(1 – γ )s dγ =

∫ 1

0

∣∣1 – � – γ δ
∣∣γ s dγ = �(�, δ, s), (16)

and

∫ 1

0

∣
∣γ δ – (1 – �)

∣
∣(1 – γ )s dγ =

∫ 1

0

∣
∣1 – � – (1 – γ )δ

∣
∣γ s dγ = N (�, δ, s). (17)

The proof is completed. �

Corollary 3.3 Taking x = a and � ∈ [0, 1] in Theorem 3.2, we get

∣∣∣
∣
(
R(a)

) �
2

(
R

(
a + b

2

))1–�(
R(b)

) �
2

(
(

aIδ
∗R

)
(

a + b
2

)
(
∗Iδ

bR
)
(

a + b
2

))– 2δ–1�(δ+1)
(b–a)δ

∣∣∣
∣

≤
((

R∗(a)R∗(b)
) (δ+s+1)�–δ+2δ(1–�)

δ+s+1
δ

(s+1)(δ+s+1) R∗
(

a + b
2

)2T (�,δ,s)) b–a
4

with

T (�, δ, s) =
1 – �

s + 1
(
1 – 2

(
1 – (1 – �)

1
δ
)s+1)

– B
(1–�)

1
δ

(δ + 1, s + 1) + B
1–(1–�)

1
δ

(s + 1, δ + 1). (18)

Corollary 3.4 By setting � = 1 in Corollary 3.3 we obtain the following trapezium inequal-
ity:

∣∣
∣∣
√
R(a)R(b)

((
aIδ

∗R
)(a + b

2

)(
∗Iδ

bR
)(a + b

2

))– 2δ–1�(δ+1)
(b–a)δ

∣∣
∣∣

≤
((

R∗(a)R∗(b)
) 1

δ+s+1 R∗
(

a + b
2

)2B(s+1,δ+1)) b–a
4

.
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Corollary 3.5 Taking � = 1
2 in Corollary 3.3, we obtain the following Bullen inequality:

∣∣
∣∣

(
R(a)

(
R

(
a + b

2

))2

R(b)
) 1

4
((

aIδ
∗R

)(a + b
2

)(
∗Iδ

bR
)(a + b

2

))– 2δ–1�(δ+1)
(b–a)δ

∣∣
∣∣

≤
((

R∗(a)R∗(b)
) s+1–δ+2δ( 1

2 )
s+1
δ

2(s+1)(δ+s+1) R∗
(

a + b
2

)2T1(δ,s)) b–a
4

with

T1(δ, s) =
1

2(s + 1)

(
1 – 2

(
1 –

(
1
2

) 1
δ
)s+1)

– B
( 1

2 )
1
δ

(δ + 1, s + 1) + B
1–( 1

2 )
1
δ

(s + 1, δ + 1).

Corollary 3.6 Taking � = 1
3 in Corollary 3.3, we obtain the following Simpson inequality:

∣
∣∣∣

(
R(a)

(
R

(
a + b

2

))4

R(b)
) 1

6
((

aIδ
∗R

)(a + b
2

)(
∗Iδ

bR
)(a + b

2

))– 2δ–1�(δ+1)
(b–a)δ

∣
∣∣∣

≤
((

R∗(a)R∗(b)
) s+1–2δ+4δ( 2

3 )
s+1
δ

3(s+1)(δ+s+1) R∗
(

a + b
2

)2T2(δ,s)) b–a
4

with

T2(δ, s) =
2

3(s + 1)

(
1 – 2

(
1 –

(
2
3

) 1
δ
)s+1)

– B
( 2

3 )
1
δ

(δ + 1, s + 1) + B
1–( 2

3 )
1
δ

(s + 1, δ + 1).

Corollary 3.7 Taking � = 7
15 in Corollary 3.3, we obtain the following corrected Simpson

inequality:

∣∣∣
∣

(
(
R(a)

)7
(
R

(
a + b

2

))16(
R(b)

)7
) 1

30
(

(
aIδ

∗R
)
(

a + b
2

)
(
∗Iδ

bR
)
(

a + b
2

))– 2δ–1�(δ+1)
(b–a)δ

∣∣∣
∣

≤
((

R∗(a)R∗(b)
) 7s+7–8δ+16δ( 8

15 )
s+1
δ

15(s+1)(δ+s+1) R∗
(

a + b
2

)2T3(δ,s)) b–a
4

with

T3(δ, s) =
8

15(s + 1)

(
1 – 2

(
1 –

(
8

15

) 1
δ
)s+1)

– B
( 8

15 )
1
δ

(δ + 1, s + 1) + B
1–( 8

15 )
1
δ

(s + 1, δ + 1).

Corollary 3.8 Taking � = 0 in Corollary 3.3, we obtain the following midpoint inequality:

∣∣
∣∣R

(
a + b

2

)((
aIδ

∗R
)(a + b

2

)(
∗Iδ

bR
)(a + b

2

))– 2δ–1�(δ+1)
(b–a)δ

∣∣
∣∣

≤
((

R∗(a)R∗(b)
) δ

(s+1)(δ+s+1) R∗
(

a + b
2

)2( 1
s+1 –B(δ+1,s+1))) b–a

4
.
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Corollary 3.9 Taking x = a and � > 1 in Theorem 3.2, we get

∣
∣∣
∣
(
R(a)

) �
2

(
R

(
a + b

2

))1–�(
R(b)

) �
2

(
(

aIδ
∗R

)
(

a + b
2

)
(
∗Iδ

bR
)
(

a + b
2

))– 2δ–1�(δ+1)
(b–a)δ

∣
∣∣
∣

≤
((

R∗(a)R∗(b)
) �(δ+s+1)–δ

(s+1)(δ+s+1) R∗
(

a + b
2

)2( �–1
s+1 +B(s+1,δ+1))) b–a

4
.

Corollary 3.10 Taking � = 4
3 in Corollary 3.9, we obtain the following Milne inequality:

∣
∣∣
∣

(
(
R(a)

)2
(
R

(
a + b

2

))–1(
R(b)

)2
) 1

3
(

(
aIδ

∗R
)
(

a + b
2

)
(
∗Iδ

bR
)
(

a + b
2

))– 2δ–1�(δ+1)
(b–a)δ

∣
∣∣
∣

≤
(

(
R∗(a)R∗(b)

) δ+4s+4
3(s+1)(δ+s+1) R∗

(
a + b

2

)2( 1
3(s+1) +B(s+1,δ+1))) b–a

4
.

Corollary 3.11 Taking x = 3a+b
4 and � ∈ [0, 1] in Theorem 3.2, we get

∣∣∣
∣

(
R

(
3a + b

4

)) 1+�
4

(
R

(
a + b

2

)) 1–�
2

(
R

(
a + 3b

4

)) 1+�
4 (

D(R)
)– 4δ–1�(δ+1)

(b–a)δ

∣∣∣
∣

≤
(

(
R∗(a)R∗(b)

)B(δ+1,s+1)R∗
(

a + b
2

)2T (�,δ,s)

×
(
R∗

(
3a + b

4

)
R∗

(
a + 3b

4

)) (δ+s+1)�–δ+2δ(1–�)
δ+s+1

δ

(s+1)(δ+s+1) + 1
δ+s+1

) b–a
16

,

where T is defined in (18), and

D(R) =
(

(
∗Iδ

3a+b
4
R

)
(a)

(
a+3b

4
Iδ
∗R

)
(b)

(
3a+b

4
Iδ
∗R

)
(

a + b
2

)
(
∗Iδ

a+3b
4
R

)
(

a + b
2

))
. (19)

Corollary 3.12 Taking x = 3a+b
4 and � > 1 in Theorem 3.2, we get

∣∣
∣∣

(
R

(
3a + b

4

)) 1+�
4

(
R

(
a + b

2

)) 1–�
2

(
R

(
a + 3b

4

)) 1+�
4 (

D(R)
)– 4δ–1�(δ+1)

(b–a)δ

∣∣
∣∣

≤
(

(
R∗(a)R∗(b)

)B(δ+1,s+1)R∗
(

a + b
2

)2( �–1
s+1 +B(s+1,δ+1))

×
(
R∗

(
3a + b

4

)
R∗

(
a + 3b

4

)) �(δ+s+1)–δ
(s+1)(δ+s+1) + 1

δ+s+1
) b–a

16
,

where D is given by (19).

Corollary 3.13 Taking � = 5
3 in Corollary 3.12, we obtain the following dual-Simpson in-

equality:

∣∣
∣∣

((
R

(
3a + b

4

))2(
R

(
a + b

2

))–1(
R

(
a + 3b

4

))2) 1
3 (
D(R)

)– 4δ–1�(δ+1)
(b–a)δ

∣∣
∣∣
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≤
((

R∗(a)R∗(b)
)B(δ+1,s+1)R∗

(
a + b

2

)2( 2
3(s+1) +B(s+1,δ+1))

×
(
R∗

(
3a + b

4

)
R∗

(
a + 3b

4

)) 2δ+8s+8
3(s+1)(δ+s+1)

) b–a
16

,

where D is given by (19).

Remark 3.14 By setting � = 17
15 in Corollary 3.12 we recover the result established in The-

orem 3.2 from [33] concerning the corrected dual-Simpson formula.

Corollary 3.15 Taking x = 5a+b
6 and � ∈ [0, 1] in Theorem 3.2, we get

∣
∣∣∣

(
R

(
5a + b

6

)) 1+2�
6

(
R

(
a + b

2

)) 2(1–�)
3

(
R

(
a + 5b

6

)) 1+2�
6 (

M(R)
)– 3δ–1�(δ+1)

(b–a)δ

∣
∣∣∣

≤
((

R∗(a)R∗(b)
)B(δ+1,s+1)R∗

(
a + b

2

)8T (�,δ,s)

×
(
R∗

(
5a + b

6

)
R∗

(
a + 5b

6

))4 (δ+s+1)�–δ+2δ(1–�)
δ+s+1

δ

(s+1)(δ+s+1) + 1
δ+s+1

) b–a
36

,

where T is defined by (18), and

M(R) =
(((

∗Iδ
5a+b

6
R

)
(a)

(
a+5b

6
Iδ
∗R

)
(b)

)2δ–1

×
((

5a+b
6

Iδ
∗R

)(a + b
2

)(
∗Iδ

a+5b
6
R

)(a + b
2

)))
. (20)

Corollary 3.16 Taking � = 5
8 in Corollary 3.15, we obtain the following Maclaurin inequal-

ity:

∣
∣∣
∣

((
R

(
5a + b

6

))3(
R

(
a + b

2

))2(
R

(
a + 5b

6

))3) 1
8 (
M(R)

)– 3δ–1�(δ+1)
(b–a)δ

∣
∣∣
∣

≤
(

(
R∗(a)R∗(b)

)B(δ+1,s+1)R∗
(

a + b
2

)8T4(δ,s)

×
(
R∗

(
5a + b

6

)
R∗

(
a + 5b

6

)) 5s+5–3δ+6δ( 3
8 )

s+1
δ

2(s+1)(δ+s+1) + 1
δ+s+1

) b–a
36

,

where M is given by (20), and

T4(δ, s) =
3

(s + 1)

(
1 – 2

(
1 –

(
3
8

) 1
δ
)s+1)

– B
( 3

8 )
1
δ

(δ + 1, s + 1) + B
1–( 3

8 )
1
δ

(s + 1, δ + 1).
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Corollary 3.17 Taking � = 41
80 in Corollary 3.15, we obtain the following corrected Maclau-

rin inequality:

∣∣
∣∣

((
R

(
5a + b

6

))27(
R

(
a + b

2

))26(
R

(
a + 5b

6

))27) 1
80 (

M(f )
)– 3δ–1�(δ+1)

(b–a)δ

∣∣
∣∣

≤
((

R∗(a)R∗(b)
)B(δ+1,s+1)R∗

(
a + b

2

)8T5(δ,s)

×
(
R∗

(
5a + b

6

)
R∗

(
a + 5b

6

)) 41s+41–39δ+78δ( 39
80 )

s+1
δ

20(s+1)(δ+s+1) + 1
δ+s+1

) b–a
36

,

where M is given by (20), and

T5(δ, s) =
39

80(s + 1)

(
1 – 2

(
1 –

(
39
80

) 1
δ
)s+1)

– B
( 39

80 )
1
δ

(δ + 1, s + 1) + B
1–( 39

80 )
1
δ

(s + 1, δ + 1).

Corollary 3.18 Taking x = a+b
2 in Theorem 3.2, we get

∣∣
∣∣R

(
a + b

2

)((
∗Iδ

a+b
2
R

)
(a)

(
a+b

2
Iδ
∗R

)
(b)

)– 2δ–1�(δ+1)
(b–a)δ

∣∣
∣∣

≤
((

R∗(a)R∗(b)
)B(δ+1,s+1)

(
R∗

(
a + b

2

)) 2
δ+s+1

) b–a
4

.

Corollary 3.19 Taking s = 1 and � ∈ [0, 1] in Theorem 3.2, we get

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
(δ+1)(δ+2)(b–a)

×R∗
(

a + b
2

) (a+b–2x)2
2(b–a) ( 2–(1–�)(δ+1)(δ+2)

2(δ+1)(δ+2) + 2δ
δ+1 (1–�)

δ+1
δ – δ

δ+2 (1–�)
δ+2
δ )

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a)

(δ+2)�–δ+2δ(1–�)
δ+2
δ

2(δ+2) + (x–a)2
(δ+2)(b–a) .

Corollary 3.20 Taking s = 1 in Theorem 3.2, we get, for � > 1,

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
(δ+1)(δ+2)(b–a) B(δ+1,2)R∗

(
a + b

2

) (a+b–2x)2
2(b–a) ( �–1

2 + 1
(δ+1)(δ+2) )

× (
R∗(x)R∗(a + b – x)

) (�(δ+2)–δ)(a+b–2x)2
8(δ+2)(b–a) + (x–a)2

(δ+2)(b–a) .
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Corollary 3.21 Taking x = a in Corollary 3.19, we obtain

∣∣
∣∣
(
R(a)

) �
2

(
R

(
a + b

2

))1–�(
R(b)

) �
2

((
aIδ

∗R
)(a + b

2

)(
∗Iδ

bR
)(a + b

2

))– 2δ–1�(δ+1)
(b–a)δ

∣∣
∣∣

≤
((

R∗(a)R∗(b)
) (δ+2)�–δ+2δ(1–�)

δ+2
δ

2(δ+2)

×R∗
(

a + b
2

) 2–(1–�)(δ+1)(δ+2)
(δ+1)(δ+2) + 4δ

δ+1 (1–�)
δ+1
δ – 2δ

δ+2 (1–�)
δ+2
δ ) b–a

4
.

Remark 3.22 In Corollary 3.21, if we take
1) x = a and � = 1

3 , then we obtain Theorem 10 from [31],
2) x = a and � = 1

2 , then we obtain Theorem 5 from [30].

Corollary 3.23 By setting δ = 1 in Theorem 3.2 we get

∣
∣∣
∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣
∣∣
∣

≤ (
R∗(a)R∗(b)

) (x–a)2
(s+1)(s+2)(b–a) R∗

(
a + b

2

) (a+b–2x)2
2(b–a) Ñ (�,s)

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) �̃(�,s)+ (x–a)2

(s+2)(b–a) ,

where

�̃(�, s) =

⎧
⎨

⎩

(s+2)�–1+2(1–�)s+2

(s+1)(s+2) for 0 ≤ � ≤ 1,
�(s+2)–1
(s+1)(s+2) for � > 1,

and

Ñ (�, s) =

⎧
⎨

⎩

s+1–�(s+2)+2�s+2

(s+1)(s+2) for 0 ≤ � ≤ 1,
(s+2)(�–1)+1

(s+1)(s+2) for � > 1.

Corollary 3.24 Taking δ = s = 1 in Theorem 3.2, we get

∣
∣∣
∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣
∣∣
∣

≤ (
R∗(a)R∗(b)

) (x–a)2
6(b–a) R∗

(
a + b

2

) (a+b–2x)2
2(b–a) N̂ (�)

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) �̂(�)+ (x–a)2

3(b–a) ,

where

�̂(�) =

⎧
⎨

⎩

1–3�+6�2–2�3

6 for 0 ≤ � ≤ 1,
3�–1

6 for � > 1,
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and

N̂ (�) =

⎧
⎨

⎩

2–3�+2�3

6 for 0 ≤ � ≤ 1,
3�–2

6 for � > 1.

Remark 3.25 In Corollary 3.24, if we take
1) x = a+b

2 , then we obtain Theorem 3.3 from [17];
2) x = a and � = 1, then using the multiplicative convexity of R∗, we get Theorem 3.6

from [17];
3) x = a and � = 1

3 , then we obtain Corollary 3 from [31];
4) x = a and � = 1

2 , then we obtain Corollary 3 from [30];
5) x = 5a+b

6 and � = 5
8 , then we obtain Theorem 3.2 from [19];

6) x = 3a+b
4 and � = 5

3 , then we obtain Theorem 3.2 from [20].

Example 3.26 Consider the function R(u) = 2us+1 for s ∈ (0, 1] with a = 0 and b = 1, the
multiplicative derivative of this function is R∗(u) = 2(s+1)us , which exhibits multiplicative
s-convexity on the interval [0, 1]. Thus by Theorem 3.2, for 0 < δ ≤ 1,

2[xs+1( (2x+�(1–2x))
2 )+2–(s+1)(1–�)(1–2x)+(1–x)s+1 (2x+�(1–2x))

2 ]

e
δ ln 2[(

∫ x
0 uδ+s du+

∫ 1
1–x us+1(1–u)δ–1 du)x1–δ+(

∫ 1
2

x us+1( 1
2 –u)δ–1 du+

∫ 1–x
1
2

us+1(u– 1
2 )δ–1 du)( 1–2x

2 )1–δ ]

≤ 2(s+1)[x2B(δ+1,s+1)+ (1–2x)2
2s+1 N (�,δ,s)+(xs+(1–x)s)( (1–2x)2

4 �(�,δ,s)+ x2
(δ+s+1) )],

where � and N are defined by (7) and (8), and B is the beta function.
Since this result depends on four parameters, we will set δ = 1 and x = a = 0 and then

represent the result with respect to the remaining two. The outcome is illustrated in Fig. 1.

2[2–(s+1)(1–�)+ �
2 – 1

s+2 ] ≤

⎧
⎪⎨

⎪⎩

2(s+1)[ s+1–�(s+2)+2�s+2
2s+1(s+1)(s+2)

+ (s+2)�–1+2(1–�)s+2
4(s+1)(s+2) ] for � ∈ [0, 1],

2(s+1)[ (�–1)(s+2)+1
2s+1(s+1)(s+2)

+ �(s+2)–1
4(s+1)(s+2) ] for � > 1.

Figure 1 x = 0, δ = 1, � ∈ [0, 2], and s ∈ (0, 1]
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Based on the observations from Fig. 1, it is evident that the right-hand term consistently
surpasses the left-hand term. This holds for all � ∈ [0, 2] and s ∈ (0, 1], providing substan-
tiation for the validity of our findings.

Theorem 3.27 Let R : [a, b] → R
+ be an increasing multiplicatively differentiable func-

tion on [a, b]. If for q > 1 with 1
p + 1

q = 1, (lnR∗)q is s-convex on this interval, then for all
x ∈ [a, a+b

2 ], � ≥ 0, and δ > 0, we have

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣

≤ (
R∗(a)R∗(x)R∗(a + b – x)R∗(b)

) (x–a)2
b–a ( 1

δp+1 )
1
p ( 1

s+1 )
1
q

×
(
R∗(x)

(
R∗

(
a + b

2

))2

R∗(a + b – x)
) (a+b–2x)2

4(b–a) ( 1
s+1 )

1
q (	(δ,p,�))

1
p

,

where Q and I are defined by (5) and (6), respectively, and

	(δ, p,�) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(1–�)p+ 1
δ

δ
B( 1

δ
, p + 1) + �

p+ 1
δ

δ(p+1) 2F1(1 – 1
δ
, 1, p + 2;�) for � ∈ [0, 1],

�p
2F1(–p, 1, 1

δ
+ 1; 1

�
) for � ∈ [1, 2],

(�–1)p

δ 2F1(–p, 1
δ
, 1

δ
+ 1; 1

1–�
) for � > 2,

(21)

with B and 2F1 the beta and hypergeometric functions, respectively.

Proof By Lemma 3.1, applying the Hölder inequality, we get

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣

≤ exp

(
(x – a)2

b – a

(∫ 1

0
γ δp dγ

) 1
p
(∫ 1

0

∣∣ln
(
R∗((1 – γ )a + γ x

))∣∣q dγ

) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)

(∫ 1

0

∣
∣1 – � – (1 – γ )δ

∣
∣p dγ

) 1
p

×
(∫ 1

0

∣
∣∣
∣lnR

∗
(

(1 – γ )x + γ
a + b

2

)∣
∣∣
∣

q

dγ

) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)

(∫ 1

0

∣
∣γ δ – (1 – �)

∣
∣p dγ

) 1
p

×
(∫ 1

0

∣
∣∣
∣lnR

∗
(

(1 – γ )
a + b

2
+ γ (a + b – x)

)∣
∣∣
∣

q

dγ

) 1
q
)

× exp

(
(x – a)2

b – a

(∫ 1

0
(1 – γ )δp dγ

) 1
p

×
(∫ 1

0

∣∣lnR∗((1 – γ )(a + b – x) + γ b
)∣∣q dγ

) 1
q
)

.

From the s-convexity of (lnR∗)q, we have

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣
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≤ exp

(
(x – a)2

b – a

(
1

δp + 1

) 1
p
(∫ 1

0

(
(1 – γ )s(ln

(
R∗(a)

))q + γ s(ln
(
R∗(x)

))q)dγ

) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)
(
	(δ, p,�)

) 1
p

×
(∫ 1

0

(
(1 – γ )s(lnR∗(x)

)q + γ s
(

lnR∗
(

a + b
2

))q)
dγ

) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)
(
	(δ, p,�)

) 1
p

×
(∫ 1

0

(
(1 – γ )s

(
lnR∗

(
a + b

2

))q

+ γ s(lnR∗(a + b – x)
)q

)
dγ

) 1
q
)

× exp

(
(x – a)2

b – a

(
1

δp + 1

) 1
p

×
(∫ 1

0

(
(1 – γ )s(lnR∗(a + b – x)

)q + γ s(lnR∗(b)
)q)dγ

) 1
q
)

= exp

(
(x – a)2

b – a

(
1

δp + 1

) 1
p
(

1
s + 1

) 1
q ((

ln
(
R∗(a)

))q +
(
ln

(
R∗(x)

))q) 1
q

)

× exp

(
(a + b – 2x)2

4(b – a)
(
	(δ, p,�)

) 1
p

(
1

s + 1

) 1
q

×
((

lnR∗(x)
)q +

(
lnR∗

(
a + b

2

))q) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)
(
	(δ, p,�)

) 1
p

(
1

s + 1

) 1
q

×
((

lnR∗
(

a + b
2

))q

+
(
lnR∗(a + b – x)

)q
) 1

q
)

× exp

(
(x – a)2

b – a

(
1

δp + 1

) 1
p

×
(

1
s + 1

) 1
q ((

lnR∗(a + b – x)
)q +

(
lnR∗(b)

)q) 1
q

)
, (22)

where we have used that

∫ 1

0

∣
∣γ δ – (1 – �)

∣
∣p dγ =

(1 – �)p+ 1
δ

δ
B
(

1
δ

, p + 1
)

+
�p+ 1

δ

δ(p + 1) 2F1

(
1 –

1
δ

, 1, p + 2;�
)

for � ∈ [0, 1],

∫ 1

0

∣∣γ δ – (1 – �)
∣∣p dγ = �p

2F1

(
–p, 1,

1
δ

+ 1;
1
�

)

for 1 < � ≤ 2, and

∫ 1

0

∣
∣γ δ – (1 – �)

∣
∣p dγ =

(� – 1)p

δ
2F1

(
–p,

1
δ

,
1
δ

+ 1;
1

1 – �

)
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for � > 2. Using the inequality X q + Yq ≤ (X + Y)q for X ≥ 0, Y ≥ 0, and q ≥ 1, (22) gives

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
(b–a)δ

∣∣

≤ exp

(
(x – a)2

b – a

(
1

δp + 1

) 1
p
(

1
s + 1

) 1
q (

lnR∗(a) + lnR∗(x)
)
)

× exp

(
(a + b – 2x)2

4(b – a)
(
	(δ, p,�)

) 1
p

(
1

s + 1

) 1
q
(

lnR∗(x) + lnR∗
(

a + b
2

)))

× exp

(
(a + b – 2x)2

4(b – a)
(
	(δ, p,�)

) 1
p

×
(

1
s + 1

) 1
q
(

lnR∗
(

a + b
2

)
+ lnR∗(a + b – x)

))

× exp

(
(x – a)2

b – a

(
1

δp + 1

) 1
p
(

1
s + 1

) 1
q (

lnR∗(a + b – x) + lnR∗(b)
))

=
(
R∗(a)R∗(x)R∗(a + b – x)R∗(b)

) (x–a)2
b–a ( 1

δp+1 )
1
p ( 1

s+1 )
1
q

×
(
R∗(x)

(
R∗

(
a + b

2

))2

R∗(a + b – x)
) (a+b–2x)2

4(b–a) ( 1
s+1 )

1
q (	(δ,p,�))

1
p

.

The proof is completed. �

Corollary 3.28 By setting s = 1 in Theorem 3.27 we get

∣
∣Q(a, b, x,�;R)

(
I(a, b, x;R)

)– �(δ+1)
b–a

∣
∣

≤ (
R∗(a)R∗(x)R∗(a + b – x)R∗(b)

) (x–a)2
b–a ( 1

δp+1 )
1
p ( 1

2 )
1
q

×
(
R∗(x)

(
R∗

(
a + b

2

))2

R∗(a + b – x)
) (a+b–2x)2

4(b–a) ( 1
2 )

1
q (	(δ,p,�))

1
p

,

where Q, I , and 	 are defined by (5), (6), and (21), respectively.

Corollary 3.29 By setting δ = 1 in Theorem 3.27 we get, for � ∈ [0, 1],

∣∣
∣∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣∣
∣∣

≤
(

(
R∗(a)R∗(x)R∗(a + b – x)R∗(b)

) (x–a)2
b–a

×
(
R∗(x)

(
R∗

(
a + b

2

))2

R∗(a + b – x)
) (a+b–2x)2

4(b–a) ((1–�)p+1+�p+1)
1
p )( 1

p+1 )
1
p ( 1

s+1 )
1
q

.

Corollary 3.30 Taking δ = 1 and � > 1 in Theorem 3.27, we get

∣∣
∣∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣∣
∣∣
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≤
((

R∗(a)R∗(x)R∗(a + b – x)R∗(b)
) (x–a)2

b–a

×
(
R∗(x)

(
R∗

(
a + b

2

))2

R∗(a + b – x)
) (a+b–2x)2

4(b–a) (�p+1–(�–1)p+1)
1
p )( 1

p+1 )
1
p ( 1

s+1 )
1
q

.

Corollary 3.31 Taking δ = s = 1 in Theorem 3.27, we get, for � ∈ [0, 1],

∣
∣∣
∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣
∣∣
∣

≤
((

R∗(a)R∗(x)R∗(a + b – x)R∗(b)
) (x–a)2

b–a

×
(
R∗(x)

(
R∗

(
a + b

2

))2

R∗(a + b – x)
) (a+b–2x)2

4(b–a) ((1–�)p+1+�p+1)
1
p )( 1

p+1 )
1
p ( 1

2 )
1
q

.

Corollary 3.32 Taking δ = s = 1 in Theorem 3.27, we get, for � > 1,

∣
∣∣∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣
∣∣∣

≤
((

R∗(a)R∗(x)R∗(a + b – x)R∗(b)
) (x–a)2

b–a

×
(
R∗(x)

(
R∗

(
a + b

2

))2

R∗(a + b – x)
) (a+b–2x)2

4(b–a) (�p+1–(�–1)p+1)
1
p )( 1

p+1 )
1
p ( 1

2 )
1
q

.

Theorem 3.33 Let R : [a, b] → R
+ be an increasing multiplicatively differentiable func-

tion on [a, b]. If (lnR∗)q is s-convex on this interval for q > 1, then for all x ∈ [a, a+b
2 ], � ≥ 0,

and δ > 0, we have

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
(δ+1)(b–a) ((δ+1)B(δ+1,s+1))

1
q

× (
R∗(x)R∗(a + b – x)

) (x–a)2
(δ+1)(b–a) ( δ+1

δ+s+1 )
1
q

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) (
(δ,�))1– 1

q (�(�,δ,s))
1
q

×
(
R∗

(
a + b

2

)) (a+b–2x)2
2(b–a) (
(δ,�))1– 1

q (N (�,δ,s))
1
q

,

where Q, I , �, and N are defined by (5)–(8), respectively, B is the beta function, and


(δ,�) =

⎧
⎨

⎩

�–δ(1–�)
δ+1 + 2δ

δ+1 (1 – �) δ+1
δ for � ∈ [0, 1],

(δ+1)(�–1)+1
δ+1 for � > 1.

(23)

Proof By Lemma 3.1, applying the power mean inequality, we deduce

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣
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≤ exp

(
(x – a)2

b – a

(∫ 1

0
γ δ dγ

)1– 1
q
(∫ 1

0
γ δ

∣∣ln
(
R∗((1 – γ )a + γ x

))∣∣q dγ

) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)

(∫ 1

0

∣∣1 – � – (1 – γ )δ
∣∣dγ

)1– 1
q

×
(∫ 1

0

∣∣1 – � – (1 – γ )δ
∣∣
∣
∣∣∣lnR

∗
(

(1 – γ )x + γ
a + b

2

)∣
∣∣∣

q

dγ

) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)

(∫ 1

0

∣
∣γ δ – (1 – �)

∣
∣dγ

)1– 1
q

×
(∫ 1

0

∣∣γ δ – (1 – �)
∣∣
∣
∣∣∣lnR

∗
(

(1 – γ )
a + b

2
+ γ (a + b – x)

)∣
∣∣∣

q

dγ

) 1
q
)

× exp

(
(x – a)2

b – a

(∫ 1

0
(1 – γ )δ dγ

)1– 1
q

×
(∫ 1

0
(1 – γ )δ

∣∣lnR∗((1 – γ )(a + b – x) + γ b
)∣∣q dγ

) 1
q
)

.

Since (lnR∗)q is s-convex, we obtain

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣

≤ exp

(
(x – a)2

b – a

(
1

δ + 1

)1– 1
q

×
(∫ 1

0
γ δ

(
(1 – γ )s(ln

(
R∗(a)

))q + γ s(ln
(
R∗(x)

))q)dγ

) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)
(

(δ,�)

)1– 1
q

×
(∫ 1

0

∣∣1 – � – (1 – γ )δ
∣∣
(

(1 – γ )s(lnR∗(x)
)q + γ s

(
lnR∗

(
a + b

2

))q)
dγ

) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)
(

(δ,�)

)1– 1
q

×
(∫ 1

0

∣∣γ δ – (1 – �)
∣∣
(

(1 – γ )s
(

lnR∗
(

a + b
2

))q

+ γ s(lnR∗(a + b – x)
)q

)
dγ

) 1
q
)

× exp

(
(x – a)2

b – a

(
1

δ + 1

)1– 1
q

×
(∫ 1

0
(1 – γ )δ

(
(1 – γ )s(lnR∗(a + b – x)

)q + γ s(lnR∗(b)
)q)dγ

) 1
q
)

= exp

(
(x – a)2

b – a

(
1

δ + 1

)1– 1
q

×
(((

B(δ + 1, s + 1)
) 1

q ln
(
R∗(a)

))q +
((

1
δ + s + 1

) 1
q

ln
(
R∗(x)

))q) 1
q
)
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× exp

(
(a + b – 2x)2

4(b – a)
(

(δ,�)

)1– 1
q

×
(

((
�̂(�, δ, s)

) 1
q lnR∗(x)

)q +
(

(
N̂ (�, δ, s)

) 1
q lnR∗

(
a + b

2

))q) 1
q
)

× exp

(
(a + b – 2x)2

4(b – a)
(

(δ,�)

)1– 1
q

×
(((

N̂ (�, δ, s)
) 1

q lnR∗
(

a + b
2

))q

+
((

�̂(�, δ, s)
) 1

q lnR∗(a + b – x)
)q

) 1
q
)

× exp

(
(x – a)2

b – a

(
1

δ + 1

)1– 1
q

×
(((

1
δ + s + 1

) 1
q

lnR∗(a + b – x)
)q

+
((

B(δ + 1, s + 1)
) 1

q lnR∗(b)
)q

) 1
q
)

, (24)

where we have used the equalities

∫ 1

0

∣
∣1 – � – (1 – γ )δ

∣
∣dγ =

∫ 1

0

∣
∣1 – � – γ δ

∣
∣dγ = 
(δ,�).

Substituting (14)–(17) and using the inequality X q + Yq ≤ (X + Y)q for X ≥ 0, Y ≥ 0,
and q ≥ 1, (24) gives

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
(b–a)δ

∣∣

≤ exp

(
(x – a)2

b – a

(
1

δ + 1

)1– 1
q

×
((

B(δ + 1, s + 1)
) 1

q ln
(
R∗(a)

)
+

(
1

δ + s + 1

) 1
q

ln
(
R∗(x)

)))

× exp

(
(a + b – 2x)2

4(b – a)
(

(δ,�)

)1– 1
q

×
((

�(�, δ, s)
) 1

q lnR∗(x) +
(
N (�, δ, s)

) 1
q lnR∗

(
a + b

2

)))

× exp

(
(a + b – 2x)2

4(b – a)
(

(δ,�)

)1– 1
q

×
(

(
N (�, δ, s)

) 1
q lnR∗

(
a + b

2

)
+

(
�(�, δ, s)

) 1
q lnR∗(a + b – x)

))

× exp

(
(x – a)2

b – a

(
1

δ + 1

)1– 1
q

×
((

1
δ + s + 1

) 1
q

lnR∗(a + b – x) +
(
B(δ + 1, s + 1)

) 1
q lnR∗(b)

))

=
(
R∗(a)R∗(b)

) (x–a)2
(δ+1)(b–a) ((δ+1)B(δ+1,s+1))

1
q

× (
R∗(x)R∗(a + b – x)

) (x–a)2
(δ+1)(b–a) ( δ+1

δ+s+1 )
1
q
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× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) (
(δ,�))1– 1

q (�(�,δ,s))
1
q

×
(
R∗

(
a + b

2

)) (a+b–2x)2
2(b–a) (
(δ,�))1– 1

q (N (�,δ,s))
1
q

.

The proof is completed. �

Corollary 3.34 Taking s = 1 in Theorem 3.33, we get, for � ∈ [0, 1],

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
(δ+1)(b–a) ( 1

(δ+2) )
1
q

× (
R∗(x)R∗(a + b – x)

) (x–a)2
(δ+1)(b–a) ( δ+1

δ+2 )
1
q + (a+b–2x)2

4(b–a) V(�, δ)

×
(
R∗

(
a + b

2

)) (a+b–2x)2
2(b–a) ( �–δ(1–�)+2δ(1–�)

δ+1
δ

δ+1 )1– 1
q (W(�,δ))

1
q

with

V(�, δ) =
(

� – δ(1 – �) + 2δ(1 – �)
δ+1
δ

δ + 1

)1– 1
q
(

(δ + 2)� – δ + 2δ(1 – �)
δ+2
δ

2(δ + 2)

) 1
q

and

W(�, δ) =
2 – (1 – �)(δ + 1)(δ + 2)

2(δ + 1)(δ + 2)
+

2δ

δ + 1
(1 – �)

δ+1
δ –

δ

δ + 2
(1 – �)

δ+2
δ ,

where Q and I are defined by (5) and (6), respectively.

Corollary 3.35 Taking s = 1 in Theorem 3.33, we get, for � > 1,

∣∣Q(a, b, x,�;R)
(
I(a, b, x;R)

)– �(δ+1)
b–a

∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
(δ+1)(b–a) ( 1

(δ+2) )
1
q

× (
R∗(x)R∗(a + b – x)

) (x–a)2
(δ+1)(b–a) ( δ+1

δ+2 )
1
q + (a+b–2x)2

4(b–a) ( (δ+1)(�–1)+1
δ+1 )1– 1

q ( (�(δ+2)–δ)
8(δ+2) )

1
q

×
(
R∗

(
a + b

2

)) (a+b–2x)2
2(b–a) ( (δ+1)(�–1)+1

δ+1 )1– 1
q ( �–1

2 + 1
(δ+1)(δ+2) )

1
q

,

where Q and I are defined by (5) and (6), respectively.

Corollary 3.36 Taking δ = 1 in Theorem 3.33, we get, for � ∈ [0, 1],

∣
∣∣∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣
∣∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
2(b–a) ( 2

(s+1)(s+2) )
1
q (
R∗(x)R∗(a + b – x)

) (x–a)2
2(b–a) ( 2

s+2 )
1
q
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× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) ( 1–2�+2�2

2 )1– 1
q ( (s+2)�–1+2(1–�)s+2

(s+1)(s+2) )
1
q

×
(
R∗

(
a + b

2

)) (a+b–2x)2
2(b–a) ( 1–2�+2�2

2 )1– 1
q ( s+1–(s+2)�+2�s+2

(s+1)(s+2) )
1
q

.

Corollary 3.37 By setting δ = 1 in Theorem 3.33 we get, for � > 1,

∣∣
∣∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣∣
∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
2(b–a) ( 2

(s+1)(s+2) )
1
q (
R∗(x)R∗(a + b – x)

) (x–a)2
2(b–a) ( 2

s+2 )
1
q

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) (�– 1

2 )1– 1
q ( �(s+2)–1

(s+1)(s+2) )
1
q

×
(
R∗

(
a + b

2

)) (a+b–2x)2
2(b–a) (�– 1

2 )1– 1
q ( (s+2)(�–1)+1

(s+1)(s+2) )
1
q

.

Corollary 3.38 Taking δ = s = 1 and � ∈ [0, 1] in Theorem 3.33, we get

∣∣
∣∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣∣
∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
2(b–a) ( 1

3 )
1
q (
R∗(x)R∗(a + b – x)

) (x–a)2
2(b–a) ( 2

3 )
1
q

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) ( 1–2�+2�2

2 )1– 1
q ( 1–3�+6�2–2�3

6 )
1
q

×
(
R∗

(
a + b

2

)) (a+b–2x)2
2(b–a) ( 1–2�+2�2

2 )1– 1
q ( 2–3�+2�3

6 )
1
q

.

Corollary 3.39 Taking δ = s = 1 and � > 1 in Theorem 3.33, we get

∣∣
∣∣
(
R(x)R(a + b – x)

) 2(x–a)+�(a+b–2x)
2(b–a)

(
R

(
a + b

2

)) (1–�)(a+b–2x)
b–a

(∫ b

a

(
R(u)

)du
) 1

a–b
∣∣
∣∣

≤ (
R∗(a)R∗(b)

) (x–a)2
2(b–a) ( 1

3 )
1
q (
R∗(x)R∗(a + b – x)

) (x–a)2
2(b–a) ( 2

3 )
1
q

× (
R∗(x)R∗(a + b – x)

) (a+b–2x)2
4(b–a) (�– 1

2 )1– 1
q ( 3�–1

6 )
1
q

×
(
R∗

(
a + b

2

)) (a+b–2x)2
2(b–a) (�– 1

2 )1– 1
q ( 3�–2

6 )
1
q

.

4 Applications to special means
In this section, we provide several applications of the obtained results to special means.

Proposition 4.1 For real numbers a, b with 0 < a < b, we have

exp
{

H(a, a, a, b) + 2H(a, b) + H(a, b, b, b) – 4G2(a, b)L–1(a, b)
}

≤ exp

{
–
(

b2 + a2 + 4
(

2ab
a + b

)2

+ 3
(

4ab
3a + b

)2

+ 3
(

4ab
a + 3b

)2)b – a
24ab

}
,
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where H(·, ·), G(·, ·), and L(·, ·) are the harmonic, geometric, and logarithmic means given
by H(a, b) = 2ab

a+b , G(a, b) =
√

ab, and L(a, b) = b–a
ln b–ln a .

Proof The statement follows from Corollary 3.24 by taking x = 3a+b
4ab and � = 0 for the func-

tion R(u) = exp{ 1
u } on the interval [ 1

b , 1
a ]. The multiplicative derivative is given by R∗(u) =

exp{– 1
u2 }, and the integral is given by (

∫ 1
a

1
b
R(u)du)

ab
a–b = exp{(–G2(a, b)L–1(a, b))}. �

Proposition 4.2 For real numbers a, b with 0 < a < b, we have

exp

{
1

s + 2
(
A

s+2
2 (a, a, a, a, a, b) + A

s+2
2 (a, b, b, b, b, b) – 2L

s+2
2

s+2
2

(a, b)
)}

≤
(

exp

{
a

s
2 + 5

(
5a + b

6

) s
2

+ 8
(

a + b
2

) s
2

+ 5
(

a + 5b
6

) s
2

+ b
s
2

}) b–a
108 ( 3

s+1 )
1
2

,

where A(·, . . . , ·) is the arithmetic mean, and Lp(·, ·) is the p-logarithmic mean given by
A(a1, a2, . . . , an) = a1+a2+···+an

n and Lp(a, b) = ( bp+1–ap+1

(p+1)(b–a) )
1
p .

Proof The statement follows from Corollary 3.29 by taking x = 5a+b
6 and � = 1 for the

function R(u) = exp{ 2
s+2 u s+2

2 }, s ∈ (0, 1]. The multiplicative derivative is given by R∗(u) =
exp{u s

2 } with (lnR∗(u))2 = us, which is multiplicative s-convex, and (
∫ b

a R(u)du)
1

a–b =

exp{– 2
s+2 L

s+2
2

s+2
2

(a, b)}. �

5 Conclusions
The impetus for this study stemmed from a quest to deepen our understanding and propel
advancements in the domain of fractional multiplicative integral inequalities. Through the
introduction of a pioneering parameterized identity, we have not only unveiled a spectrum
of inequalities tailored for multiplicatively s-convex mappings but have also established
their connections to a variety of quadrature rules involving one, two, and three points.
Our findings amalgamate both innovative discoveries and previously established results,
underscoring the adaptability and efficacy of the proposed integral identity. In summary,
this endeavor constitutes a significant contribution to the field, presenting a rich tapestry
of new insights and generalizations poised to enrich further inquiry in this area.
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